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Abstract
English version
Quantum Brownian motion is one of the most prominent examples of an open quantum
system, a system which cannot be treated in isolation, due to the unavoidable interaction
with the surrounding environment. There are a number of methods to study the dynam-
ics of a system undergoing such a type of motion, and recently it was shown that the
simplest one that satisfies Heisenberg Uncertainty principle is the approach of Quantum
Generalized Langevin Equations (QGLE). This is also the method used throughout this
thesis. A Quantum Brownian motion approach was used to study a plethora of systems,
among them the Bose polaron problem. In this case, one transforms the original prob-
lem into one where the impurities are treated as quantum Brownian particles interacting
with a bath composed of the Bogoliubov modes of the condensate. Then by deriving
the relevant QGLE, it was shown that the dynamics of the Bose polaron exhibit memory
effects. This was studied for both a free BEC and a harmonically trapped one. Taking
advantage of this recent theoretical development, we study a number of phenomena that
can be examined under this prism and show how various microdevices can be constructed
and controlled.
In the first project, we study the creation of entanglement and squeezing of two uncou-
pled impurities that are immersed in a single common Bose-Einstein condensate (BEC)
bath. We treat these impurities as two quantum Brownian particles as explained above.
We study two scenarios:(i) In the absence of an external potential, we observe sudden
death of entanglement;(ii) In the presence of an external harmonic potential, where en-
tanglement survives even at the asymptotic time limit. In our study we consider experi-
mentally tunable parameters.
In our second work, we studied the diffusive behavior of a Bose Polaron immersed
in a coherently coupled two-component BEC. The particle superdiffuses if it couples in
the same manner to both components, i.e. if it couples either attractively or repulsively
to both of them. This is the same behavior of an impurity immersed in a single BEC.
Conversely, we find that it exhibits a transient nontrivial subdiffusive behavior if it couples
attractively to one of the components and repulsively with the other. We show how
the magnitude of the anomalous exponent reached and the duration of the subdiffusive
interval can be controlled with the Rabi frequency of the coherent coupling between the
two components and the coupling strength of the impurity to the BEC.
Then we proceeded with the construction of two microdevices, a quantum sub-nk
thermometer and a heat diode. In the first project, we introduced a novel minimally
disturbing method for sub-nK thermometry in a Bose-Einstein condensate (BEC). Our
technique again was based on the Bose polaron model where an impurity embedded in the
BEC acts as the thermometer. We propose to detect temperature fluctuations from mea-
surements of the position and momentum of the impurity. Crucially, these cause minimal
backaction on the BEC and hence, realize a nondemolition temperature measurement.
Following the paradigm of the emerging field of quantum thermometry, we combine tools
from quantum parameter estimation and the theory of open quantum systems to solve
the problem in full generality. We thus avoid any simplification, such as demanding
thermalization of the impurity atoms, or imposing weak dissipative interactions with the
BEC. Our method is illustrated with realistic experimental parameters common in many
labs, thus showing that it can compete with state-of-the-art destructive techniques, even
when the estimates are built from the outcomes of accessible (suboptimal) quadrature
measurements.
In our final work, we investigated the heat transport and the control of heat current
among two spatially separated trapped Bose–Einstein Condensates (BECs), each of them
at a different temperature. To allow for heat transport among the two independent BECs
we consider a link made of two harmonically trapped impurities, each of them interacting
with one of the BECs. Since the impurities are spatially separated, we consider long-
range interactions between them, namely a dipole–dipole coupling. We study this system
under theoretically suitable and experimentally feasible assumptions/parameters. The
dynamics of these impurities is treated within the framework of the quantum Brownian
motion model as before. We address the dependence of heat current and current–current
correlations on the physical parameters of the system. Interestingly, we show that heat
rectification, i.e. the unidirectional flow of heat, can occur in our system, when a periodic
driving on the trapping frequencies of the impurities is considered. Therefore, our system
is a possible setup for the implementation of a phononic circuit. Motivated by recent
developments on the usage of BECs as platforms for quantum information processing,
our work offers an alternative possibility to use this versatile setting for information
transfer and processing, within the context of phononics, and more generally in quantum
thermodynamics.
Spanish version
El movimiento Browniano, es uno de los ejemplos mas prominentes de un sistema
abierto, es decir un sistema que no se puede tratar en aislamineto, debido a la inevidable
interaccion con su ambiente. Existe una multitud de metodos para estudiar la dinamica
de un sistema que realiza dicho tipo de movimiento, y recientemente se ha demostrado
iv
que el metodo mas simple que cumple el principio de la incertidumbre de Heisenberg
es el de Quantum Generalized Langevin Equations (QGLE). Este es tambien el metodo
que se usa en esta tesis. La perspectiva de Quantum Brownian motion se ha usado
para estudiar una plethora de sistemas, entre ellos el probema de Bose polaron. En este
caso, uno pasa el problema original a uno donde las impurezas se tratan como Quantum
Brownian particulas interactuando con un ban˜o compuesto de modos de Bogoliubov del
condensado. Despues de derivar la QGLE relevante, se habia demostrado que la dinamica
del Bose polaron muestra efectos de memoria. Esto se ha estudiado tanto en un BEC libre
como en uno atrapado en un trapo harmonico. Aprovechando de este reciente desarrollo,
estudiamos muchos phenomenos que se pueden investigar bajo este prisma y mostramos
como se pueden constuir y controlar varios microdispositivos.
En el primer proyecto, estudiamos la creacion de enlazamiento y squeezing de dos
impurezas no copladas, immersas en un unico Bose-Einstein condensate ban˜o comun.
Tratamos estas dos impurezas como dos particulas quantum Brownianas. Estudiamos
dos scenarios: (i) en la ausencia de un potencial externo, donde observamos la muerte
repentina del enlazamiento (ii) en la presencia de un trapo externo harmonico, donde el
enlazamiento sobrevive incluso en el limite asimptotico de largos tiempos. En nuestros
estudios, hemos considerado parametros que se pueden ajustar en un experimento.
En nuestro segundo trabajo, estudiamos el comportamiento difusivo de un Bose po-
laron inmerso en un BEC de dos componentes que estan acopladas coherentemente. La
particula es superdiffusa si se acopla en la misma manera a los dos componentes, i.e. si
se acopla attractivamente o repulsivamente a los dos. Este es el mismo comportamiento
a una impureza inmersa en un unico BEC. Al contrario, encontramos que la particula
muestra un comportamiento transitorio non-trivial cuando se acopla a los dos compo-
nentes attractivamente al uno y repulsivamente al otro. Mostramos como la magnitud del
exponente anomalo y la duracion del periodo transiente se pueden controlar a traves de
la frequencia Rabi del acoplamiento coherente entre los dos componentes y la fuerza del
acoplamiento de la impureza a los dos componentes del BEC.
En seguida, procedemos con la construccion de dos microdispositivos, un termometro
quantico y un diodo termico. En el primer proyecto, hemos introducido un nuevo metodo
de minimo disturbio, que sirve para termometria en temperaturas sub-nK en un BEC.
Nuestra technica esta basada otra vez en el modelo de Bose polaron, donde esta vez la
impureza immersa en un BEC sirve como un termometro. La propuesta es detectar fluc-
tuaciones de la temperatura de las medidas de la posicion y el momentum de la impureza.
Crucialmente, estas causan una reaccion minima en el BEC y por lo tanto, realizan una
medida de la temperatura no demoledora. Siguiendo el paradigma del emergente campo
de termometria cuantica, combinamos herramientas de la estimacion de parametros cuan-
v
tica y de la teoria de sistemas abiertos para resolver el problema en generalidad completa.
Por lo tanto evitamos cualquiera simplificacion, como la imposicion de la termalizacion
de la impureza, o del acoplamiento debil de la impureza con el BEC. Nuestro metodo
esta illustrado con parametros experimentales realistas commun en muchos laboratorios,
demostrando que puede competir con las tecnicas destructivas mas modernas, incluso
cuando las medidas estan construidas de los resultados de las medidas hechas en las
cuadraduras accesibles (suboptimas).
En el ultimo trabajo, investigamos el transporte de calor y el control de corrientes de
calor entre dos BECs espacialmente separados y atrapados harmonicamente, cada uno en
una temperatura distinta. Para permitir el flujo de de calor entre los dos independientes
BECs, consideramos un vinculo establecido atraves de dos impurezas harmonicamente
atrapadas, cada una interactuando con su propio BEC. Dado que las impurezas estan es-
pacialmente separadas, consideramos interacciones de largo rango entre ellas, en particular
un acoplamiento de dipolo-dipolo. Estudiamos este sistema bajo supuestos- parametros
que estan experimentalmente factibles. Tratamos la dinamica de estas impurezas en el
marco de referencia del movimiento Browniano cuantico. Examinamos la dependencia del
corriente de calor y sus correlaciones en los parametros fisicos del sistema. Mostramos
que la rectificacion del corriente del calor, i.e. el flujo de calor unidireccional, puede
ocurir en el sistema, cuando aplicamos una conduccion periodica en las frequencias de
los trapos de las impurezas. Por lo tanto, nuestro sistema es una posible configuracion
para la implementacion de un circuito fononico. Motivados de los recientes avances en
el uso de plataformas de BECs para el procesamiento de informacion cuantico, nuestro
trabajo ofrece una posibilidad alternativa para usar este aparato en la transferencia y el
procesamiento de informacion, dentro del contexto de la ciencia de ”phononics”, y mas
general dentro del campo de la termodinamica cuantica.
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CHAPTER 1
INTRODUCTION
In physics the “system” is the small part of the universe on which we have some control.
In other words, it is the part of “interest” that we measure and/or manipulate. Knowing
the system Hamiltonian, HS, we can calculate its time evolution and find the future state
of the system, as well as telling its past (how it reached the current state). The system
of interest can be, for instance, an electron, an atom, a piece of metal, a cup of coffee,
or the solar system. Admittedly, in many cases the effects of the environment can be
neglected, and the dynamics is then determined by the system Hamiltonian alone. Often,
however, we are forced to take into account that our system is not isolated, but coupled
to its surroundings (Weiss, 2012, Zwanzig, 2001). In this scenario, it is usually the case
that either because we do not know the evolution of the environment (on which we have
not control), or because we only look at the system dynamics, we do not have complete
info on the whole (system plus bath).
One such example of a phenomenon where the environment is of paramount impor-
tance in determining the dynamics of the system, is Brownian motion, also referred to
as pedesis. This phenomenon, regards the phenomenologically random motion of heavy
particles suspended in some medium (a liquid or a gas) resulting from their collision
with the fast-moving molecules that constitute the medium. The first decisive study
that established the fact that this random motion of particles should be attributed to
the dynamics of the constituent particles, (and not to some property of living organisms,
neither to currents appearing due to other phenomena e.g. evaporation in the exper-
iment of Ingenhousz (Ingen-Housz, 1785)) was undertaken in 1827 by the botanologist
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Robert Brown (Brown, 1828), while he was looking through a microscope at pollen grains
in water. Many years later, Albert Einstein, in a paper published in one of his “annus
mirabilis” papers, explained through a statistical theory these observations, by making
use of his contemporary “discontinuists” view on nature that the world is made out of
atoms and molecules. The proposition of Einstein was the following: If heat is due to
kinetic fluctuations of atoms, and if the particle of interest, the later called Brownian
particle, undergoes an enormous number of random bombardments by the surrounding
fluid particles, then this should perform a diffusive motion for which certain predictions
can be made. Smoluchowski almost simultaneously, developed a kinetic model to explain
Brownian motion (von Smoluchowski, 1906).
In particular, Einstein by using arguments of thermodynamics and the concept of
osmotic pressure of suspended particles, he managed to evaluate a particle diffusion con-
stant by balancing a diffusion current with a drift current (through Stokes’ law). In doing
so, he obtains a relation between two transport coefficients: the particle diffusion con-
stant and the fluid viscosity, or friction. This relation, known as the Einstein relation
(Einstein, 1905), was generalized later on in terms of the famous fluctuation-dissipation
theorem by Callen and Welton (Callen and Welton, 1951), and with the linear response
theory by Kubo (Kubo, 1957). This enabled him to extract an independent estimate of
the atomistic important, and much debated Avogadro- Loschmidt number NAvogadro, by
just making a measurement of the diffusion constant – i.e. by measuring distance trav-
eled rather than velocity. With the experimental confirmation from Perrin of Einstein’s
theory, and the verification of the prediction of Einstein regarding the Avogadro number,
Brownian motion became a well established theory. In the years to come this became
an important model aimed to approach a large set of different contexts characterized by
a non-deterministic behavior, or where dissipative processes occur, as result of the un-
avoidable interaction with the environment around (Weiss, 2012, Mazo, 2002, Gardiner,
2009).
However, this theory of classical Brownian motion, in the context of modern physics is
often inadequate. In many cases, particularly at low temperatures, this theory ignores im-
portant quantum effects, such as quantum noise arising from quantum fluctuations, which
play a crucial role in noise assisted tunneling and transfer of electrons and quasiparticles.
Yet another aspect of the subject which has come to the fore in recent years is the quan-
tum mechanics of macroscopic quantum variables such as the decay of a zero voltage state
in a biased Josephson junction, flux quantum transitions in a SQUID (Ha¨nggi et al., 1990)
and the possible reversal by quantum tunneling of the magnetization of a single domain
ferromagnetic particle as used to store data. In addition to this, it is known that quantum
mechanics is incompatible with frictional forces, which appears in the stochastic modeling
of Brownian motion, therefore the two should somehow made consistent, in the framework
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of a theory of quantum Brownian motion. Finally, the ability to trace quantum phenom-
ena in the Brownian motion model, which is a many-body setting, could potentially reveal
insights in the fundamental physics of the quantum to classical transition problem (Weiss,
2012, Kohen et al., 1997). For all of these considerations, the development of a theory of
quantum Brownian motion was of paramount importance.
A quantum theory of Brownian motion, was indeed established through the work
of Caldeira and Leggett (Caldeira and Leggett, 1981). The Caldeira-Leggett model is a
Hamiltonian system that exhibits dissipation by coupling to a continuum. In its most gen-
eral formulation, this model essentially refers to the sum of the Hamiltonian of a central
system of interest (which is either a continuous variable system such as quantum har-
monic oscillator or a free particle, or a discrete variable system such as a spin or a qubit),
the Hamiltonian of continuous bath of quantum harmonic oscillators (or fermions/spins),
and a bilinear coupling term between them. The central degree of freedom corresponds
to a macroscopic system and the bath represents the environment. The coupling causes
the central system to damp by transference of energy to the continuum. This system
has become a standard model for studying the physics of low temperature quantum sys-
tems, and has played a crucial role both in revealing fundamental physics phenomena in
this setting, as well as in designing microdevices in which quantum phenomena play an
important role.
1.1 Quantum Brownian Motion and Bose polarons
An immediate application of the QBM theory concerns ultracold quantum gases.
Quantum gases have sparked off intense scientific interest in recent years, both from the
theoretical and experimental point of view. They are an excellent test-bed for many-body
theory, and are particularly useful to investigate strongly coupled and correlated regimes,
which remain hard to reach in the solid state field.
In particular QBM may be useful to approach the polaron problem. The concept of
polaron has been introduced by Landau and Pekar to describe the behaviour of an electron
in a dielectric crystal (Landau and Pekar, 1948a). The motion of the electron distorts
the spatial configuration of the surrounding ions, which let their equilibrium positions
to screen its charge. The movement of the ions is associated to phonon excitations that
dress the electron. The resulting system, which consists of the electron and its surrounding
phonon cloud, is called polaron. The concept of polaron has been extended to describe
a generic particle, the impurity, in a generic material, e.g. a conductor, a semiconductor
or a gas. One important example is that of an impurity embedded in an ultracold gas.
This system has been widely studied both theoretically and experimentally, in the case
of a ultracold Fermi or Bose gas.
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In the QBM framework, the impurity plays the role of the Brownian particle, while
the bath consists of the degrees of freedom related to the gas. The main reason to study
this system from the open quantum systems point of view lies in the possibility to better
describe the motion of the impurity, rather than its spectral quantities, such as ground
state, energy levels and so on, like in the majority of the literature nowadays. The interest
in the motion of the impurity is motivated by a recent class of experiments aimed to
measure observable related to the impurity dynamics, for instance that in. (Catani et al.,
2012a). Here, the physics of an impurity in a gas in one dimension is considered, and its
position variance is measured, evaluating in a quantitative manner important features of
the motion, such as oscillations, damping and slope. To evaluate this kind of behavior a
continuous-variable model such as QBM is appropriate. The application of QBM to the
Bose polaron system (an impurity in a Bose gas) is another fundamental motivation of
the present work.
1.2 Projects
In this thesis, we study both fundamental physics phenomena regarding Bose polarons
seen under the prism of QBM:
1. Entanglement between two impurities in a common BEC bath
2. Control of the diffusion of an impurity in a coherently coupled two-component BEC,
as well as applications, namely the proposal of two microdevices:
1. A sub-nk quantum thermometer in a BEC
2. A quantum heat diode in BECs
1.2.1 Two distinguishable impurities in BEC: squeezing and
entanglement of two Bose polarons
Entanglement represents a necessary resource for a number of protocols in quantum
information and for other quantum technologies, which are expected to be implemented in
the foreseeable future for various practical applications (Horodecki et al., 2009a, Sarovar
et al., 2010, Jozsa and Linden, 2003, Gauger et al., 2011, Holland and Burnett, 1993).
The entangled parties of a composite quantum system evolve, under realistic conditions,
coupled to external degrees of freedom, which may be treated as a bath. In this open
quantum system, the bath acts as a source of decoherence, leading to the destruction of
quantum coherence among the states of the entangled subsystems (Schlosshauer, 2007a).
Indeed, to reach a relevant technological level, one of the main obstacles is the difficulty to
ensure such a coherence despite the interaction of the system with the bath. However, the
presence of the bath can produce other potentially useful phenomena. For instance, two
non-interacting particles immersed in a common bath can be entangled as a consequence
4
1. Introduction
of an effective interaction induced by the bath (Duarte and Caldeira, 2006, 2009). A
number of situations have been considered, where indeed entanglement is observed in the
aforementioned setting (Braun, 2002, Plenio and Huelga, 2002, Benatti et al., 2003, 2010,
Doll, R. et al., 2006, Shiokawa, 2009, Wolf et al., 2011, Kajari et al., 2012, Doll et al.,
2007).
Here we investigate the bath-induced entanglement among two distinguishable impu-
rities embedded in a common homogeneous Bose-Einstein condensate (BEC) in 1D. Such
an issue recently attracted a lot of attention, e.g, the study of impurities in double-wells
in a BEC (Cirone et al., 2009), the study of entanglement and the measurement of non-
Markovianity between a pair of two-level localized impurities in a BEC (Debarba and
Fanchini, 2017, McEndoo et al., 2013), particle number entanglement between regions of
space in a BEC (Heaney et al., 2007), or the environment-induced interaction for impu-
rities in a lattice (Galve and Zambrini, 2018, Sarkar et al., 2018). Moreover, in a number
of experiments (Fadel et al., 2018, Kunkel et al., 2018, Lange et al., 2018) performed
this same year, entanglement between regions of a BEC was observed. In these works
discrete observables were considered, while on the contrary, in our studies we will focus
on entanglement of continuous variables in BEC.
1.2.2 Control of anomalous diffusion of a Bose Polaron in a
coherently coupled two-component Bose-Einstein
condensate
The phenomenon of anomalous diffusion attracts a growing interest in classical and
quantum physics, appearing in a plethora of various systems (Hanggi et al., 2005, Sokolov
and Klafter, 2005). In classical systems, there has been a considerable effort to elucidate
the properties and conditions of anomalous diffusive behaviour, with a large emphasis
given to the question of how this anomalous diffusion could potentially be controlled.
In many models, the appearance of the anomalous diffusion is attributed to some ran-
dom component of the system-environment set-up, usually distributed with a power-law.
Examples include continuous time random walks (Scher and Montroll, 1975), diffusion
on a fractal lattice (Bunde and Havlin, 1994), diffusivity (i.e. diffusion coefficient) that
is inhomogeneous in time (Saxton, 1993, 1997), or space (Leyvraz et al., 1986, Hottovy
et al., 2012, Cherstvy and Metzler, 2013, Cherstvy et al., 2013, 2014) in a regular or
random manner, the patch model (Massignan et al., 2014a, Manzo et al., 2014), hunters
model (Charalambous et al., 2017), etc. In quantum systems, a paradigmatic instance of a
highly controlled system is that of a Bose Einstein Condensate (BEC). It was shown that
BEC with tunable interactions, are promising systems to study a number of diffusion-
related phenomena, such as Anderson Localization (AL) in disordered media (Min et al.,
2012, Roati et al., 2008, Jendrzejewski et al., 2012), the expansion of 1D BEC in dis-
5
1. Introduction
ordered speckle potentials (Aspect et al., 2009, Sanchez-Palencia and Lewenstein, 2010,
Modugno, 2010, Billy et al., 2008, Roati et al., 2008, Jendrzejewski et al., 2012, Deissler
et al., 2010, Lucioni et al., 2011, Min et al., 2012, Donsa et al., 2017), the subdiffusive
behavior of the expansion of a wave packet of a 1D quantum, chaotic and nonlinear sys-
tem (Shepelyansky, 1993, Kopidakis et al., 2008, Pikovsky and Shepelyansky, 2008, Flach
et al., 2009, Skokos et al., 2009, Veksler et al., 2009, Mulansky and Pikovsky, 2010, Lap-
tyeva et al., 2010, Iomin, 2010, Larcher et al., 2009, Lucioni et al., 2011, Min et al., 2012),
the Brownian motion of solitons in BEC (Aycock et al., 2017), as well as the superdiffusive
motion of an impurity in a BEC studied in (Lampo et al., 2017a, 2018, Charalambous
et al., 2019a).
In this work, we study how an impurity in a coherently coupled two-component BEC
shows a transient anomalous diffusing behaviour. We study this phenomenon under exper-
imentally realistic conditions and we show that this behavior can be controlled through
the strength of the interactions and the coherent coupling. To this end, we treat the
Bose Polaron problem within an open quantum system framework. The open quantum
system approach has been used recently in the context of ultracold quantum gases to
study the diffusion of an impurity and two impurities in a BEC (Lampo et al., 2017a,
2018, Charalambous et al., 2019a), for the movement of a bright soliton in a superfluid
in one dimension (Efimkin et al., 2016a), see also(Hurst et al., 2017a, Keser and Galitski,
2018, Bonart and Cugliandolo, 2012a)). On the other hand, the effect of contact inter-
actions, dipole-dipole interactions and disorder on the diffusion properties of 1D dipolar
two-component condensates were studied in (Bai and Xue, 2015), identifying again the
conditions for subdiffusion. The study of the diffusive behaviour of a 2D two-component
BEC in a disordered potential was undertaken in (Xi et al., 2014). Finally, an important
study on an impurity immersed in a two-component BEC was reported in (Ashida et al.,
2018).
1.2.3 Using polarons for sub-nK quantum nondemolition
thermometry in a Bose-Einstein condensate
The ongoing efforts in the development of quantum technologies is strongly fueled
by their many anticipated practical applications (Celi et al., 2016). In the process, we
are already benefiting from striking experimental advances and much deeper theoretical
insights. In particular, ultracold atomic gases are a key platform for quantum technologies
due to their potential for quantum simulation (Bloch et al., 2008, Lewenstein et al., 2012).
Nonetheless, operating a quantum simulator requires very precise tuning of the parameters
of the experiment, so as to ensure that the simulated system behaves as intended. In
particular, a precise temperature control is essential, for instance, for the reconstruction
of the equation of state of the system (Bloch et al., 2012).
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In current experimental setups, the main thermometric techniques are based on time-
of-flight measurements either directly on the BEC (Leanhardt et al., 2003, Gati et al.,
2006), or on impurities embedded in it (Olf et al., 2015, Spiegelhalder et al., 2009). In
the former case, temperatures of few nK, or even sub-nK might be estimated efficiently,
although at the price of destroying the BEC. On the contrary, the latter protocols are less
destructive, albeit efficient at relatively ”large” temperatures of ∼ 100 nK. Interestingly,
recent proposals have discussed minimally disturbing interferometric set-ups in which the
temperature is mapped onto a relative phase on a probe (Stace, 2010, Mart´ın-Mart´ınez
et al., 2013, Sab´ın et al., 2014), however, the underlying models are very simple.
An effective non-demolition thermometric technique in the sub-nK regime is thus still
missing. Any such strategy should be build upon a comprehensive theoretical descrip-
tion and be capable of informing the choice of the most sensitive temperature-dependent
quantities to be measured. Here, we propose what is, to the best of our knowledge, the
first experimentally feasible quantum non-demolition technique to measure the temper-
ature of a BEC in the sub-nK domain. It is based on the Bose polaron problem, i.e.,
interrogation of an impurity that is embedded in the condensate, while causing minimal
disturbance to the cold atomic gas. The impurity problem has been intensively studied
in the context of polaron physics in strongly-interacting Fermi (Schirotzek et al., 2009a,
Kohstall et al., 2012a, Koschorreck et al., 2012, Massignan et al., 2014b, Lan and Lobo,
2014, Levinsen and Parish, 2014, Schmidt et al., 2012) or Bose gases (Coˆte´ et al., 2002,
Massignan et al., 2005, Cucchietti and Timmermans, 2006a, Grusdt et al., 2014, Grusdt
and Demler, 2015, Grusdt et al., 2017a, 2015, 2017b, Shchadilova et al., 2016a, Shashi
et al., 2014a, Shchadilova et al., 2016c, Lampo et al., 2017b, Pastukhov, 2017, Yoshida
et al., 2018, Guenther et al., 2018a, Lampo et al., 2018), as well as in solid state physics
(Landau and Pekar, 1948b, Devreese and Alexandrov, 2009b, Alexandrov and Devreese,
2009), and mathematical physics (Lieb and Yamazaki, 1958, Lieb and Thomas, 1997a,
Frank et al., 2010, Anapolitanos and Landon, 2013a, Lim et al., 2018). We specifically
avoid any unjustified simplifications—such as complete thermalization of the impurities
at the BEC temperature—and investigate the problem in its full generality.
1.2.4 Heat current control in trapped BEC
Control of heat transport has enormous potential applications, beyond the traditional
ones in thermal insulation and efficient heat dissipation. It has been suggested as a
resource for information processing, giving rise to striking technological developments.
A series of smart heat current control devices, such as thermal diodes (Terraneo et al.,
2002, Li et al., 2004, 2005, Hu et al., 2006), thermal transistors (Li et al., 2006), ther-
mal pumps (Segal and Nitzan, 2005a, Marathe et al., 2007, Ren et al., 2010), thermal
logic gates (Wang and Li, 2007) or thermal memories (Wang and Li, 2008b), have been
proposed in the past decade. A key underlying idea in some of these devices is that
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heat transport associated to phonons can realistically be used to carry and process in-
formation. The science and engineering of heat manipulation and information processing
using phonons is a brand new subject, termed phononics (Wang and Li, 2008a, Li et al.,
2012a, Dubi and Di Ventra, 2011). In the emerging field of quantum thermodynamics,
the issues of heat transfer and heat rectification are basic ingredients for the understand-
ing and designing heat engines or refrigerators at nanoscales. Besides the technological
interests, highly controlled platforms for heat transport can potentially enable the study
of fundamental theoretical questions, which will shed light on the study of thermody-
namics of nonequilibrium systems (Binder et al., 2019). In particular, heat conduction in
low-dimensional systems has attracted a growing interest because of its multifaceted fun-
damental importance in statistical physics, condensed matter physics, material science,
etc (Giazotto et al., 2006, Dhar, 2008, Lepri et al., 2003, Li et al., 2012b).
In past years, advanced experimental techniques have allowed for the miniaturization
of heat transport platforms down to the mesoscopic/microscopic scale. Experimentally, a
nanoscale solid state thermal rectifier using deposited carbon nanotubes has been realized
recently (Chang et al., 2006), and a heat transistor—heat current of electrons controlled
by a voltage gate—has also been reported (Saira et al., 2007). Furthermore, it has been
shown that thermal rectification can appear in a two-level system asymmetrically coupled
to phonon baths (Segal and Nitzan, 2005b,a). In general, various models for thermal rec-
tifiers/diodes that allow heat to flow easily in one direction have been proposed (Terraneo
et al., 2002, Li et al., 2004, 2005, Hu et al., 2006, Segal and Nitzan, 2005b, Lan and Li,
2006, Hu and Yang, 2005, Yang et al., 2007). Among such platforms, interesting examples
are those based on ultracold atomic systems, both at the theoretical level (Wang et al.,
2018, Jaramillo et al., 2016, Ye et al., 2017, Li et al., 2018) as well as at the experimental
one (Brantut et al., 2013). In these works, the paradigm of the model used is that of
tailored time dependent protocols performing a heat cycle (often an Otto cycle). A cycle
here consist of a series of steps performed in finite time where thermodynamic parameters
are controlled such that heat is transferred from one bath into another. Frequently, the
energy that one needs to spend in implementing the aforementioned protocols is too large
for the amount of heat transferred. In addition, in such a heat cycle, the Hamiltonian
must be modified as adiabatically as possible to avoid unwanted excitations. We remark
that for the goals of the present work considering adiabatic changes in the Hamiltonian
will require long timescales, and therefore it can have drawbacks, such as exceeding the life
time of the BECs. Even though attempts have been made to overcome this problem (Li
et al., 2018, Torrontegui et al., 2013, Deffner et al., 2014), our proposal in (Charalam-
bous et al., 2019b) circumvents it altogether by considering a rather different paradigm.
Instead of cycles, we consider autonomous heat platforms, where the working medium is
permanently coupled to different baths and under the influence of external time-dependent
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driving.
Hence, the motivation for the project in (Charalambous et al., 2019b) was two-fold.
Firstly, we were motivated by the need for simple, analytically tractable, physical models
in which one can study fundamental questions regarding heat transport in low-dimensional
systems. In the literature, a number of theoretical studies exist regarding these transport
problems but they are all dealing with oversimplified abstract systems. We wanted to
propose a concrete system for these studies based on the treatment of the Bose polaron
system as a quantum Brownian particle. Secondly, we were motivated by the increasing
interest in autonomous platforms on which one can construct thermal devices, such as for
example heat diodes and heat engines, as for example in (Riera-Campeny et al., 2019).
1.3 Plan of the thesis
The thesis is organized as following. In Chapters 2-4 we introduce the necessary
background to understand our work, such as the concepts of Classical and Quantum
Brownian motion and the idea of a Bose Einstein Condensate and the related Bose-polaron
problem. In Chapters 5-8 we present the original work pursued during the completion of
this doctoral thesis.
In chapter 2 we resume the essentials of classical Brownian motion. This part of the
thesis does not contain any original result, but it is important to present the main results
of the classical Brownian motion in order to make the manuscript self-consistent. We give
a brief historical overview of the main milestones in the development of classical Brownian
motion, and then we proceed by going in more detail through the theoretical study of
Einstein, who wrote an equation for the density probability of the pollen grains. In this
way he computed the mean square displacement of the pollen grains, predicting a linear
dependence on time (diffusion effect). Actually Einstein was not the only one who tried to
propose a theoretical explanation of Brownian motion. Other scientists, such as Marian
Von Smoluchowski and then Paul Langevin, dealt with the same problem, although with
different techniques, for which we also give a short introduction. In particular, Langevin
treated Brownian motion by means of a stochastic differential equation ruling the tem-
poral evolution of the grains position. He also found diffusion effect for the mean square
displacement. This was detected in experiments in 1909 by Perrin, confirming the the-
ory of Brownian motion and providing a convincing evidence of the atomistic essence of
matter.
In chapter 3 we give an overview of QBM. We first motivate the development of QBM,
by discussing the pitfalls of the classical theory. The physics of QBM may be explored by
means of different formal tools. Among these, the most common is the master equation,
i.e. an equation ruling the temporal evolution of the reduced density matrix of the central
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system, here represented by the quantum Brownian particle. The master equation is a
fundamental object in the field of open quantum systems and permits to evaluate in a
quantitative manner both decoherence and dissipation, as well as the average values of
the observables. However, in many cases the structure of a master equation may result
complicated and the procedure to solve it is often not so easy. Therefore, one usually
looks into a particular class of approximated master equations, allowing to deal with a
certain problem in a mathematical simple manner. An important example is provided
by the Born-Markov master equation, based on the absence of self-correlations within
the environment (Markov approximation) and the assumption that the global state of the
system plus the bath remains separable at all times (Born approximation). In the majority
of the situations this kind of equations can be solved analytically providing a description
of the behaviour of the central system. Comparisons with experiments suggested that
the predictions of this model are reasonable in many cases. We discuss the relevant
problems of the aforementioned approximations, as well as attempts to overcome them.
We furthermore comment on a representation in phase space of the stationary solution of
such a master equation, by making use of the Gaussian Wigner function. We briefly also
discuss the path integral treatment of QBM. After this short review of these methods,
where we note their advantages and disadvantages, we focus on the study of the quantum
generalized Langevin equation approach to QBM. This is the main method used in our
studies, for a number of reasons, mainly because in comparison to the Born-Markov master
equation, it permits us to study the low temperature strong coupling regimes of QBM
and because in comparison to the path integral approach is considerably much simpler to
treat analytically. In this chapter we present the main tools that are used in the works
undertaken in this thesis, such as the spectral density, the Kramers-Kronig relations, the
linear response function and the fluctuation dissipation theorem.
In Chapter 4, we present a short introduction to the basics of the physics of BEC
with the aim to obtain a better understanding of the concept of a Bose polaron, which
plays the role of the working material in our studies. We begin by a definition as well
as a historical overview of an ideal BEC, and we then extend the relevant concepts in
the weakly interacting regime, which is experimentally more relevant, and is the setting
we assume in this thesis. The most important point here is that weakly interacting BEC
can be characterized by just one more parameter compared tot he ideal gas, and that
is the scattering length. We then comment on trapped BEC, giving particular emphasis
in harmonically trapped BEC and the Thomas-Fermi limit, which is used in Chapters
7 and 8. From this we proceed to the details of how one can consider BEC of reduced
dimensions, since in our work for the sake of simplicity and in order to follow theoretical
studies that would be as analytic as possible, we focus on 1D BEC. Upon establishing
the conditions and assumptions that go into the BEC that we will consider in our work
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as the medium for the QBM, we continue with a section on Bose polarons. These are
basically divided into two types, large and small polarons, where the distinction is made
according to how the radius of the polaron compares with the lattice distance, if we
assume the polarons to move on a lattice. There is also a distinction between weak and
strong coupling polarons depending on the strength with which the impurity couples to
its surrounding cloud, which is properly defined in the section. The large polaron is also
referred to as the continuum polaron, and this is the setting we will consider in this thesis,
i.e. we will be working with continuous bath variables. We then focused on the Frohlich
Hamiltonian description of Bose polarons, which is valid under the assumption of weak
interaction between the impurity and the bath, where we explain what weak means in
this context (it is a different definition of weak compared to what weak means in the
Born-Markov approximation). We also discuss various approaches that allow one to go
beyond the Frohlich Hamiltonian paradigm, even though we do not consider this case in
this thesis.
In Chapter 5 and 6 we focus on phenomena regarding Bose polarons that one can
reveal by treating the Bose polaron as a QBP. Specifically, in Chapter 5 we study how
introducing two impurities of ultracold atoms in a common bath, the bath being a BEC,
can lead to entanglement between these impurities. In particular, we start from a physical
Hamiltonian and through a Bogoliubov transformation and by making the dipole approx-
imation we convert the system into that of two QBP described by a Caldeira-Leggett type
Hamiltonian. By studying the relevant quantum Langevin equations we see that the two
impurities become effectively coupled due tot their common interaction with the bath,
which has been shown in the literature to lead to the emergence of entanglement between
them in the long time limit under certain scenarios. We study two cases, namely the
impurities being either free or harmonically trapped. In the former case, we study the
dynamical evolution of the entanglement, and we find that there is no entanglement in
the long time limit. However for the latter, even though we were not able to obtain the
dynamical evolution of entanglement, we prove that indeed entanglement can survive in
the long time limit, and we study how this is affected by the various parameters of the
system. The results of this study might be interesting in the implementation of various
quantum information protocols in ultracold gases platforms. In Chapter 6, we focus on
the dynamics, in particular the diffusive behaviour, of an impurity immersed in a coher-
ently coupled two component BEC. In this case a rather more complicated Bogoliubov
transformation has to be undertaken, for which we essentially present an overview at the
beginning of the chapter. Upon doing so, we realize that depending on the way the impu-
rity couples to the two components of the bath, it can couple to two distinct modes of the
bath. Namely if the impurity couples in the same way, either attractively or repulsively to
both components, then it interacts with the “density” mode of the bath, which essentially
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leads to a diffusive behaviour similar to coupling to a single BEC. On the other hand if
the impurity couples differently to the two components, then it interacts with the spin
mode of the bath, which is characterized by a spectral density that is gapped, and that
above the gap the spectrum grows with the square root of the bath oscillators’ frequencies.
This gap depends on the frequency of the coherent coupling between the two components
and results in a transiently subdiffusive behaviour for the impurity. We study how the
parameters of the system affect this behaviour.
In Chapter 7 and 8, we focus on the construction of microdevices using Bose polarons
that are treated as QBP. Specifically, in Chapter 7, we introduce a novel minimally-
disturbing method for sub-nK thermometry in a Bose-Einstein condensate (BEC)(Mehboudi
et al., 2019a). To be able to study our system in an exact manner, once again, we treat
the Bose polaron in a trapped BEC as a QBP, following the treatment of (Lampo et al.,
2017a) and the assumptions therein. We then use the fluctuations of the position and
momentum of this impurity to obtain an estimation of the temperature fluctuations of the
BEC. To be able to present our results, we give a short introduction of the basic notions
in quantum thermometry, such as the Quantum Cramer Rao bound, the Quantum Fisher
Information (QFI) as well as the symmetric logarithmic derivative. We focus in the long
time limit of the dynamics of the impurity. The BEC is assumed to always be in a thermal
state and thanks to the way we treat the problem, we avoid making the common assump-
tion in such thermometric protocols of the impurity equilibrating with the bath. From
the QBM theory, we evaluate the second moments of the position and momentum, which,
for a Gaussian quantum mechanical system as this, is enough to evaluate the QFI which
gives an estimate of the accuracy of our thermometry. Measuring such fluctuations, does
not requires destroying the BEC sample, since we only need to make measurements on the
impurity, hence our method is a non-demolition one. Finally, we study the effects of the
strength of the coupling of the impurity and the BEC on the accuracy of the measuring
protocol, and we examine which fluctuation and hence which measurement, of position
or of momentum, is more informative about the temperature of the BEC. In Chapter 8,
we study the control of heat currents between two BECs through the introduction of a
driving field, creating hence a heat diode made out of BECs (Charalambous et al., 2019b).
To do so, we again consider two harmonically trapped BECs that are spatially separated
and kept at different temperatures. We assume a harmonically trapped impurity im-
mersed in each one of these two BECs, and we allow these impurities to interact through
dipole-dipole interactions. After a series of well controlled assumptions, we shown how
this system can be described by an equation of motion describing two spring like coupled
harmonic oscillators. We then proceed with a brief description of the main quantities of
interest in such a system, namely the heat current and the current fluctuations, and we
discuss them in both a static scenario, and under the influence of a periodically driving
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force. We then numerically evaluate these quantities and study how they are affected
upon varying the various parameters of the system. For the driven case, we also evaluate
the rectification coefficient under various parameter regimes, and we show that our set-up
can be used as a heat diode.
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CHAPTER 2
CLASSICAL BROWNIAN MOTION
The term Brownian motion, originally, refers to the random movement of a particle sus-
pended in a fluid, with the nowadays terminology referring to a multitude of systems
where a single entity appears to perform a random motion in its phase space. This could
be as diverse as a particle in a fluid, the changes in the decisions of a person, as well as
the fluctuations of a stock in the stock market. Focusing on its implications in physics,
this phenomenon played a very important role in the history of science because it leaded
to the idea that matter is made up by atoms.
In this chapter we briefly present the fundamental results concerning classical Brown-
ian motion, focusing on a description of the original observations and of the main theoreti-
cal attempts to study it. Even though no new results are presented here, the main features
of the phenomenon are presented, such as diffusion and the Fluctuation-Dissipation theo-
rem, which will allow us to obtain an intuition for their quantum counterparts which will
be presented in the next section and which have indeed been used in deriving the results
of this thesis.
We start by doing a historical overview of the main results concerning Brownian mo-
tion, starting from the initial experimental observation of Brown, the theoretical explana-
tion of it and the foundations of the theory given almost simultaneously by Einstein and
Smoluchowski, and moving on to important subsequent works on the stochastic dynamics
of Brownian particles given by Langevin. In particular, Einstein developed a statistical
theory that served to describe how the probability distribution of the position of the par-
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ticle evolved in time. On the other hand, Smoluchowski, developed a kinetic model to
explain Brownian motion in terms of the collisions of the constituents of the fluid em-
bedding the pollen grains, which in a sense involved a higher level of description of the
motion as we will see later in this Chapter. Finally, Langevin developed his own theory
to study the phenomenon, giving a description on the single trajectory level, rather than
a statistical one, by making developing a stochastic differential equation for the purpose.
All of these works studied as an observable verification of their theory the mean square
displacement of the Brownian particle, and they all agreed that it should depend linearly
on time. Such a prediction was indeed verified experimentally by Perrin in 1908 and rep-
resents a strong confirmation of the theories of Brownian motion. Thanks to this result
Perrin won the Nobe prize in 1909 providing a strong evidence for the atomist hypothesis
of the matter.
2.1 Historical overview and important contributions
In the year 1905 (Einstein, 1905), thanks to Einstein’s intuition, the phenomenon ob-
served by the Scottish botanist Robert Brown in 1827 (Brown, 1828), becomes the spark
for the development of a probabilistic formulation of statistical mechanics and the birth of
a well-established subject of physical investigation, the so-called Brownian motion (BM).
By balancing a diffusion current with a drift current through Stokes’ law, Einstein evalu-
ated a particle diffusion constant, which he related to the fluid’s viscosity, or friction. For
completeness, we note that in this original work of Einstein, the mass of the particle under
investigation was ignored. The aforementioned derived relation, known as the Einstein
relation (Einstein, 1905), was generalized later on to the famous fluctuation-dissipation
theorem derived by Callen and Welton (Callen and Welton, 1951), and also by making
use of the linear response theory by Kubo (Kubo, 1957). Furthermore, from a heuristic
derivation of the (overdamped) diffusion equation, he deduced his famous prediction that
the Mean Square Displacement (MSD) of suspended particles is proportional to time.
This non ballistic motion, i.e. that the MSD does not grow as the square of time, was
later on also interpreted as a consequence of the fact that, the trajectories of a normal
Brownian Particle (BP) can be regarded as memory-less and non-differentiable (Einstein,
1908). Another consequence of the relation derived by Einstein, was that a measurement
of the diffusion constant, which only required a much easier to obtain measurement of
the distance traveled rather than the much more difficult to get measurement of velocity,
enabled the extraction of an independent estimate of the atomistic important, and much
debated Avogadro- Loschmidt number Navogadro. The first experiment verifying Einstein’s
theory came from Perrin (Perrin, 1909), which led to the measurement of Avogadro’s num-
ber and thus proved the existence of molecules. This work won Perrin the Nobel Prize
in Physics in 1926. We should note that, soon after Einstein, Von Smoluchowski (von
Smoluchowski, 1906) gave an alternate explanation in terms of a random walk, taking into
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account the fact that Einstein’s work ignored the inertia of the BP. Langevin (Langevin,
1908) used Smoluchowski’s random walk to recover Einstein’s result through the use of
the now famous Langevin equation. There are a number of review works where one can
study the history of BM that go into much more detail than this thesis (Hanggi et al.,
2005, Bian et al., 2016).
Without any doubt, the problem of Brownian motion has played a central role in the
development of both the foundations of thermodynamics and the dynamical interpreta-
tion of statistical physics. A milestone in doing so, has been the work of Callen and
Welton (Callen and Welton, 1951), and subsequently by Nyquist and Johnson(Nyquist,
1928). There, a generalization of the relations by Einstein was considered for the volt-
age fluctuations, in order to include quantum effects. In their fundamental work, they
established a quite generally valid connection between the response function and the
associated equilibrium quantum fluctuations, i.e. the quantum fluctuation-dissipation
theorem. Another key development must be credited to Lars Onsager. In his work, via
his regression hypothesis, he linked the relaxation of an observable in the presence of
weak external perturbations, to the decay of correlations between associated microscopic
variables (Onsager, 1931). This resulted in the family of relations commonly known
as the Green-Kubo relations (Kubo, 1957, Green, 1952). An important point to make
about all of these approaches, is that the fluctuation properties of the corresponding
variables (response-fluctuation theorems) can be extended to arbitrary (dynamical and
non-dynamical) systems that operate far from equilibrium (Ha¨nggi and Thomas, 1982).
Finally, a powerful scheme to describe and characterize statistical non-linear dynamics
from microscopic first principles was also later developed. The related works made use
of the non-Markovian, generalized Langevin equations or equivalently of its associated
generalized master equations. Such strategies have by now been well developed and
understood, but unfortunately they can only be used for thermal equilibrium systems.
A much more general approach, of which the generalized Langevin equation is a special
case, that is free of this problem but technically much more involved, is the projection
operator technique (Zwanzig, 1961, 2001). This method is used to eliminate the non-
relevant (phase space) degrees of freedom and yields a clear-cut method to obtain the
formal equations for either the rate of change of the probability or the reduced density
operator, i.e. the generalized (quantum) master equation or the non-linear generalized
(quantum) Langevin equation (Mori, 1965). This latter approach proved very useful to
characterize the complex relaxation dynamics in glasses and related systems (Kawasaki,
1970).
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2.2 Approaches to classical normal Brownian
motion
Einstein’s theory of the Brownian motion(Einstein, 1905) is based on the notion that
the BP, a large particle, as e.g. a pollen grain, suspended in a colloidal suspension performs
a discrete time random walk. The walk is a result of the very large number of impacts of
the surrounding molecules on the BP. In other words the displacement of the BP is a sum
of random variables, each having arbitrary distributions. Therefore, the theory developed
by Einstein may be defined as a statistical one, namely it does not rely on a microscopic
kinetic model, but it refers to generic probability distributions. This is exactly what gives
this model both its strength and its weakness. The strength is that it is applicable to a
wide range of circumstances and is easily generalizable. The weakness is that it does not
carry so much insight on what is happening at the microscopic dynamical time scale.
Einstein’s theory can be characterized as a mesoscopic one: it refers to timescales
long enough to contain many elementary events, yet short enough to be effectively in-
finitesimal on an observational scale. Precisely, one can introduce a characteristic time,
short compared to macroscopically observable times, yet long with respect to the inverse
collision frequency, such that the particle’s movements in two consecutive time intervals
are independent. In practice, this is understood as following: After a collision between
the Brownian particle and a constituent of the environment, the latter interacts with a
large number of other constituents, such that its dynamical state becomes scarcely de-
pendent on its state before the previous collision with the Brownian one. One can better
understand this, if he considers the original example studied by Einstein, which would be
a test-particle immersed in an ideal gas of non-interacting particles.
It is customary, to assume the initial state being a temperature equilibrium state,
e−βHB , where HB is the bath Hamiltonian and β = 1/kBT is the inverse temperature.
In other words, the initial data of the heat-bath particles are given by this equilibrium
measure at inverse temperature β. The scaling limit necessary to reduce the chance of
recollisions, in this case, could be m/M → 0, where M and m are the mass of the test-
particle and the heat-bath particles, respectively. In this case, a collision with a single
light particle does not have sizeable effect on the motion of the heavy particle, and hence
this way memory effect is reduced. However, the rate of collisions has to be increased in
parallel with m/M → 0 to have a sizeable total collision effect 1. In effect, this destroys
the suspended Brownian particle dependence on its initial conditions. In other words we
say that the process described above is Markovian. Of course Einstein never used such a
term, because the famous work of Markov(Markov, 1906) concerning Markov chains came
1There is a natural scaling limit, where non-trivial limiting dynamics was proven by Durr, Goldstein
and Lebowitz (D. Durr and Lebowitz, 1981)
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two years later.
In summary, Einstein whose work can be thought in terms of an unbiased discrete
random walk model essentially, made the following series of assumptions in order to
derive his results, namely:
1. the independence of individual BPs (infinite diluteness assumption);
2. the existence of a sufficiently small time scale beyond which individual displacements
are statistically independent;
3. the particle displacements happen in multiples of an average value called the typical
mean free path, the average collision-free distance traveled by the BP;
4. the displacements are distributed symmetrically in all directions; and
5. the variance of the particle displacement at each step remains finite.
These assumptions, together with the assumptions that the time between successive ob-
servations is always larger than and such that a sufficiently large number of steps have
taken place, are essentially the assumptions for the Central Limit Theorem (CLT) to be
valid (Vulpiani A. and D., 2014). They guarantee that the fluctuations on the probability
distribution p(x; t) of the position x of the BP at any time t will be negligibly small, and
therefore that a deterministic continuous equation about the evolution of the probability
distribution should be derivable, which we present in more detail in the next section.
2.2.1 Diffusion equation and Fokker-Planck equation
Diffusion equation
As we stated in the beginning of the section, Einstein’s framework is not based on
a kinetic model, but employs probability distributions. Let p(x; t) be the probability
density that the particle be at position x at time t. There is no external force so the
system is homogeneous, i.e. p(x; t) = p(−x; t). Let φ (L; δt) be the probability of the
particle moving a distance L in time δt (δt is supposed to be so large, that the motion of
the random walker is independent of its motion at time t ± δt , yet δt is supposed very
small compared to the observation time intervals). The hypothesis of a Markov process
permits to write a Chapman-Kolmogorov equation for it:
p (x; t+ δt) =
∫
p (x− L; t)φ (L; δt) dL (2.1)
The above integral equation, called the Smoluchowski integral equation (W. T. Coffey and
Waldron, 2004), is a particular form of the Boltzmann equation introduced by Boltzmann
in 1872 (W. T. Coffey and Waldron, 2004) in order to demonstrate that whatever the
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initial distribution of an assembly of molecules in phase space, the ultimate result would
be the Maxwell-Boltzmann distribution. Eq. (2.1) must be solved for p(x; t) given an
initial distribution for it. Also a mechanism or physical cause for the random process
must be given i.e. φ (L; δt) must be specified. By assuming a Gaussian state for the
displacements of the system, φ (L; δt) (justified by the central limit theorem (Mulligan,
2007), since the resulting displacement L of the walker is the sum of the elementary
displacements arising from the molecular collisions (supposed statistically independent)
which take place in time δt so that the central limit theorem of probability theory applies.)
and that L and δt approach zero (extremely small displacements in infinitesimally short
times) in such a way that:
lim
L→ 0
δt→ 0
〈L2〉
2δt
= D, (2.2)
one can derive from Eq. (2.1) the diffusion equation
∂p (x; t)
∂t
= D
∂2p (x; t)
∂x2
. (2.3)
The fundamental solution of Eq. (2.3) also called the Green function or propagator is:
p (x; t | x0, t0) = 1√
4πD |t− t0|
e
− [x(t)−x(t0)]
2
4D|t−t0| (2.4)
which is a centered Gaussian distribution with variance:
〈
[x (t)− x (t0)]2
〉
= 2D |t− t0| . (2.5)
To continue, Einstein essentially by considering the Brownian motion of a particle in a
potential V (x) and requiring that ultimately the Maxwell-Boltzmann distribution of ve-
locities of the gas particles should prevail, determined the diffusion coefficientD, obtaining
the famous formula:
D =
kBT
ζ
(2.6)
where ζ is the drag coefficient, and the viscous drag on the particle is assumed to be
given by Stokes’ Law. Equation (2.5) which connects the mean square fluctuations in the
displacement of the Brownian particle with the dissipative coupling to the heat bath is
essentially the first fluctuation-dissipation theorem. But let’s have a closer look to how
the diffusion coefficient D was obtained by Einstein. In a dilute suspension of Brownian
19
2. Classical Brownian Motion
particles, the osmotic pressure force acting on individual particles is −∇V (x), where
V (x) is the aforementioned thermodynamic potential. Hence, the steady flux of particles
driven by this force is −φ (x)µ−1∇V (x), where φ (x) is the particle volume concentration
and µ is the mobility coefficient of individual particles. At equilibrium, the flux due to
the potential force must be balanced by a diffusional flux as:
−φ (x)µ−1∇V (x) = −D∇φ (x) . (2.7)
Moreover, the concentration should have the form of φ (x) ∝ e−V (x)/kBT at equilibrium.
By substituting the expression of φ (x) into Eq. (2.7), we obtain Einstein’s relation
D = µkBT . Here, essentially, the particle moves at a terminal drift velocity vdrift in the
fluid due to the presence of a weak external force given by Fext = −∂V (x) /∂x, which
results in the following relation between a mobility coefficient µ and the friction coefficient
ζ such that µ = ζ−1 = vdrift/Fext. Finally, by considering Stokes’ law, (Batchelor, 2000)2
for the mobility of a sphere in an incompressible fluid at steady state, and assuming no-
slip boundary conditions, as in Stokes work in 1815 we obtain D = kBT/4πηα where η is
the dynamic viscosity of the fluid and α is the radius of the particle. This connects the
mass transport of the particle and momentum transport of the fluid.
Criticism and limitations of the Einstein’s diffusion equation Einstein’s treat-
ment of the Brownian motion, introduces an external force of potential V (x) only in a
virtual sense, just so that he can calculate the diffusion coefficient. In his work, the po-
tential well, which causes a Maxwell-Boltzmann distribution to be set up, only serves to
have a stationary solution for the motion of the BP, since otherwise, for a free BP no
stationary solution would exist. As Einstein himself later on noted (Einstein, 1906, 1907),
the inertia of the particle is neglected. This implies that an infinite force is required to
change the velocity of the particle to achieve a random walk at each step. Therefore, its
velocity cannot be defined and its trajectories are fractal.
The problem with Einstein’s work can be better understood as following. From the
Mean Square Displacement (MSD) of the diffusion, we may determine an effective mean
velocity over a time interval ∆t. However, as ∆t → 0, this effective velocity diverges
and cannot represent the real velocity of the particle. Physically, however, we should be
able to find a time scale t < τb for the ballistic regime,(Einstein, 1907) where the velocity
does not change significantly, that is, ∆x(t) ≈ v(0)t. In Einstein’s model, τb can be
chosen from the time scale for the duration of successive random bombardments. From
the equipartition theorem, we have v2 = kBT/m, where m is the mass of the particle.
2Stokes’ law is valid for the Knudsen number Kn = λ/α ≪ 1, where λ is the mean free path of fluid
particles, and α is the radius of the particle.
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Hence, we obtain the MSD expression in the ballistic regime:
〈
[x (t)− x (t0)]2
〉
=
kBT
m
t2. (2.8)
In Einstein’s model, the time scale τb is neglected (i.e., assuming τb → 0) and the MSD
is a completely linear function in time. A century ago, Einstein also did not expect that
it would be possible to observe the ballistic regime in practice due to the limitation of
experimental facilities. Remarkably, such measurements have recently become realistic in
rarefield gas,(Blum et al., 2006) normal gas (Li et al., 2010) and liquid, (Huang et al.,
2011, Kheifets et al., 2014) with increasing difficulty for fluids with elevated density due
to the diminishing of τb. However, the experiment on Brownian particles in a liquid is
subtle, as it is currently still difficult to resolve time below the sonic scale.(Li and Raizen,
2013) Therefore, the equipartition theorem can only be verified for the total mass of the
particle and entrained liquid, but not at the single particle level. (Huang et al., 2011,
Kheifets et al., 2014)
In summary, Einstein’s pure-diffusion model considers only the independent random
bombardments on the particle, but nothing else. Although the resulting MSD expression
of Eq. (2.5) is always valid at a large time, the model only has the single time scale of
the mass-diffusion process τD = α
2/D, which is denoted as the diffusive or Smoluchowski
time scale(Dhont, 1996), and ignores the timescale for the transition to the expected
ballistic regime. Moreover, the model disallows a definition of velocity, possesses no
ballistic regime, and hence its Velocity Auto-Correlation Function (VACF) (which we will
introduce later) does not contain any dynamical information. These issues will be resolved
in Langevin’s model, presented in the next subsection.
Smoluchowski approach to Brownian motion Smoluchowski theory was developed
almost in parallel with Einstein’s work, but from a quite different perspective. Instead
of a purely statistical approach to the problem, where one needs to refer to the central
limit theorem, he assumes a specific kinetic microscopic model, namely (in the spirit of
Boltzmann) collisions of hard spheres (well described in (Mazo, 2002)). For this rea-
son Smoluchowski approach to Brownian motion is less universal compared to that of
Einstein, but offers more physical insights. Just by studying the collisions by means of
the conservation of the momentum and energy, and assuming no memory effects, Marian
Smoluchowski derived an expression for the mean square displacement. Smoluchowski’s
approach advantage, is that the inertia of the BP is taken into account. He assumes a
Gaussian randomly distributed fluctuating force exerted on each one of these hard spheres
upon a collision. Furthermore, by Taylor expanding the probability density p(x, t), and by
the homogeneity of the system, he reaches to the Kramers-Moyal expansion (W. T. Coffey
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and Waldron, 2004),
∑∞
n=0
(δt)n
n!
∂np(x;t)
∂tn
=
∑∞
n=0
( ∫∞
−∞ L
nφ(L;δt)dL
n!
)
∂np(x;t)
∂xn
=
∑∞
n=0
〈L2n〉
(2n)!
∂2np(x;t)
∂x2n
, (2.9)
which can be seen as an equivalent equation to the Smoluchowski integral equation Eq.
(2.1). Truncation at the second term in the Kramers-Moyal expansion is possible for a
Gaussian randomly distributed fluctuating force because the higher order statistical mo-
ments may be all expressed as powers of the second moment (W. T. Coffey and Waldron,
2004). By making use of the Wick’s or Isserli’s theorem concerning averages of products of
Gaussian random variables, which permits a truncation of the Kramers-Moyal expansion,
he was finally led to the MSD
〈
[x (t)− x (t0)]2
〉
=
kBTm
ζ2
(
ζ |t|
m
− 1 + e− ζm |t|
)
. (2.10)
The equivalence of the two approaches can be understood through the Langevin equation
presented in the next section. Note that within this approach indeed one obtains two
distinct limits for the behaviour of the MSD with time. One can check that if t is large,
namely t ≫ ζ/m then we have normal diffusion, i.e. diffusion as in Eq. (2.5), while for
small times, we have ballistic diffusion as in Eq. (2.8).
2.2.2 Langevin equation
The Einstein and Smoluchowski theories look very different on the surface. One em-
ploys the dynamics of the particle motion, while the other is a purely statistical theory. A
link between the two conceptions was provided in 1908 by P. Langevin (Langevin, 1908).
A suspended particle in a fluid is acted upon by forces due to the molecules of the sol-
vent. This force may be expressed as a sum of its average value and a fluctuation around
such an average value. Langevin’s idea was to treat the mean force dynamically and the
residual fluctuating part of the force probabilistically.
Based on Newton’s second law of motion, taking into account the inertia of the central
particle, the equation of motion for a particle immersed in a medium and under the
influence of some external force F should read as
dx
dt
= v
M dv
dt
= F − γv (2.11)
where, at this level of description, the viscous frictional drag γ is treated as a phenomeno-
logical parameter. The frictional drag, i.e. the mean force exerted on a particle in a
viscous medium is assumed to be given by γ−1 = −vdrift∂V (x) /∂x, treating vdrift as a
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phenomenological parameter, V (x) is an external potential describing the effect of the
medium on the particle. This equation is a good description of the phenomenon only for
time intervals much longer than the average time τb between molecular collisions.
Since equation Eq. (2.11) is a good first approximation, we assume that it correctly
describes the average motion. We now incorporate the effects of the discrete collisions in
a stochastic manner by adding a random fluctuating force η (t) (with vanishing mean) to
the frictional force term:
M
dv
dt
= F − γv + η (t) (2.12)
which for the type of η (t) we will define in what follows, is the famous Langevin equation.
So far as the ’fluctuating force’ (’noise’) η (t) is concerned, we assume:
1. η (t) is independent of v, and
2. η (t) varies extremely rapidly as compared to the variation of v.
Since ’average motion’ is still assumed to be governed by Eq. (2.11), we must have 〈η (t)〉 =
0, where the average is over the distribution of the noise. This can be implemented
practically in two alternative, but equivalent, ways: either averaging over an ensemble of
many systems consisting of a single Brownian particle in a surrounding fluid, or averaging
over a number of Brownian particles in the same fluid, provided they are sufficiently far
apart (possible at low enough density of the particles) so as not to influence each other.
The second assumption above, implies that during small time intervals δt, v and η (t)
change such that v(t) and v(t + δt) differ infinitesimally but η (t) and η (t+ δt) have no
correlation:
〈η (t) η (t+ δt)〉 = 2m2Bδ (δt) , (2.13)
where at this level of description, B is a phenomenological parameter. In other word this
is the way in which Langevin implemented in his approach Markov approximation. In
order that the Brownian particle is in thermal equilibrium with the surrounding fluid,
the constant B cannot be arbitrary; only a specific choice B = γkBT/m, guarantees the
approach to the appropriate equilibrium Gibbsian distribution. We also assume that the
noise is not correlated with the position of the particle, and this together with assumption
1 are expressed as:
〈η (t) x (s)〉 = 〈η (t) v (s)〉 = 0, t > s. (2.14)
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To be more concrete, we in fact assume that the fluctuating force η (t) is a Wiener
process (for more details look in (Gardiner, 2009)). As a result, the stochastic differential
equation Eq. (2.12) can not be solved, but results can be obtained regarding averages of
position and velocity. We aim here to an expression for the mean square displacement of
the free Brownian particle, i.e. F = 0. We begin by multiplying both sides of Eq. (2.12)
for x(t) and then we take the mean value of the result. Recalling the average values from
above, we get
m
〈
x
dv
dt
〉
= −γ 〈xv〉 . (2.15)
Since v = x˙, such an equation may be put in the form
m
2
∂2 〈x2〉
∂t2
+
γ
2
∂ 〈x2〉
∂t
= kBT, (2.16)
where we have used the equipartition theorem 〈v2〉 = kBT/m. Without loss of generality
we assume 〈x2 (0)〉 = 0 which finally leads to the same expression for the average MSD
as in Eq. (2.10), replacing ζ → γ.
Comments on the Langevin equation The Langevin equation gives the same be-
haviour for the MSD of the Brownian motion as treated by Smoluchowski. Hence it is
a stochastic dynamical equation that accounts for irreversible processes. On the other
hand, in principle, one can write down the Newtonian equations of motion for the Brow-
nian particle as well as that of all the other particles constituting the heat bath; each of
these equations of motion will not only be deterministic but will also exhibit time-reversal
symmetry. Note that, in the Langevin approach, one writes down only Eq. (2.12) for the
Brownian particle and does not explicitly describe the dynamics of the constituents of the
heat bath. This raises the question: how do the viscous damping term (responsible for
irreversibility) and the random force term (which gives rise to the stochasticity) appear
in the equation of motion of the Brownian particle when one ’projects out’ the degrees of
freedom associated with the bath variables and observes the dynamics in a tiny subspace
of the full phase space of the composite system consisting of the Brownian particle +
Bath? The answer to this will be given in the next Chapter when the extension of the
Langevin theory to the quantum regime will be presented, and a Hamiltonian approach
to the problem will be explored.
In Langevin’s equation, compared to Einstein’s model, x(t) has better regularity, since
now x(t) is differentiable. However, v(t) is continuous but not differentiable just as x(t) in
Einstein’s model. Einstein worked completely in the configuration space of the Brownian
particle, without ever introducing the velocity of the particle, hence neglecting the inertia
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of the particle and the possibility of the persistence of velocity. In his work, he assumed the
short time τb , after which the displacements of the particle should be independent, should
be longer than γ/m , which in practice it usually is, and for this reason Einstein’s model
is usually valid. Langevin, on the other hand, worked in the particle’s phase space and
was able to treat the velocity relaxation. Hence, one can say that Langevin’s description
is on a finer scale than that of Einstein.
The generalized Langevin equation The simplest derivation of the stochastic Langevin
equation for a Brownian particle, starting from the mutually coupled deterministic equa-
tions of motion (which are equivalent to Newton’s equation) for the Brownian particle
and the molecules of the fluid, was given by Robert Zwanzig (Zwanzig, 1961), utilizing his
method of projection operators. For the simplicity of analytical calculations, he modeled
the heat bath as a collection of harmonic oscillators (of unit mass, for simplicity) each of
which is coupled to the Brownian particle. The differential equations satisfied by the po-
sition x and the momentum p of the Brownian particle are obtained through the Liouville
equations of motion (Mazo, 2002), and have the general form
∂x
∂t
= p
m
∂p
∂t
= F (x) +
∑
j ξj
(
qj − ξjxω2j
) , (2.17)
where F (x) is the external force (not arising from the reservoir), qj (t) denotes the posi-
tion, of the jth harmonic oscillator constituent of the reservoir and ωj is the frequency of
this oscillator. Similarly, the equations of motion for the bath variables are
∂qj
∂t
= pj
∂pj
∂t
= −ω2j
(
qj − ξjω2j x
) . (2.18)
By solving this set of equations for the bath particles using Green’s function techniques
and replacing the solution in the equation of motion for the Brownian particle, i.e. pro-
jecting out the bath degrees of freedom, a Langevin like equation can be obtained.
m
∂2x
∂t2
+m
∫ t
t0
dsγ (t− s) ∂x (s)
∂s
+
∂V (x)
∂x
= −mγ (t− t0) x (t0) + η (t) (2.19)
where
〈η (t)〉ρB = 0
〈η (t) η (s)〉ρB = mkBTγ (t− s)
(2.20)
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with ρB the Gibbs state at temperature T . Note that in this case, η (t) is a function also
of qj (t0) , pj (t0) , ξj and ωj, and is not the random variable introduced above. A more
detailed expression of it, and an analytic derivation of Eq. (2.19), will be given in the next
chapter. Nevertheless in Eq. (2.20), we see that the same statistics are obeyed by this
function as that of the random force. Hence, in this equation, both the dissipative viscous
drag term and the noise term appear as functions of the bath degrees of freedom. Thus,
the molecules in the fluid medium which give the random ’kicks’ to the Brownian particle
are also responsible for its energy dissipation because of viscous drag. The incessant
random motion of the Brownian particle is maintained for ever by the delicate balance of
the random kicks it gets. This is mathematically expressed by the fluctuation dissipation
theorem, on which we briefly comment in the next section.
2.3 Fluctuation-dissipation theorem, velocity
autocorrelation function and diffusion coefficient
Now we turn to the velocity of the Brownian particle, which is the new element in
Langevin’s model. Furthermore, we may characterize the full dynamics of the particle by
the Velocity Auto-Correlation Function (VACF). The Langevin equation, Eq. (2.12), is a
first-order inhomogeneous differential equation and has the formal solution: (Uhlenbeck
and Ornstein, 1930, Zwanzig, 2001)
v (t) = v (0) e−γt/m +
1
m
∫ t
0
dt′e−γ(t−t
′)/mη (t) (2.21)
where the integral in the second term can not be performed, and for this reason earlier was
stated that the equation can not be solved. From the above formal solution, we observe
that the average of squared velocity 〈v2 (t)〉 will have three contributions: the first one is
〈v2 (0)〉 e−2γt/m and the second one is the cross term 2
m
e−γt/m
∫ t
0
dt′e−γ(t−t
′)/m 〈v (0) η (t)〉,
which becomes zero due to Eq. (2.14). The third contribution is of second order in η (t)
and, by making use of Eq. (2.14), we have
2
∫ t
0
dt′e−γ(t−t
′)/m
∫ t
0
dt′′e−γ(t−t
′′)/mBδ (t− t′′) = mB
γ
(
1− e−2γt/m) (2.22)
Therefore, the mean-squared velocity is
〈
v2 (t)
〉
=
〈
v2 (0)
〉
e−2γt/m +
mB
γ
(
1− e−2γt/m) (2.23)
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At the long-time limit, we expect the equipartition theorem, 〈v2 (t)〉 = kBT/m to be valid,
such that
B = γkBT/m
2 (2.24)
This is yet another form of a Fluctuation-Dissipation Theorem (FDT).(Nyquist, 1928,
Callen and Welton, 1951, Kubo, 1966) Roughly speaking, the magnitude of the fluctuation
B must be balanced by the strength of the dissipation γ so that temperature is well defined
in Langevin’s model. Therefore, the pair of friction and random forces in a sense acts as
a thermostat for a Langevin system. That such a relation exists between them should
not surprise us, since they both come from the same origin, the interactions between the
particle and the surrounding fluid molecules.
From the solution of velocity in Eq. (2.21), we can also calculate the VACF of the
particle. After multiplying Eq. (2.21) by v(0), and further taking the average, we obtain
〈v (0) v (t)〉 = 〈v2 (0)〉 e−γt/m = kBT/me−γt/m (2.25)
Here, the random force term vanished due to Eq. (2.14) and the equipartition theorem
was also used. It is simple to see that 〈v (0) v (t)〉 decays exponentially and the relevant
time scale is the Brownian relaxation time, τb = m/γ. If we take the time integral of the
VACF, we find
∫ ∞
0
〈v (0) v (t)〉 dt =
∫ ∞
0
kBT/me
−γt/mdt = kBT/γ = D (2.26)
which is just the diffusion coefficient obtained by Einstein. The relation in Eq. (2.26) is
not fortuitous, but known as the simplest example of the fundamental Green-Kubo rela-
tions.(Green, 1952, 1954, Kubo and Tomita, 1954, Kubo, 1957) These relate the macro-
scopic transport coefficients to the correlation functions of the variables fluctuating due
to microscopic processes(Zwanzig, 1965). Such relations were also postulated by the re-
gression hypothesis of Lars Onsager,(Onsager, 1931) which states that the decay of the
correlations between fluctuating variables follows the macroscopic law of relaxation due
to small nonequilibrium disturbances. The 1968 Nobel Prize in Chemistry was awarded
to Onsager to glorify his reciprocal relations in the irreversible process, which also formed
the basis for further development of nonequilibrium thermodynamics by Ilya Prigogine
and others(Zwanzig, 2001, de Groot and Mazur, 1962, Prigogine, 1967, Toda et al., 1991).
Limitations and underlying assumptions The Langevin model not only recovers
the long-time result of Einstein’s model, but also produces the correct ballistic regime at
27
2. Classical Brownian Motion
a short-time limit. An essential ingredient in the model is that the Brownian particle has
an inertia, that is a finite mass m. As a result, the velocity and the VACF become well-
defined and continuous in time. By considering a very small relaxation timem/γ → 0, the
Langevin dynamics degenerates to be the overdamped Brownian dynamics of Einstein’s
model.
Note, that the limitations of the Langevin model can be revealed by considering a
microscopic limiting model, the Rayleigh gas,(Kim and Karniadakis, 2013) where one as-
sumes a massive particle in an ideal gas (gas of non-interacting bath particles). Several
attempts were made to derive the Langevin equation from this microscopic model in the
early 1960s(Lebowitz and Rubin, 1963, Mazur and Oppenheim, 1970). It was realized
that the derivation is possible if the interaction between the Brownian particle and any
gas particle takes place only for a short microscopic time(Kim and Karniadakis, 2013,
Mazur and Oppenheim, 1970). This condition can be rigorously verified under the ideal
gas assumption and the infinite mass limit of the Brownian particle (i.e., m → ∞), and
thus the microscopic justification of the Langevin equation can be provided through the
Rayleigh gas model. We will discuss more on such a microscopic derivation of Langevin
theory in the next section. On the other hand, for a Brownian motion in a real gas
(of interacting bath particles) or a liquid, a mathematically rigorous justification is in-
tractable. One of the reasons is that if the fluid particles interact among themselves, a
collective motion (e.g., correlated collisions) of the fluid particles can occur, which implies
that the aforementioned condition (obtained in the Rayleigh gas model) may not hold.
The Langevin description is valid only if the Brownian particle is sufficiently denser than
the surrounding fluid, where the inertia of the fluid may be neglected. This is one of the
main assumption for the application of the so called Hydrodynamic model of Brownian
motion. This fact was exploited in a recent experiment,(Li et al., 2010) where a silica
bead is trapped by a harmonic potential(Uhlenbeck and Ornstein, 1930) in air and the
experimental VACF corroborates well the results of the Langevin model.(Wang and Uh-
lenbeck, 1945) For a general case of arbitrary density, the collective motion of the fluid
particles and their inertia should be reconsidered carefully.
2.4 Anomalous diffusion
Following Einstein’s work, extracting information about a system from its diffusive
behaviour was heavily popularized, and various modifications and extensions of this work
appeared. In particular, with the advancement of technology, it was realized, that in a
number of scenarios, the MSD of particles in various types of media, was not growing
linearly with time, but rather as a different type of power law
MSD ∝ tα (2.27)
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in which case the diffusive behaviour was termed Anomalous Brownian Motion, to indicate
the deviation from the normal scenario of Einstein. There are two types of ABM: (i)
subdiffusive motion, 0 < α < 1; (ii) superdiffusive motion, α > 1. It was shown that for
an ABM, P (x; t) deviates from its Gaussian form. The contrary is not always true: a non-
Gaussian does not imply necessarily ABM (Chubynsky and Slater, 2014). This behaviour
is captured by the Non-Gaussianity parameter (NG) (Rahman, 1964). There are two
reasons why P (x; t) deviates from the Gaussian distribution (Bouchaud and Georges,
1990):
1. A “broad” distribution of the random variables that are summed in order to form
P (x; t). This would require a failure of the assumptions related to the Continuous
Time Random Walk (CTRW). A possible cause for this is if the Waiting Time
Probability Distribution Function (WTPDF) of the CTRW is a power law and the
motion is subdiffusive. This implies τ → ∞ and hence non-stationary increments,
which implies ergodicity breaking. However it could also be that the variance of the
jump lengths diverges, which would result in superdiffusion (Metzler and Klafter,
2000).
2. The presence of “long range” correlations among the increments in space, i.e. when
the random variables that are summed to form p(x; t) are not independent. The
motion is superdiffusive if the increments are correlated and subdiffusive if they
are anticorrelated. The most prominent example of such an ABM is the fractional
BM (fBM) (Mandelbrot and Van Ness, 1968) which usually describes systems in
viscoelastic and crowded media. Note that stationarity implies also that fBM is
ergodic. Alternatively, fBM can be described as the inertia-less limit of the GLE in
the case of a memory kernel with a power law dependence on time with an exponent
between -1 and 0 (Goychuk and Ha¨nggi, 2007, Goychuk, 2012).
2.5 Summary
The topics discussed in this chapter that should be particularly emphasized are the
following:
❼ The classical Brownian motion model, is a purely phenomenologically motivated
model. The foundational work on it by Einstein in 1905 was undertaken in order to
explain the observations of Brown some years earlier. Nevertheless, its contribution
in fundamental physics has been enormous since it consolidated the atomistic model
of physics, through its prediction on the Avogadro’s number.
❼ The model developed by Einstein was of statistical nature, and gave a prediction
on the MSD of a Brownian particle. In particular it predicted it to grow linearly
with time, which was later termed as normal diffusion. Einstein’s model, predicted
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the evolution with time of the probability p (x, t) of finding a particle at position
x in time t. The main assumption of Einstein is the existence of a sufficiently
small time scale beyond which individual displacements are statistically indepen-
dent. Smoluchowski reached the same conclusion about the MSD through a kinetic
microscopic model of colliding hard spheres. In Smoluchowscki’s model, the inertia
of the Brownian particle is taking into account.
❼ Langevin some time later linked the findings of Einstein and Smoluchowski through
a very different approach, by giving a stochastic description of a single Brownian
particle trajectory. To do so he had to make use of the Wiener process. He essentially
made the same set of assumptions as Einstein, except that he did not assume a
constant velocity for the BP. This way he could treat velocity correlation function
and hence velocity relaxation, making the approach more refined.
❼ The fluctuation dissipation relation, connects the correlations of this random force
in time introduced by Langevin, to a macroscopic measurable quantity, namely the
diffusion coefficient.
❼ By violating the assumptions of Einstein, in particular by either having a “broad”
distribution of the random variables appearing in the probability density p (x, t) or
by having “long range” correlations among the jumps in space, the normal diffusion
is violated, namely the MSD does not grow linearly in time.
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QUANTUM BROWNIAN MOTION
In the last Chapter, we defined the classical Brownian motion and presented an overview
of the most important developments related to it. This theory is purely classical and
rely on phenomenological equations, i.e. equations that are not derived in a Hamiltonian
framework, but are proposed starting from experimental results that one aims to interpret.
Nevertheless, this study enabled us to develop an intuition regarding the phenomenon of
Brownian motion, that will serve to understand the relevant assumptions that go in the
works related to its quantum analogue.
In this section we begin with a short presentation of a number of problems related to
this classical theory, which will also constitute the main motivation for considering studies
of an extension of the theory in the quantum regime. To proceed in studying the quantum
version of the phenomenon of BM, and having in mind that the standard procedures of
quantization are based on the existence of Hamiltonians (or equivalently Lagrangians),
then the first step we make is to look for a Hamiltonian description. Precisely, one has to
write a Hamiltonian leading to the phenomenological equations, such as those of Einstein
Eq. (2.3) and Langevin Eq. (2.12) . Then, by replacing functional variables with operator
ones it is possible to obtain a quantum Hamiltonian for Brownian motion.
With this point of view in mind, Caldeira and Leggett (Caldeira and Leggett, 1981),
proceeded in introducing the Hamiltonian of Quantum BM (QBM). This basically de-
scribes a quantum particle, usually trapped in a harmonic potential, coupled to a set of
non-interacting harmonic oscillators. This Hamiltonian encodes all the information to
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study the physics of QBM. There are a number of approaches one can use to study the
quantum version of BM, and we present here an overview of a number of them, comment-
ing mainly on the advantages and disadvantages of each one. We pay particular attention
to the approach of the Quantum General Langevin equation, a quantum extension of the
classical model presented above, and we comment how it compares to the rest of the ap-
proaches, and what the limitations of this approach are. Indeed this is the approach used
to derive the results of the next sections. Finally, we summarize a number of important
applications of the Quantum Brownian motion, which will motivate also the works that
we undertook in the sections to come.
3.1 Motivation
3.1.1 Problems with classical Brownian motion
In this subsection we focus on a number of problems one can encounter when studying
the classical Brownian motion. These are basically contradictions arising either from ig-
noring the quantum nature of the system or from the non-physical assumption of stochas-
tic dynamics that while they might be compatible with statistical physics, they contradict
classical physics. The three major problems appearing would be:
1. Loschmidt objection or the irreversibility paradox: The diffusion equation, Eq.
(2.3) as well as the Langevin equation, Eq. (2.12) are both not invariant under
time-reversal. On the other hand, the BP and the fluid molecules, classically obey
Newton’s reversible laws, clearly leading to a contradiction (Zwanzig, 2001)
2. Zermelo’s paradox: Consider a configuration with many BP at the center of the fluid.
According to the diffusion equation, these after some time will spread throughout
the volume. This means that we will never find them at any later time back in the
center, i.e. in the initial configuration. This is at odds with Poincare’s theorem,
which asserts that the trajectories of a bounded system (in phase space) will pass
arbitrarily close to the initial state, after a time called the recurrence time.
3. Quantization problem and the Heisenberg Uncertainty violation: It is not straight-
forward how one can quantize an irreversible or stochastic equation. Phenomeno-
logical quantization schemes exist (say, the counterpart of plugging −γx in Newton
equation) but can lead to violations of basic issues (like the very normalization of
the state, or commutation relations). (Wallraff, 2001) The question of quantiza-
tion can not be ignored, since it is well known that at low temperatures of the
environment quantum effects in the behaviour of the particle become important.
Furthermore, one can check that a classical dissipative equation, like the Langevin
equation above, contradicts the uncertainty relation which must be satisfied in the
quantum theory (Louisell and Louisell, 1973). One can say that the main difficulty
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of any quantum mechanical description of Brownian motion lies in the concept of
friction. In classical mechanics the friction force cannot be derived from a Hamilto-
nian theory. This is obvious from the fact that the friction causes a decrease in the
phase space volume, i.e. Liouville’s theorem is not valid. This contraction is also
what contradicts the Heisenberg uncertainty relations: Any finite volume in phase
space will in the course of time fall into a volume smaller than ~/2. The diffusion
term in the Langevin equation increases the volume in phase space of course, the
equilibrium state being such that the two tendencies balance.
From all the above, hence, one understands that the quantum description of dissipation
must start from reversible dynamics described by some Hermitian Hamiltonian. The
irreversibility observed at the end, should then come from additional assumptions made
on this description. However, in the classical Langevin equation, the irreversibility is
introduced right from the beginning.
Why is a quantum version of BM necessary?
As already stated above, in many cases particularly at low temperatures a theory of
dissipation based on the classical Brownian motion may be inadequate because it can
not accommodate quantum effects since the Langevin equation can not in principle be
quantized. Nevertheless, quantum noise arising from quantum fluctuations is important
in many settings, for instance in nanoscale and biological systems (Abbott et al., 2008).
We mention as typical examples of processes where quantum effects play an important
role, the noise assisted tunneling and transfer of electrons and quasiparticles (Hanggi
et al., 2005). The characteristics of such quantum noise vary strongly as a function
of temperature. At high temperatures a crossover to Johnson-Nyquist noise which is
essentially governed by the classical Brownian motion takes place.
The above considerations are enhanced by recent studies on the quantum mechanics
of macroscopic quantum variables, such as the decay of a zero voltage state in a biased
Josephson junction, flux quantum transitions in a SQUID (Ha¨nggi et al., 1990) and the
possible reversal by quantum tunneling of the magnetization of a single domain ferro-
magnetic particle, which call for extensive studies in a quantum version of the Langevin
equations. One may also remark in the context of macroscopic quantum tunneling (which
is a mesoscale quantum phenomenon) that substantial experimental data on magnetic
relaxation now exists (Wernsdorfer, 2001) at mK temperatures. The analysis of this
phenomenon was severely hampered by the lack of an appropriate theory of quantum
dissipation which could predict for example the relaxation behaviour as a function of spin
size. All these, necessitated the development of a theory of quantum Brownian motion.
With the development of such theory, it has been proven that the Brownian motion can
play a vital role in information and communications technology as well as in fundamental
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issues of applied mathematics and theoretical physics.
3.1.2 Historical origins
After having motivated the necessity for the development of such a quantum theory
of BM, let’s have a brief look at the most important historical developments. Even as
early as in the birth of quantum mechanics in early 1920’s one can encounter references
to the so called quantum noise. In the very final paragraph of the 1928 paper by Nyquist
(Nyquist, 1928) for the first time the introduction of quantum mechanical noise via the
substitution of the energy kBT from the classical equipartition law
1 by the thermally
averaged quantum energy (but leaving out the zero point energy contribution) of the
harmonic oscillator. Nyquist’s remark thus constitutes a precursor of the celebrated work
by Callen andWelton (Callen andWelton, 1951) who generalized the relations by Einstein,
Nyquist, and Johnson to include quantum effects. The proof of the associated quantum
fluctuation-dissipation theorem was a milestone in the study of quantum Brownian motion
(Callen and Welton, 1951, Kubo, 1966).
Soon after, it was shown that, in contrast to the phenomenological way, the quantum
Langevin equation can be obtained from the forward-backward path integrals within some
concrete quantum model of dissipation (Kleinert, 2004). The physical cause of dissipation
is the influence of the environment on the relevant system. Hence a consecutive quantum
theory of dissipative systems should be derived using some dissipative Hamiltonian in
which the surrounding medium and its influence on the system are taken into account.
This lead to the so-called system-plus-bath model where the full system is split into the
relevant system consisting of a few degrees of freedom and a thermal bath represented by
a large or infinite number of degrees of freedom. In the next subsection, we discuss how
using this as a starting point one can study a motion analogous to the classical Brownian
motion presented in the previous section.
3.2 Hamiltonian approach to the Brownian motion
There are in general two ways to approach the problem of quantizing Brownian motion:
either one looks for new schemes of quantization, beyond the standard ones which require
one to have at hand a Hamiltonian of the system, or one uses the system-plus-reservoir
approach (Caldeira and Leggett, 1983a). The former approaches always rely on some
questionable hypotheses and lead us to results dependent on the method used, besides
not being very realistic (Weiss, 2012). We focus on the second case.
In this approach, precisely, one has to write a Hamiltonian leading to the phenomeno-
logical equations, such as those of Einstein, Fokker-Planck and Langevin. Then, by re-
1It is worthwhile to recall that the ”rigorous” validity of the equipartition theorem is restricted to
classical statistical mechanics.
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placing functional variables with adjoint operators it is possible to obtain a quantum
Hamiltonian for BM. There have been several excellent monographs and reviews covering
how this can be done such that a quantum Brownian motion (Wang and Uhlenbeck, 1945,
Breuer et al., 2002, Leggett et al., 1987, Hanggi et al., 2005, Weiss, 2012) is obtained. In
this approach, one considers explicitly the fact that the dissipative system is always cou-
pled to a given thermal environment. The importance of this framework of modeling
lies in its generality, since there is no known dissipative system which is not coupled to
another system that is responsible for its losses.
To proceed, one needs to consider explicitly the coupling of the system of interest
to the environment. This firstly requires knowledge of the type of the environment and
secondly how the coupling with the central system, the BP, takes place. This can be a very
hard task. Nevertheless, fundamentally different composite systems, by which we mean
systems of interest-plus-environment, might have the former obeying Brownian dynamics
in the classical limit (e.g. a central system or a bath made of harmonic oscillators or spins).
Although this appears to be an additional complication to our approach, it actually gives
us a chance to argue in favor of some simplifying hypotheses. For instance, we can assume
that quite distinct reservoirs, e.g. a reservoir of harmonic oscillators and a reservoir of
spins, may share some common characteristics, such as the behaviour of their spectrum
of excitations or the way they respond when acted on by an external input.
Usually, for many complex systems we do not have a clear understanding of the mi-
croscopic origin of damping. However, sometimes one might be able to acquire knowledge
of the power spectrum of the stochastic force in the classical regime. Therefore, it is
interesting to set up phenomenological system-plus-reservoir models which reduce in the
appropriate limit to a description of the stochastic process in terms of a quasi-classical
Langevin equation (Barik and Ray, 2005). The simplest model of a dissipative quantum
mechanical system that one can come up with is a damped quantum mechanical linear
oscillator: a central harmonic oscillator coupled linearly via its displacement coordinate
x to a fluctuating dynamical reservoir. In the particular case that the bath is only weakly
perturbed by the system, it can be considered as linear and therefore be described by har-
monic oscillators. Then the statistics is exactly Gaussian. This model has been introduced
and discussed in a series of papers by Ullersma (Ullersma, 1966). Zwanzig generalized
the model to the case in which the central particle moves in an anharmonic potential and
studied the classical regime (Zwanzig, 1973). Caldeira and Leggett (Caldeira and Leggett,
1981) were among the first who applied this model to quantum mechanical tunneling of
a macroscopic variable.
To make the system under consideration more concrete, we comment here on the
intuitive workings behind the system. We consider a system with one or few degrees
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of freedom which is coupled to a huge environment and imagine that the environment is
represented by a bath of harmonic excitations above a stable ground state. The interaction
of the system with each individual degree of freedom of the reservoir is proportional to
the inverse of the volume of the reservoir. Hence, the coupling to an individual bath
mode is weak for a geometrically macroscopic environment. Therefore, it is physically
reasonable for macroscopic global systems to assume that the system-reservoir coupling
is a linear function of the bath coordinates. This property is very convenient, because
it allows to eliminate the environment exactly. Most importantly, the weak perturbation
of any individual bath mode does not necessarily mean that the dissipative influence of
the reservoir on the system is weak as well. This is because the couplings of the bath
modes add up and the number of modes can be very large. We note here that a number of
variations of this set-up complying with the picture described above, could be considered.
For example, one could consider the central system to be discrete, e.g. a two or more
state system, i.e. a qubit or a d-bit, or alternatively the system could be considered to be
continuous, as e.g. a harmonic oscillator. In our works, we assume the central system to
be continuous. Another variation would be that of considering as the bath a set of spins.
It can be shown that such a system shares a lot of common properties and behaviors with
the scenario where the bath is made out of harmonic oscillators, and this can be seen by
the fact that their corresponding spectral densities (a quantity that will be introduced
soon) can be related (Weiss, 2012, Schlosshauer, 2007b). Namely, it can be shown that
the two types of reservoirs have the same dissipative influences at T = 0, but at finite
temperatures, the spin bath has a smaller effect on the system because of the possibility for
saturation of the populations in the bath. Finally, let us note that the excitations forming
the thermal bath of harmonic oscillators, is assumed to obey Bose-Einstein statistics.
The model is defined by the Hamiltonian
H = HS +HE +HI (3.1)
where the system, bath and interaction terms are respectively
HS =
p2
2m
+ V (x) + Vc (x)
HE =
∑
k
(
p2k
2mk
+
mkω
2
kx
2
k
2
)
− E0 =
∑
k
~ωkb
†
kbk
HI =−
∑
k
ckxkf (x) (3.2)
In the above expressions p is the particle momentum, m its mass, V (x) the trapping
potential depending on its position denoted by x. The expression
Vc (x) =
∑
k
c2k
2mkω2k
f 2 (x) (3.3)
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represents the so-called counter-term, which needed in the following to remove non-
physical divergent renormalizations of the trapping potential arising from the coupling
to the bath, as showed in (Breuer et al., 2002). In the work that follows, we ignore such
a term. This results in a Hamiltonian that is not positively defined for all the parameter
space of the system (note that at this point we match the situation described by Canizares
and Sols, 1994, (Can˜izares and Sols, 1994) where translational symmetry is broken). In
practice in the works that will follow, we take this in mind and for this reason we carefully
choose the parameters of our system such that this does not lead to any problems. We will
comment later on about the consequences of this. The bath bosons have masses mk and
frequencies ωk, and their momenta and positions are denoted by pk and xk, respectively.
Alternatively, we describe them with the help of annihilation and creation operators, bk
and b†k, where the two are related by
xk =
√
~
2mkωk
(
b†k + bk
)
pk = i
√
~mkωk
2
(
b†k − bk
) . (3.4)
From the bath Hamiltonian, we have removed the constant zero-point energy E0. Here
we assume that in the interaction Hamiltonian the bath operators are linearly coupled
to a nonlinear function of the position of the Brownian particle f (x) to indicate that
this general case can also be considered, but in the works presented in this thesis, the
interaction is always considered bilinear, i.e. f (x) = x. Note also that other variations of
the form of the interaction Hamiltonian have also been considered in the past in the lit-
erature, as e.g. in (Cohen, 1997). This situation is the conventional one, and corresponds
to a quantum system undergoing state-independent damping and diffusion, i.e. damping
and diffusion independent on the position (or other observables). Furthermore, we will
restrict our studies to the one dimensional (1D) bath case, but generalizations to 2D or
3D are straightforward.
There exist a number of choices regarding the Hamiltonian method we are going to
use to treat our composite system. To start with, we should make some connection with
the classical approaches in order to establish which one of them will be more useful for
our needs. Here, once again, there are two categories of methods. As we have seen earlier
in this chapter we can either employ the equation of motion method, through which one
must generate a Langevin equation like, or study the time evolution of probability densities
using the Fokker-Planck equation. Quantum mechanically there are two equivalent ways
corresponding to each of them, and these are tantamount to the two well-known pictures of
quantum mechanics, namely Heisenberg and Schro¨dinger. Within each of these methods
then, there are different approaches to obtain the final result, whether that is an equation
of motion for the observables or a an evolution equation for the density matrix.
To summarize, the main simplifying assumptions for the Caldeira-Leggett model dis-
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cussed above is the following: The environment “feels” only weakly the presence of the
system. Loosely speaking, the bath is big, a macroscopic object (but not necessarily clas-
sical); the liquid carrier in Brown’s set up. The fluid’s properties change very little when
a pollen grain, or a handful, are suspended on it. This is mathematically expressed by the
fact that in the interaction Hamiltonian, the bath interacts only linearly with the degrees
of freedom of the central system (which can be nonlinear). Naturally, the converse does
not hold. The grain is indeed affected by the bath.
3.3 Overview of approaches to the Quantum
Brownian Motion
In this section, we shall present various methods and schemes of modeling quantum
Brownian motion from first principles, i.e. by starting from a Hamiltonian approach.
In doing so, we guarantee that the thermal noise must at all times obey the quantum
version of the fluctuation-dissipation theorem a` la Callen-Weltond. This latter property
is necessary in order to be consistent with the second law of thermodynamics and the
principle of quantum detailed balance. We elaborate on several alternative but equivalent
methods to describe quantum noise and quantum Brownian motion per se. In doing so, we
call attention to distinct differences to the classical situation and, in addition, we identify
a series of delicate pitfalls which must be observed when making even innocent looking
approximations. Such pitfalls involve, among others, the rotating-wave approximation,
the use of quasiclassical Langevin forces, the quantum regression hypothesis and/or the
Markov approximation. (Grabert et al., 1988, Grifoni and Ha¨nggi, 1998, Talkner, 1986)
3.3.1 Density matrix evolution
Master equation
In the ordinary formalism of open quantum systems, the reduced density operator for
a system interacting with some environment, ρS(t) is computed via
ρS (t) = TrE
[
U (t) ρSE (0)U
† (t)
]
(3.5)
where U (t) denotes the time-evolution operator for the whole composite system of system
and environment described by the state ρSE (t). As is evident from Eq. (3.5), this
approach requires that we first determine the state of the total system at a generic instant,
before we can arrive at the reduced description through the trace operation. In general
this task is not so easy (sometimes impossible) to carry out in practice for the majority
of the systems.
In contrast, in the master equation formalism the reduced density matrix ρS(t) is
calculated directly from an expression of the form
ρS(t) = L (t) ρS(0) (3.6)
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where the superoperator L (t) is the so-called dynamical map, ruling the temporal evolu-
tion of the central system, and should satisfy four properties, namely
1. L (t+ s) = L (t)L (s) semigroup property
2. limt→0+ L (t) σ = σ continuity
3. for σ ≥ 0 , L (t) σ ≥ 0, positivity
4. for σ ∈ T (H) , Tr [L (t) σ] = Tr [σ], trace preserving
where T (H) denotes the Banach space. Expression in Eq. (3.6) is called master equation
for ρS(t), and it represents the most general structure that such an equation can take.
Formally, one can employ the projection operator technique to solve the motion of the
bath. By doing so, one obtains the Nakajima-Zwanzig equation which represents the most
general form of a master equation and contains an extremely complicated retarded time
integration over the history of the reduced system (Nakajima, 1958, Zwanzig, 1960). It
thus describes completely non-Markovian memory effects of the reduced dynamics. In this
case, the two formalisms must be equivalent. The advantage of this second formalism of
master equations, lies in the fact that a series of approximations can be easily implemented
that can result in a significantly simplified master equation, at the cost of the generality
of the systems and the accuracy of the predictions that this approach allows to study.
Here we shall restrict our attention to master equations (valid under particular hy-
pothesis) that may be written as first-order differential equations showing a local in time
structure, namely which can be cast in the form
∂ρS (t)
∂t
= L [ρS (t)] = − i
~
[HS (t) , ρS (t)] +D [ρS (t)] (3.7)
This equation is local in time in the sense that the change of the state of the central
system at time t depends only on the form of such a state evaluated at t, but not at any
other times s 6= t. The superoperator L appearing above, acts on ρS(t), and typically
depends both on the initial state of the environment and on the form of the Hamiltonian.
To convey the physical intuition behind L, it has been decomposed into two parts:
❼ A unitary part. This originates by the usual von Neumann commutator with the
self-Hamiltonian HS. In general, this term is not identical to the unperturbed free
Hamiltonian that would otherwise generate the evolution of the BP in the absence of
the interaction with the environment. This is because this coupling often perturbs
the free Hamiltonian, leading to a renormalization of its spectrum through the
introduction of a counterterm, like that in Eq. (3.3). This effect is often termed
Lamb-shift, and has nothing to do with the non-unitary evolution induced by the
environment. It simply alters the unitary part of the reduced dynamics.
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❼ A non-unitary part D [ρS (t)]. This encodes the action of the environment, as for
example the effect of decoherence or dissipation. Without this term, the BP would
follow a unitary evolution only altered by the presence of a counter-term.
Born-Markov approximation Before proceeding to present the Born-Markov approx-
imation, let us note that the formal interaction part of the Hamiltonian can be expressed
as
HI =
∑
k
Sk⊗Ek (3.8)
where Sk and Ek are self-adjoint operators acting on the Hilbert spaces of the central
system and the environment, respectively. This bilinear coupling implicitly assumes a
weak interaction between the system and the environment, and this is the first assumption
in order to get the Born-Markov approximation (This is indeed the main assumption of the
Caldeira-Leggett model of QBM explained i the previous chapter). For some applications
we shall add a time-dependent contribution V (t) to the Hamiltonian HS in order to take
into account external fields used by the observer to control our system (see work on heat
current control in BEC in Chapter 8).
The Born-Markov master equation is based on two core approximations that may be
stated as below:
❼ The Born approximation. This approximation assumes that the coupling between
the system and the reservoir is weak, such that the influence of the system on the
reservoir is small (weak-coupling approximation). Thus, the density matrix of the
reservoir ρB is only negligibly affected by the interaction and the state of the total
system at time t may be approximately characterized by a tensor product
ρ (t) ≈ ρS (t)⊗ ρB (3.9)
To understand the condition for this approximation to hold, one needs to introduce
the following timescale, namely τp = ~/δE, where δE is an energy resolution of state
preparation or measurement. For a quantum system S with a discrete spectrum,
δE should be smaller that the typical separation between the energy levels while for
systems with continuous spectrum (e.g. quantum Brownian particle) τp is directly
related to a chosen time-scale of observation. For the above approximation to be
valid then, the following should be true
t≫ τp (3.10)
❼ The Markov approximation. To introduce this approximation, we first call upon an
intuition developed from the classical scenario of the GLE described above, namely
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that the interaction of the bath particles with the central system should result in
correlations of the noise in different times, as in Eq. (2.20). We assume here then
that these correlations decay in a finite time τb. We comment here, that in fact,
strictly speaking, a decay of the correlations can only be valid for an environment
which is infinitely large and involves a continuum of frequencies, but in the systems
that we will study this is a safe assumption. If on the other hand, the frequency
spectrum of the reservoir modes is discrete, in general, the correlation functions will
be quasi-periodic functions. A rapid decay of the reservoir correlations therefore re-
quires a continuum of frequencies: For an infinitely small frequency spacing Poincare´
recurrence times become infinite and irreversible dynamics can emerge. With this
in mind, then, the basic condition underlying the Markov approximation is that the
reservoir correlation functions decay over a time τb that is sufficiently fast, namely
much smaller compared to the relaxation time τr, i.e. the time at which the state
of the system varies noticeably,
τb ≪ τr. (3.11)
Note that the above approximation is quite not general, and is only appropriate if
the environment is weakly coupled to the central system, and if the temperature of
the bath is sufficiently high. Nevertheless, even if the reservoir has no natural decay
time scale τb, one can include the averaging effect of the Hamiltonian dynamics of
S in order to satisfy the above condition.
Restricting to the Born approximation, the corresponding dynamical map L (t) will not
satisfy the semigroup property, namely the following will not hold L (t+ s) ≈ L (t)L (s).
Introducing the Markovian approximation resolves this problem. The idea is that by mak-
ing the Markovian approximation, we assume that there exists a certain coarse-grained
time scale, roughly determined by τr, for which the exact state of the system S+E given
by U (t) [ρS (0)⊗ ρB]U † (t) does not differ locally from the state L [ρS (t)] ⊗ ρB . Here
”locality” is determined by the radius of interaction between S and E. Mathematically
this condition can be expressed as a sufficiently fast decay of the reservoirs correlation
functions
Ekl (t) = Tr (ρBEk (t+ s)El (s)) (3.12)
where Ek (t) = e
itHEEke
−itHE and we assume that the reservoir’s reference state ρB is
stationary with respect to its evolution, a consequence of the Born approximation.
Then the evolution of ρS (t) is given by the Born-Markov master equation
∂ρS (t)
∂t
= − i
~
[HS, ρS (t)]− 1
~2
∑
k
{[Sk, BkρS (t)] + [ρS (t)Ck, Sk]} (3.13)
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with
Bk :=
∫∞
0
dt′
∑
j Ckj (t
′)S(I)j (−t′)
Ck :=
∫∞
0
dt′
∑
j Ckj (−t′)S(I)j (−t′)
(3.14)
Here S
(I)
j (−t′) denotes the system operator Sk in the interaction picture (Schlosshauer,
2007b). The quantity Ckj (t) is given by
Ckj (t) =
〈
E
(I)
k (t)Ej
〉
ρB
(3.15)
where the average is taken over the initial environmental state ρB (recall that the Born
approximation demands that such a state remains approximately constant at all times
[HB, ρB] = 0). This quantity will be referred to as the environment self-correlation func-
tions in the following. We note here that the form of the self correlation function is such,
because we in addition made the assumption that the bath is at a stationary state ρB
, then one can show that the reservoir correlation functions are homogeneous in time
〈Ek (t)Ej (t− s)〉 = 〈Ek (s)Ej (0)〉 . This is not the case if one considers for example a
squeezed vacuum state for the reservoir, but we ignore such scenarios in our work.
The reason for calling the above function the environment self-correlation function is
easy to understand. The operators Ek can be thought of as observables of the environ-
ment, such as the position and momentum of the bath particles. Furthermore, the values
of these observables are assumed to be “measured” through the interaction of the bath
with the BP. Bath self-correlation functions essentially tell us by how much the value of a
supposed measurement of such an observable Ek has been affected by another supposed
measurement at a previous time. In other words, broadly speaking, these functions quan-
tify to what degree the environment retains information over time about its interaction
with the system.
Rotating Wave approximation (RWA) In fact the aforementioned approximations,
do not guarantee, that the resulting equation (3.13) defines the generator of a dynamical
semigroup (Davies, 1974, Du¨mcke and Spohn, 1979), as should be the case for a valid
master equation. The reason is that these approximations may lead to non-positive density
matrices. One therefore performs a further secular approximation which involves an
averaging over the rapidly oscillating terms in the master equation and is known as the
rotating wave approximation. The RWA is widely used in quantum optics, which neglects
the rapidly oscillating counter-rotating terms and the system Hamiltonian becomes time
independent or depends slightly on time in the rotating frame. In the rotating wave
approximation rapidly oscillating terms proportional to ei(ωk−ωj)t are neglected. In the
particular case of the system being a harmonic oscillator, at the level of the Hamiltonian,
RWA implies that terms of the form a†b†k and abk are ignored, where a and a
† are the
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central harmonic oscillator annihilation and creation operators related to the position and
momentum of it as
x =
√
~
2mω
(
a† + a
)
p = i
√
~mω
2
(
a† − a) . (3.16)
Generally, this assumption, ensures that the quantum master equation is in the so-called
Lindblad form. The corresponding condition is that the inverse frequency differences
involved in the problem are small compared to the relaxation time of the system, that is
τp ∝ |ωk − ωj|−1 ≪ τr (3.17)
This in practice implies that during preparation or measurement processes the system S
is not strongly perturbed.
In conclusion the structure of the Born-Markov master equation of a given system
remains fixed by its Hamiltonian and the two approximations discussed above. A clear
derivation of equation (3.13) goes widely beyond the purpose of the present thesis. How-
ever, it may be found in a number of standard textbooks (Schlosshauer, 2007b)(Breuer
et al., 2002). In particular in (Breuer et al., 2002), the authors show that the Born-Markov
master equation may be derived even by the Nakajima-Zwanzig equation. Precisely, it
follows from an expansion in the bath-system coupling constant at the second order. For
the particular case of the Quantum Brownian motion, one can start with the Hamiltonian
presented above, and derive then the relevant master equation. This has been a widely
used approach to study QBM, nevertheless, there are a number of criticisms as to why
the aforementioned approximations might not hold in nowadays relevant experimental
set-ups and we examine this in the next section.
Criticism of Born-Markov master equation and the RWA The Born-Markov
quantum master equation method provides a reasonable description in many cases, such
as in Nuclear Magnetic Resonance, in laser physics, and in a variety of chemical reactions.
However, this method turned out to be not useful in most problems of solid state physics
at low temperatures for which neither the Born approximation is valid nor the Markov
assumption holds. We comment below why this is the case. Furthermore, in recent
developments in the area of circuit and cavity QED systems (Niemczyk et al., 2010),
ultra- and deep-strong light-matter couplings became experimentally achievable, which
makes it necessary to take the counter-rotating terms into account, i.e. casts the RWA
invalid. In fact, recent studies show that the counter-rotating terms in system-reservoir
coupling play an important role in non- Markovian effects.
As already mentioned, positive Markovian dynamics is only obtained under careful
approximations that are valid only from medium to high temperatures of the thermal
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bath (Dio´si, 1993), an example being RWA. Furthermore, it has been shown that the
requirement that the equilibrium state should be the canonical thermal state determined
by the standard Hamiltonian of a harmonic oscillator is incompatible with positivity
and translational invariance (Lindblad, 1976, Kohen et al., 1997, de Faria and Nemes,
1998). This incompatibility induced some authors to renounce to translational invariance
(Saˇndulescu and Scutaru, 1987, de Faria and Nemes, 1998), or to accept non-positive
dynamical equations and to give more relevance to obtaining time evolutions very close
to the classical ones (Caldeira and Leggett, 1981, 1983a, Strunz et al., 1999). A non
positive dynamics can be satisfactory when the system is near the classical regime, but
this approach becomes questionable when quantum effects are searched for (Jacobs et al.,
1999, Giovannetti and Vitali, 2001). In any case, all of these approaches do not solve
satisfactorily in a general setting the aforementioned problems.
Non-Markovianity Markovianity is often defined with respect to whether the system is
reversible or not. Markovian systems are irreversible, while non-Markovian systems allow
the flow of information between the system and environment reversibly (Laine et al., 2012).
The non-Markovian open systems are important because of their ability in preserving
information and their persistence against decoherence caused by interactions with the
environment. Furthermore, in (Ferialdi, 2017), the authors showed that if one is careful
in taking the Markov limit, the resulting master equation for the Caldeira-Leggett model
is non-dissipative, proving that the only way that one can introduce dissipation in the
dynamics of the QBM is by allowing non-Markovian evolutions. Because of these reasons,
the study of non-Markovianity property in open systems has attracted much attention,
recently.
Therefore, various witnesses and measures have been defined to describe the non-
Markovianity features qualitatively and quantitatively. To determine the Markovianity
or non-Markovianity of a channel, a witness of non-Markovianity is used and then non-
Markovianity is quantified by a measure. A non- Markovianity measure is a function that
its numerical value is positive or zero; the value of this function is zero if the dynamics is
Markovian. On the other hand, the normalized measure which is between zero and one is
called the degree of non-Markovianity (Laine et al., 2012). The non-Markovianity mea-
sures are generally introduced on the basis of indivisibility and the backflow information.
Besides reversibility, another way to determine if the evolution of a system is Marko-
vian or not is whether this evolution satisfies the semigroup property (Wolf et al., 2008).
Furthermore, in (Rivas et al., 2010) the authors defined an evolution as Markovian, when-
ever it can be represented by a trace preserving divisible map. Another idea based on
divisibility, where the latter is quantified however in terms of the negative values of tran-
sition maps was presented in (Rajagopal et al., 2010). In (Breuer et al., 2009), the
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non-Markovian evolution was defined as that where one observes a back-flow of infor-
mation from the environment to the system. Other non-Markovianity measures include
one based on the quantum Fisher information flow (Lu et al., 2010) another on the Bu-
res distance (Liu et al., 2013), or one based on the non-monotonicity of the decay of
the mutual correlations between the open quantum system and an ancilla (Luo et al.,
2012). Taking advantage of the fact that the volume of physical states accessible to a
system decreases monotonically for Markov evolutions, while non-Markovian evolutions
may present some time intervals where it increases, in (Lorenzo et al., 2013) the authors
presented an alternative measure of non-Markovianity. By considering a formal analogy
with the entanglement theory, where a Markov evolution would correspond to a separable
state, while a non-Markovian evolution would be characterized by the Schmidt number of
the relevant entangled state, (Chrus´cin´ski and Maniscalco, 2014) propose another mea-
sure of non-Markovianity. More recently, in (Liu et al., 2016), the non-Markovianity of a
chromophore-qubit pair in a super-Ohmic bath was quantified, using the distance between
an evolved state and the steady state. Finally in our own work, (Lampo et al., 2018), an
alternative measure was introduced based on the distance of an element of a Gaussian
covariance matrix at the long-time limit to the corresponding one had the spectral density
been assumed to be Markovian. For a number of measures for both discrete as well as
continuous variables the writer is referred to (Rivas et al., 2010)
Summary of approximations Let us summarize the different approximations used
in the above derivation. The first approximation is a consequence of the weak-coupling
assumption which allows us to expand the exact equation of motion for the density matrix
to second order. Together with the condition ρ (t) ≈ ρS (t) ⊗ ρB this leads to the Born
approximation to the master equation. The second approximation is the Markov approx-
imation in which the quantum master equation is made local in time by replacing the
density matrix ρS (t) at the retarded time s with that at the present time ρS (t). Further-
more, the integration limit is pushed to infinity to get the Born-Markov approximation of
the master equation. The relevant physical condition for the Born-Markov approximation
is that the bath correlation time τb is small compared to the relaxation time of the system
τr, that is τb ≪ τr. Finally, in the rotating wave approximation rapidly oscillating terms
proportional to ei(ωk−ωj)t are neglected, ensuring that the quantum master equation is
in Lindblad form. The corresponding condition is that the inverse frequency differences
involved in the problem are small compared to the relaxation time of the system, that is
τp ∝ |ωk − ωj|−1 ≪ τr.
3.3.2 Quantum Generalized Langevin equation
The first derivation of the quantum generalized Langevin equation (QGLE) dated back
to 1965 in (Ford et al., 1965). They consider a set of 2N+1 interacting harmonic oscillators
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and focus their work on studying the dynamics in a particular one due to the effect of the
rest of oscillators acting as a heat bath. The resulting operators equation resembles the
classical generalized Langevin equation in coordinate space. Another derivation is that
of (Ford et al., 1988). Starting from the Heisenberg equation of motion, they provided
a purely quantum derivation of the QGLE with a random force operator acting on the
Hilbert space of the entire system. We present a detailed derivation for the case of a
Hamiltonian in the form of the Caldeira Leggett model discussed above, where however
the system couples through a nonlinear function of its operators to a linear operator of
the bath, which is the most general case one can treat with this approach. We also note
here that we consider harmonic oscillators for the central system as well as for the bath,
but both could in principle replaced by spins. We should also mention that one can
consider the coupling of a system to a bath of independent fermions with infinitely many
excitation energies. A suitable transformation then allows to map the dissipation onto a
bosonic environment with an appropriate coupling strength (Ha¨nggi et al., 1990, Camalet
et al., 2003, Chang and Chakravarty, 1985).
From a practical point of view, there are a number of cases where such a modeling of
the system would be appropriate and we list here a few of them (Ha¨nggi et al., 1990, Weiss,
2012). Examples are the electromagnetic modes in a resonator acting as a reservoir or
the dissipation arising from quasi-particle tunneling through Josephson junctions (Eckern
et al., 1984). In the case of an electrical circuit containing a resistor one may use the
classical equation of motion to obtain the damping kernel and model the environment
accordingly. This approach has been used e.g. to model Ohmic dissipation in Josephson
junctions in order to study its influence on tunneling processes (Scho¨n and Zaikin, 1990),
and to describe the influence of an external impedance in the charge dynamics of ultra-
small tunnel junctions (Ingold and Nazarov, 1992).
Derivation of QGLE
The complete Caldeira—Leggett model leads to the following exact Heisenberg equa-
tions of motion (eom) for the Brownian particle and the environmental oscillators,
x˙ (t) = [H, x (t)] = p
m
x˙k (t) = [H, xk (t)] =
pk
mk
p˙ (t) = i
~
[H, p (t)] = −∂xV (x) +
∑
k ckxk (t)
p˙k (t) =
i
~
[H, pk (t)] = −mkω2kxk (t) + ckx (t)
(3.18)
which can more compactly written as
mx¨ (t) + ∂xV (x)−
∑
k
ckxk (t) = 0 (3.19)
mkx¨k (t) +mkω
2
kxk (t)− ckx (t) = 0 (3.20)
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The last equation shows that the kth bath oscillator is driven by the force ckx (t) which
depends linearly on the coordinate of the Brownian particle. In order to get a closed
equation of motion for x(t) one solves the bath eom Eq. (3.20) in terms of x(t) and of
the initial conditions for the bath modes and substitutes the result into the eom of x (t),
Eq. (3.19). The solution of Eq. (3.20) is then given by
xk (t) =xk (0) cos (ωkt) +
pk (0)
mkωk
sin (ωkt) +
ck
mkω2k
(x (t)− cos (ωkt) x (0))
− ck
mkωk
∫ t
0
ds sin [ωk (t− s)] x˙ (s) (3.21)
Substituting into Eq. (3.19) yields
mx¨ (t) + ∂xV (x) +m
∫ t
0
dsγ (t− s) x˙ (s) = B (t)−mγ (t) x (0) (3.22)
where γ (t) is the damping kernel
γ (t) =
1
m
∑
k
c2k
mkω2k
cos [ωk (t)] . (3.23)
and the operator B(t) which appears on the right-hand side is the interaction picture
operator
B (t) =
∑
k
ck
(
xk (0) cos (ωkt) +
pk (0)
mkωk
sin (ωkt)
)
. (3.24)
Spectral density and the Quantum Fluctuation Dissipation Theorem At this
point we introduce a function referred to in the literature as the spectral density function,
J (ω) =
π
2
∑
k
c2k
mkωk
δ (ω − ωk) (3.25)
which basically assigns a weight on the influence a particular frequency from the frequency
spectrum of the bath has on the motion of the Brownian particle. Moreover, we observe
that this quantity only depends on bath properties, and hence we conclude that damping
does not depend on the state of the system. This property is a consequence of assuming
a bilinear coupling between the particle and the bath. This forces us to make use of
linear response theory, which we briefly summarize in App. A.1.1. Furthermore, as stated
earlier, we will consider the continuous frequency limit for the bath’s frequency spectrum,
which implies that J (ω) is a smooth function (For more details look in App. A.1.2). The
damping kernel in terms of this function is rewritten as
γ (t) =
1
m
2
π
∫ ∞
0
dω
J (ω)
ω
cos (ωt) (3.26)
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One can show then that a direct consequence of considering a quadratic Hamiltonian,
is that B(t) satisfies the following Gaussian statistics
〈B (t)〉E = 0
〈B (t)B (0)〉ρB = ~mπ
∫∞
0
dωJ (ω) (coth (ω~β/2) cos (ωt)− i sin (ωt)) (3.27)
where 〈O〉ρB = TrE
(
e−βHEO
)
. We drop the subscript ρB from the averages from now on
for sake of notational clarity. The second equation is usually referred to as the Quantum
Fluctuation Dissipation theorem, for which you can read more in App. A.1.3. This term
also often refers to an equivalent equality (See App. A.1.3 )
Re [〈{B (ω) , B (ω′)}〉] = −4π~δ (ω + ω′) Im [χ (ω)] (3.28)
where B (ω) (χ (ω)) is the Fourier transform of B (t) (χ (t)), with χ (t) being the sus-
ceptibility related to the noise kernel λ (t) by χ (t) = 2Θ (t)λ (t) /~. The role of this
function will be discussed in more detail later on. This quantity 〈{B (ω) , B (ω′)}〉 is often
referred to as the noise kernel. From the above Eq. (3.27) one understands why the
operator B (t) plays the role of the noise term in the classical Langevin equation. The
randomness here then enters from the initial state in which the bath is set, i.e. on the
distribution of xk (0) and pk (0), while the eom are deterministic. If we further redefine
B (t)→ B˜ (t) := B (t)−mγ (t) x (0) then this new noise operator, depends on the initial
preparation of the total system, i.e. also on the initial system position x (0). Clearly, in
order to qualify as a stochastic force the random force B˜ (t) should also not be biased;
i.e. its average should be zero at all times. To achieve this, a suitable redefinition of
the Gibbs state of the bath has to be made (Weiss, 2012). For the consequences of this
redefinition look in (Hanggi et al., 2005). This is equivalent also to ignoring the so called
spurious term −mγ (t) x (0) from Eq. (3.22), which has as a result to give the form of the
classical GLE we had in the previous chapter. Moreover, another property this Brownian
quantum noise should exhibit, is that it should constitute a stationary process with time
homogeneous correlations. This latter property, can be satisfied at the long-time limit,
under the correlation free initial state preparation, as is explained below. It is also inter-
esting to observe that, the force correlation function in Eq. (3.27), only vanishes in the
classical limit, while it remains finite even at zero temperature. This reflects the fact that
at absolute zero temperature the coupling induces a non-vanishing decoherence via the
zero-point fluctuations.
Finally, it is important to mention that if the spectral density introduced before is
allowed to assign weight to an infinite frequency this would lead to non-physical results,
for example it would lead to an ultraviolet divergence of the noise kernel. For this reason,
in (Unruh and Zurek, 1989), the authors introduced a cutoff on the noise kernel integral.
Nevertheless this would violate the QFDT in Eq. (3.28), hence a cutoff Λ was introduced
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on the maximum frequency allowed in the spectral density, considering therefore only
the low frequency part of it Jlf (ω) = J (ω)Fcutoff (Λ, ω). Here Jlf (ω) denotes the low
frequency part of the spectral density, but the subscript lf will be dropped in the rest of
this thesis. This allows a valid study of the system at much shorter timescales. There are
a number of common types of cutoff functions Fcutoff (Λ, ω) used in the literature,
1. Lorentz-Drude cutoff
Fcutoff (Λ, ω) =
Λ2
Λ2 + ω2
(3.29)
2. Exponential cutoff
Fcutoff (Λ, ω) = e
−ω/Λ (3.30)
3. Hard cutoff
Fcutoff (Λ, ω) = Θ (Λ− ω) (3.31)
where Θ (Λ− ω) is the Heaviside theta function and ω < Λ. In our work we will mostly
use this last form of the cutoff.
Note that instead one could have used the creation and annihilation operators b†k, bk
for which the solution of Eq. (3.20) would read as
xk (t) =
√
~
2mkωk
(
e−iωktbk + eiωktb
†
k
)
+
ck
mkωk
∫ t
0
ds sin [ωk (t− s)] x (s) (3.32)
and hence the eom for the Brownian particle would be
mx¨ (t) + ∂xV (x)−
∫ t
0
dsλ (t− s) x (s) = B (t) (3.33)
where λ (t) is the dissipation kernel (or also sometimes referred to as the susceptibility
function)
λ (t) = ~
∑
k
c2k
mkωk
sin [ωk (t)] (3.34)
which is nothing more than λ (t) = −~mγ˙ (t). Finally, we comment that using the Leibniz
integral rule
− 1
~m
∫ t
0
dsλ (t− s) x (s) = d
dt
∫ t
0
dsγ (t− s) x (s)− γ (0) x (t) (3.35)
we could rewrite the eom Eq. (3.33) such that the term −γ (0) x (t) would be introduced.
One can show then, that had we allowed for the introduction of the counter term in
the Hamiltonian, this would exactly cancel this term. This is the equivalent idea of
the redefinition of the Gibbs state mentioned before, but expressed at the level of the
Hamiltonian.
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Ohmic spectral density / Classical limit In the case of an environment with an
Ohmic spectral density with an exponential cutoff,
J (ω) = γωe−ω/Λ (3.36)
in the limit of an infinite cutoff, Λ→∞, we get the damping kernel
γ (t) = 4γδ (t) (3.37)
such that the Heisenberg equations of motion take the form
mx¨ (t) + ∂xV (x) + 2mγx˙ (t) = B (t) (3.38)
which is equivalent to the classical stochastic differential equations. In the long time
limit and in the high temperature (classical) limit, this eom describes normal Brownian
diffusion. One can also evaluate the fluctuation dissipation relation in Eq. (3.27) which
will give in the finite cutoff limit Λ
〈B (t)B (0)〉 = 1
π
~γΛ2 (1− iΛt)2[
1 + (Λt)2
]2 + 2kBTγδ̂ (t) (3.39)
where
δ̂ (t) =
1
2τO
[
τ 2O
t2
− 1
sinh2 (t/τO)
]
(3.40)
with τO = ~/ (πkBT ) the characteristic time of thermal quantum fluctuations. Notice the
dramatic change of quantum thermal correlations, from a delta function at ~→ 0, to an
algebraic decay δ̂ (t) ∝ t−2 for finite τO and t ≫ τO. The total integral of δ̂ (t) is unity,
and the total integral of the real part of the T = 0 contribution is zero. In the classical
limit, ~ → 0, δ̂ (t) becomes a delta function. Notice also that the real part of the first
complex-valued term in Eq. (3.39), which corresponds to zero-point quantum fluctuations,
starts from a positive singularity at the origin t = 0 in the classical, white noise limit,
Λ → ∞, and becomes negative −~γ/ (πt2) for t > 0. Hence, it lacks a characteristic
time scale. However, it cancels precisely the same contribution, but with the opposite
sign stemming formally from the thermal part in the limit t >> τO at T 6= 0. Thus,
quantum correlations, which correspond to the Stokes or ohmic friction, decay nearly
exponentially for Λ ≫ 1/τO, except for the physically unachievable condition of T = 0.
Here, we see two profound quantum mechanical features in the quantum operator-valued
version of the classical Langevin equation (Eq. (3.38)) with memoryless Stokes friction:
First, thermal quantum noise is correlated. Second, zero-point quantum noise is present.
This is the reason why quantum Brownian motion would not stop even at absolute zero
of temperature T = 0.
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Sub- and Super- Ohmic spectral densities Any spectral density that follows a
power law but is not linearly dependent on the bath frequencies, i.e.
J (ω) ∝ ωs (3.41)
where s > 0 but s 6= 1, is called a non-Ohmic spectral density. It can be shown that
such spectral density leads to anomalous Brownian motion (Weiss, 2012). More specif-
ically, if s > 1 then the spectral density is called super-Ohmic and is known to lead to
superdiffusion in the high-T/classical limit, while for 0 < s < 1 the spectral density is
called sub-Ohmic and is known to lead in subdiffusion in the high-T/classical limit. In
(Paavola et al., 2009), it was shown that the sub-Ohmic spectral density is related with
more long lasting memory effect, and hence more long lasting non-Markovian behavior.
On the other hand, both super- and sub-Ohmic environments exhibit faster decoherence
effects compared to the Ohmic case as shown in (Paavola and Maniscalco, 2010). In (Hu
et al., 1992) was shown that a sub-Ohmic environment is more strongly dissipative.
Mass renormalization Another important observation for the work that we will present
in the chapters to come is the following. We split the original spectral density in two parts,
J (ω) = Jlf (ω) + Jhf (ω) the low frequency and the high frequency parts
Jlf (ω) = J (ω)Θ (Λ− ω)
Jlf (ω) = J (ω) [1−Θ(Λ− ω)]
(3.42)
Consider the case that J (ω) ∝ ωs with s > 0, s 6= 1 and define γ (ω) := Fω (γ (t))
where Fω (·) denotes the Fourier transform. We focus first on the high frequency part. At
the limit ω ≪ Λ which corresponds to the effect of the bath on the Brownian particle at
t≫ Λ−1, one can show that
γhf (ω) −→
ω≪Λ
−iω∆mhf/m
∆mhf =
2
π
∫∞
0
dω
Jhf (ω)
ω3
(3.43)
such that the resulting Langevin equation of motion Eq. (3.22) in Fourier space, could
have been obtained if one had just considered a particle with a renormalized mass ∆mhf .
This holds for any s > 0, s 6= 1. In addition, for the low frequency part, for the particular
case, s > 2, a similar scenario will be obtained. Therefore, one concludes that for s > 2,
the contribution of the bath effect to the motion of the Brownian particle, is simply the
appearance of a polaronic cloud that adds to the inertia of the particle. If on the other
hand, s ≤ 2 then the low-energy excitations of the reservoir have effects beyond simple
mass renormalization.
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Solution of QGLE
Now let us focus on solving the eom from above for the special cases that we will
consider in our work, namely a free Brownian particle, and a Brownian particle that is
harmonically trapped, for an arbitrary spectral density J (ω). At this level, the former
can actually be seen as a special case of the latter, where the trapping frequency is set to
zero. For a quadratic potential
V (x) =
1
2
mΩ2x2 (3.44)
the Heisenberg equation becomes
x¨ (t) + Ω2x+
d
dt
∫ t
0
dsγ (t− s) x (s) = 1
m
B (t) (3.45)
To solve this equation we introduce the fundamental solutions G1(t) and G2(t) of the
homogeneous part of the eom, which is obtained by setting the right-hand side equal to
zero. These solutions are defined through the initial conditions
G1 (0) = 1 , G˙1 (0) = 0
G2 (0) = 0 , G˙2 (0) = 1
(3.46)
Then one can write the Laplace transforms of the fundamental solutions as follows,
Ĝ1 (z) =
z+γ̂(z)
z2+Ω2+zγ̂(z)
Ĝ2 (z) =
1
z2+Ω2+zγ̂(z)
(3.47)
where (̂·) denotes the Laplace transform. In terms of the fundamental solutions one can
write the general solution of the Heisenberg equation as
x (t) = G1 (t) x (0) +G2 (t) x˙ (0) +
1
m
∫ t
0
dsG2 (t− s)B (s) (3.48)
With the help of this solution all desired mean values, variances and correlation functions
of the Brownian particle may be expressed in terms of averages over the initial distribution
ρ(0) of the total system. The second Green function, G2 (t) is understood to play the role
of the propagator, since is the function that determines how the effect of the noise from
previous times propagates to time t.
Covariance matrix
Having the solution of the QGLE at hand, permits us to study a number of other
quantities that either can be studied experimentally, or can be used to check whether
our approximations are valid. For example, we are now in a position to construct the
equal time covariance matrix of the system at the long time limit, and check whether this
satisfies the uncertainty principle. If we define the covariance matrix elements Cab (t, t
′) =
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Cab (t− t′) := 12 〈a (t) b (t′) + b (t′) a (t)〉ρB , (which is defined in the long time limit, such
that Cab (t, t
′) only depends on the time difference t− t′) where a, b ∈ {x, p} then by the
Heisenberg equations of motion, these are related as
Cxp (t) = m
dCxx(t)
dt
Cpx (t) = −mdCxx(t)dt
Cpp (t) = −m2 d
2Cxx(t)
dt2
(3.49)
such that is enough to have an expression for Cxx (t) = 〈x (t) x (0)〉ρB . By the definition of
S (t), the power spectrum, given in App. A.1.3 then Cxx (t) = S (t). In our work we will
be interested in the equilibrium correlations, where the state of the system is assumed to
not change significantly, which implies that we will be looking in Cxx (0) = S (0). From
the expression in Eq. (A.27) then, we see that
Cxx (0) =
∫ ∞
−∞
dω
2π
~χ′′ (ω) coth (ω~β/2) (3.50)
Given the relation between the susceptibility and the Green’s propagator in Eq. (A.16)
of App. A.1.1, one can show that
χ′′ (ω) =
1
m
ωRe [γ̂ (−iω)]
(Ω2 − ω2 + ωIm [γ̂ (−iω)])2 + ω2 (Re [γ̂ (−iω)])2 . (3.51)
In (Lampo et al., 2017a) it is proven that
χ′′ (ω) = Ĝ (−iω) J (ω)
(
Ĝ (−iω)
)†
. (3.52)
Brief overview of Gaussian Quantum Mechanics (GQM) Here we review the
formalism of GQM, paying particular attention on the aspects necessary in our work. For
more details, the reader is referred to (Adesso and Illuminati, 2007). The main advantage
of this formalism is that, avoiding any reference to perturbation theory (Brown et al.,
2013) or in fact any other open-systems techniques, GQM allows for a study of interacting
systems via a direct system-plus-bath perspective. This is the case because, within GQM,
one has access to the exact evolution of the bath in addition to the system.
Consider one or more quantum systems described by bosonic canonical quadrature
operators, satisfying the Canonical Commutation Relations (CCRs), [xi, pj] = i~δij. As-
sume this quantum system to be a set of n quantum harmonic oscillators. Furthermore,
let X = (x1, p1, ..., xn, pn)
T . Due to the CCRs, the phase space is a symplectic space, en-
dowed with the structure [Xa, Xb] = iΩab, where Ωab are the components of the so-called
symplectic form, given by
Ω = ⊕ni=1
(
0 1
−1 0
)
(3.53)
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The main characteristic of GQM is that one always deals with Gaussian states, that have
a particularly easy form to handle. A state of an N -mode system is Gaussian if and only if
it is an exponent of a quadratic form in {Xa}na=1 . A very common and important type of
states that fall within this general class are thermal states of quadratic Hamiltonians. The
defining and most important feature of Gaussian states is that they are fully characterized
by only the first and second moments of their quadratures, i.e., their mean position and
their variances in phase space. Without loss of generality, in our works, we will assume the
first moments of all the states to be zero, which simplifies significantly our calculations.
The state of our system, will thus be simply characterized via the 2n × 2n covariance
matrix σ, the entries of which are given by
σab = 〈XaXb +XbXa〉 = Tr [ρ (XaXb +XbXa)] (3.54)
Within GQM, one can work exclusively in phase space rather than in Hilbert space.
Hence partition functions are represented as direct sums rather than tensor products,
which simplifies things a lot, namely it allows to easily create ensembles and perform
partial traces. As a result, any combined state of two systems A and B in GMQ takes
the form
σAB =
(
σA γAB
γTAB σB
)
(3.55)
where σA and σB are the reduced states of systems A and B respectively, and the matrix
γAB specifies the correlations between the systems. The superscript T denotes transposi-
tion.
Furthermore, if the system and bath are acted by a time-dependent Hamiltonian that
only contains terms of up to quadratic order in the system and bath observables, then at
any later time, the unitarily evolved state of the system and bath will also be Gaussian
(Schumaker, 1986). Any such unitary, U , on the Hilbert space corresponds to a linear
symplectic transformation on the phase space of quadratures: X → U †XU = SX, with
S satisfying
SΩST = STΩS = Ω (3.56)
The symplecticity of S, ensures that the CCRs are preserved throughout the change of
basis. On the level of the covariance matrix, it is easy to see that this transformation acts
as
σ → σ′ = SσST (3.57)
Finally, Williamson showed that any symmetric positive-definite matrix can be put into
a diagonal form via a symplectic transformation. An important use of this result, which
amounts physically to a normal mode decomposition, is in finding the so-called symplectic
eigenvalues of an arbitrary Gaussian state characterized by a covariance matrix σ. This
statement is formalized in the following theorem (Williamson, 1936): Let σ be a 2n× 2n
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positive-definite matrix. Then there exists a S ∈ Sp(2n,R) that diagonalises σ such that
σ = S ⊕ni=1
(
νi 0
0 νi
)
ST (3.58)
We will make use of this theorem in our work in order to evaluate a quantity called the
logarithmic negativity used in Chapter 5, but most importantly to check whether the
Uncertainty principle is satisfied. We comment on this below.
Uncertainty principle As already explained, despite the infinite dimension of the
associated Hilbert space, the complete description of an arbitrary Gaussian state ρ (up
to local unitary operations) is hence given by the 2n × 2n covariance matrix σ. As
the real σ contains the complete locally-invariant information on a Gaussian state, it is
natural to expect that some constraints exist which have to be obeyed by any bona fide
covariance matrix, reflecting in particular the requirement that the associated density
matrix ρ in Hilbert space be positive semidefinite. Indeed, such a condition together with
the canonical commutation relations imply
σ + iΩ ≥ 0 (3.59)
Given a Gaussian state, the above inequality is the necessary and sufficient condition
the matrix σ has to fulfill to describe a physical density matrix ρ (Simon et al., 1987,
1994). More in general, the previous condition is necessary for the covariance matrix of
any, generally non-Gaussian, CV state (characterized in principle by nontrivial moments
of any order). We note that such a constraint implies σ > 0. The above inequality is the
expression of the uncertainty principle on the canonical operators in its strong, Robertson–
Schrodinger form (Robertson, 1929, Schrodinger, 1930, Serafini, 2006). Gaussian states
ρ can, of course, be pure or mixed. We can easily define pure and mixed Gaussian states
by
det σ =
1 ⇒ pure> 1 ⇒ mixed (3.60)
Mean Square displacement
We now focus on the case of a free particle, with the purpose to study the diffusive
dynamics of the Brownian particle. This way we can also study directly analogies between
the classical and quantum Brownian motion. The first thing to observe is that sending
the trapping frequency Ω → 0 in Eq. (5.59) will lead to a divergence at the limit of low
frequencies. This means that the dispersion of the position of the free Brownian particle
in thermal equilibrium is infinite. This is a consequence of the fact that the position of
a free particle is not bounded. To deal with this, one needs to study the mean square
displacement, i.e.
〈
[x (t)− x (0)]2〉
ρ(t)
and hence one needs to subtract the initial position
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of the particle x (0). From the solution of the QGLE from the previous subsection, one
can obtain an expression for the mean square displacement of the quantum Brownian
particle
〈
[x (t)− x (0)]2〉
ρ(t)
. At this point, we make again the assumption of a factorizing
initial state ρ (t) = ρs (0) ⊗ ρB, as was the case for the Born approximation. We discuss
below consequences related to this assumption. This implies then that averages of the
form
〈x˙ (0)B (s)〉 = 0 (3.61)
vanish. Hence〈
[x (t)− x (0)]2〉 = G22 (t) 〈x˙2 (0)〉+ ∫ t
0
ds
∫ t
0
dσG2 (t− s)G2 (t− σ) 〈{B (s) , B (σ)}〉
(3.62)
where one can show using the FDT that
〈{B (s) , B (σ)}〉 = 2~λ (s− σ) (3.63)
There is an alternative way to obtain an expression of the MSD given in terms of the
response function χ (t) which is related to the position of the Brownian particle through
the Kubo formula for the position of the Brownian particle
χji (t, t
′) = iΘ(t− t′) 〈[xi (t) , xj (t′)]〉 . (3.64)
For this, one needs first to define the quantities
C+ (t) = 〈x (t) x (0)〉 − 〈x (t)〉ρB 〈x (0)〉
C− (t) = 〈x (0) x (t)〉 − 〈x (0)〉ρB 〈x (t)〉
(3.65)
where C+ (t) = (C− (t))∗ such that
C± (t) = S (t)± iA (t) (3.66)
with S (t) the symmetric part of C± (t) i.e. S (t) = S (−t), given explicitly in App. A.1.3
and is related to the imaginary of the response function by
~χ′′ (ω) coth (β~ω/2) = S (ω) (3.67)
while
χ (t) = −2
~
Θ(t)A (t) , (3.68)
such that A (t), the antisymmetric part of C± (t), i.e. A (t) = −A (−t) is given by the
noise kernel A (t) = −λ (t).
With these in mind, the MSD is shown to be given by〈
[x (t)− x (0)]2〉 = 2 (S (0)− S (t)) (3.69)
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where upon using Eq. (3.67), we obtain
〈
[x (t)− x (0)]2〉 = ~
π
∫ ∞
−∞
dωχ′′ (ω) coth (ω~β/2) [1− cos (ωt)] . (3.70)
One can then proceed further and having in mind that
χ (t) = Θ (t)
1
π
∫ ∞
−∞
dωχ′′ (ω) sin (ωt) , (3.71)
one can derive the following relation in the long time limit,
lim
t→∞
1
χ (t)
d
〈
[x (t)− x (0)]2〉
dt
= 2kBT. (3.72)
This relation is a version of the Einstein relation. It is also interesting to note that in the
derivation of it no specific assumptions on χ (t) were made.
In deriving this second expression for the MSD, one had to make the assumption of
time translation invariance of the equilibrium autocorrelations,
〈x (t) x (t′)〉 = 〈x (t− t′) x (0)〉 (3.73)
which holds in the long time limit, when the system is already independent of the initial
conditions. This condition was not made in Eq. (3.62), which in fact can lead to problems
in some cases, as we will see later on.
Free Brownian motion with an Ohmic spectral density If we assume that the
Brownian particle is untrapped and that the bath is characterized by an Ohmic spectral
density J (ω) = γω, then the Green functions read as following
G1 (t) = 1 , G2 (t) =
1
γ
(
1− e−γt) (3.74)
Then by making use of the relation χ (t) = Θ (t)G2 (t) /m, (see App. A.1.1) then one can
perform the integral in Eq. (3.70) (making use of the Matsubara frequency representation
of the coth function) and after taking the high temperature limit, one obtains〈
[x (t)− x (0)]2〉 = 2
mβγ2
(
γt− 1 + e−γt) (3.75)
which is the same expression obtained for the classical BM in Eq. (2.10). This allows
us to conclude that the classical results of normal Brownian motion are recovered for an
ohmic spectral density and in the high T limit.
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Correlation free initial state preparation Let us assume the initial density ma-
trix for system plus bath to be of the factorized form, with the bath initially being at
canonical equilibrium at a certain temperature. As discussed in (Anglin et al., 1997) such
factorization will not yield a correct description of decoherence, nevertheless it helps us
significantly reduce the complexity of the system and allow us in certain cases to obtain
analytical results that will be correct even if the decoherence process is not accurately
described.
It is essential to remember, that even though the equations themselves are written only
for operators of the open system, these operators are still defined in the Hilbert space of
the whole system (system + bath). This implies that both classical and quantum noises
should coexist in the equation. As a result, the standard way to treat the system, without
making the unnatural correlation free approximation, is through the Feynman-Vermon
path integral approach. This was first studied in the work of Grabert et al. (Grabert
et al., 1988) which indeed included the initial preparation in his studies. Path integral
approaches are however much more difficult to treat analytically, and in some cases one
can show that resorting to the QGLE approach, where the correlation free initial state
preparation assumption is made, can already give experimentally relevant results.
As already stated such assumption is widely accepted and used in the literature for
many applications of the QBM and we refer here to some examples. For instance, for
harmonic systems, the approach just described, i.e. of a separable initial density matrix,
has been used extensively in the past for heat transport (Dhar, 2008), and it was shown to
be fully equivalent to the method based on non-equilibrium Green’s functions (Ozpineci
and Ciraci, 2001, Wang et al., 2006, Galperin et al., 2007), which is assumed to give
experimentally relevant results. In this case, the scheme of the QLE is extended to
the nonequilibrium case with the system attached to two baths of different temperature
(Zu¨rcher and Talkner, 1990). More recent applications address the problem of the thermal
conductance through molecular wires that are coupled to leads of different temperature.
Then the heat current assumes a form similar to the Landauer formula for electronic
transport: The heat current is given in terms of a transmission factor times the difference
of corresponding Bose functions (Segal et al., 2003).
Problems with QGLE
Initial slip or spurious term It is important to note that the form of the Generalized
Langevin equation derived above, does not comply with the form of an ordinary general-
ized Langevin equation: it now contains an inhomogeneous term γ(t)x(0), the initial slip
term (Ingold, 2002, Ha¨nggi, 1997). This term is often neglected in the so-called “Marko-
vian limit”, when the friction kernel at times much larger than the relaxation time of the
bath, assumes the ohmic form γ(t)→ 4γδ(t). Nevertheless, this will affect the trajectory
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of the phase point, in particular it can introduce instabilities in the solution of the sys-
tem, as if one had considered a non-positive Hamiltonian. This point is important for
the work that we will present, and we take particular care to assure that ignoring such
a term does not introduce any unphysical consequences. In general, for the purposes of
physical applications, this fine detail can be put aside, but not mathematically, since the
universality of the Langevin equation would not be guaranteed in the quantum regime
(Ford and Kac, 1987). By universal it is meant that many physical problems satisfy an
equation whose form shall be equal for all. It is worth noting that such phenomenon also
appears in the study of classical random processes as is shown in (Haake and Lewenstein,
1983), and in studies of adiabatic elimination of the fast variables in stochastic processes
(Haake, 1982, Haake et al., 1985).
Initial jolts In Eq. (3.75), we derived an expression for the MSD for the Ohmic case,
but using as a starting point the MSD in Eq. (3.70). Had we used the MSD in Eq. (3.62),
where the assumption of long time is avoided, Eq. (3.73), and hence the dependence of
the MSD on the initial condition remains, we would encounter a problem. In particular, in
deriving this MSD, we had to resort also to the unphysical condition of a factorized initial
state, and since we don’t make the long time limit assumption, this has consequences on
the range of validity of the results in time. In particular, the MSD in this way can only
be studied for times t ≫ Λ−1, where Λ is the cutoff. If then one tries to send Λ → ∞
will not resolve the problem. This is because the factorized initial state, results also to
the appearance of the so called initial jolts (peaks) of amplitude ∝ Λ in the mean energy
of the system (Hu et al., 1992, Paz et al., 1993), the decaying factor (Lombardo and
Villar, 2007), and the normal diffusion coefficient (Fleming et al., 2011), which lead to
divergences in the MSD if the cutoff is send to infinity, which is unphysical since the
cutoff should play no role in the dynamics of the system. These peaks can produce a fast
diagonalization of the reduced density matrix, i.e. decoherence. From the physical point
of view this divergence means that the central particle can absorb an arbitrary amount
of energy and can travel an arbitrary distance within a finite time interval. To avoid this
initial jolts, one should consider more physical initial conditions such as in (Grabert et al.,
1988, Hakim and Ambegaokar, 1985). There is assumed that the system and environment
are at equilibrium and at a given time t = 0 one performs an imperfect measurement of
the system retaining part of the pre-existing correlations. In conclusion, if one tries to
compute the decoherence time scale for low temperatures or non-Ohmic environments, it
is necessary to take into account the existence of initial correlations or to discount the
effect produced by the initial jolt caused by the absence of initial correlations.
Further studies on the effect of the effect of the factorized initial state assumption for
different forms of the spectral density, have shown that super-Ohmic environments exhibit
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much stronger initial jolts, than there subohmic counterparts (Paavola et al., 2009). Not
only this, but for the super-Ohmic environment, in the zero temperature limit, the decay
rates show a strong initial jolt for all the values of r, and appear at much longer timescales
(Hu et al., 1992). Moreover, the decoherence timescale for the subohmic case at strictly
zero temperature is shorter than the corresponding Ohmic case. Furthermore, it was also
observed in (Lombardo and Villar, 2007), that the subohmic environment is very efficient
in inducing decoherence on the quantum test particle not only at high temperature but
at strictly zero temperature as well.
Further criticism and limitations of QGLE The application of the QLE bears
some subtleties and pitfalls which must be observed when making approximations. For
example, an important feature of QLE that one should have in mind is the following: Since
the QLE is an operator equation that acts in the full Hilbert space of system and bath,
the coupling between system and environment also implies an entanglement upon time
evolution even for the case of an initially factorizing full density matrix. Then, together
with the commutator property of quantum Brownian motion, one finds that the reduced,
dissipative dynamics of the position operator q(t) and momentum operator p(t) should
obey the Heisenberg uncertainty relation for all times (Hanggi et al., 2005, Lampo et al.,
2017a). This is a condition that should always be satisfied, and has certain consequences
on the approximations that we can do to our system.
For example, one should be careful when making usage of a quasiclassical c-number
Langevin equation. In this approximation, the non Markovian (colored) Gaussian quan-
tum noise with real valued correlation S (t) = S (−t) is substituted by a classical non-
Markovian Gaussian noise force which identically obeys the correlation properties of
(Gaussian) quantum noise B (t). An approximation of this type clearly would not satisfy
the commutator property for position and conjugate momentum of the system degrees of
freedom for all times and all system parameters. Such schemes work at best near a quasi-
classical limit (Schmid, 1982, Eckern et al., 1990), but even then care must be exercised.
For example, for problems that exhibit an exponential sensitivity, as for instance the dis-
sipative decay of a metastable state, such an approach will not give an exact agreement
with the quantum dissipative theory (Ha¨nggi et al., 1990, Weiss, 2012). It is only in the
classical high temperature limit, where the commutator structure of quantum mechanics
no longer influences the result. Perfect agreement is only achieved in the classical limit.
In our work, we avoid making use of such quasiclassical Langevin equations. However,
motivated by the classical intuition from the previous chapter, i.e. that the bath is hardly
affected by the motion of the BP, we make the assumption that the state of the bath
is not affected by the evolution of the state of the system, i.e. the bath is always at a
thermal state. Although this is not shown to result in any violation of the Heisenberg
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uncertainty principle for a single Brownian particle, we find that this can be the case for
two Brownian particles immersed in a common or different bath of harmonic oscillators.
For this reason, we explicitly check in our work that this condition indeed is satisfied
for the parameters considered. The reason for this might be attributed to the fact that
by assuming that the state of the bath remains unaffected during the evolution of the
composite system+bath, one affects the entanglement between the system and the bath,
which can result in violations of the Heisenberg uncertainty principle.
A further limitation of QLE, is that the results of this approach are reliable only when
the anharmonic part of the potential can be treated as a perturbation. On this level of
approximation, the squeezing of thermal and quantum fluctuations by time-dependent
external forces has been studied in (Svensmark and Flensberg, 1993). For a discussion of
the validity of the QLE for anharmonic potentials we refer to (Schmid, 1982) and (Eckern
et al., 1990). Finally, let us mention that another problem of this Langevin approach to
the quantum dynamics, has the additional problem of not admitting simple recipes (as
those in the classical case), to convert this Langevin equation into an equation for the
distribution (Fokker-Planck like), as is the case in the classical regime.
Revisiting the problems of the classical Langevin equation within the QGLE
approach
Now we are in a position permitting to address the two objections related to the
classical version of BM:
❼ First, let us tackle the time-reversal objection due to Loschmidt. It is clear that
the Heisenberg equations are reversible. However, the quantum generalized Langevin
equation is completely equivalent to them, so the evolution of the system described by
these is also reversible. What happens is that one thinks of reversing the velocity of the
central particle only, and not those of the bath particles. Therefore, we have a “practical”
irreversibility, in the sense that although the whole system+bath is reversible, we cannot
change the sign of the velocities of all degrees of freedom, because we have in practice
little control on the bath degrees of freedom.
❼ Second, Zermelo’s paradox. The fact that both the effective equations (and the
experiments) show that the pollen grains are never brought back together, is just a con-
sequence of the total phase space being very large. Again, we cannot overlook the bath.
If one estimates the recurrence time, he will find that it diverges with the number of bath
oscillators tending to infinity (Schwabl, 2002, Greiner, 2009). However, if finite “baths”
are considered this recurrence time will remain finite. However, in practice, this time
can be several times the estimated age of the universe, and as a result, for all practical
purposes, we can be sure that the central BP will never return to the initial configuration.
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Problem of quantization in the QGLE approach We have just seen how to
handle the irreversibility problem. Let us move on to the issue of quantizing a system
with Langevin dynamics. The idea is to consider the Hamiltonian as the problem to
be quantized. Then we would just need to transform the variables (x, p) and (xk, pk)
into Hilbert operators and replace Poisson brackets {, } by commutators [, ]. This is how
one derives quantum Langevin equations (Ford et al., 1988). However, these are not as
useful/generic as their classical counterparts; now both x and the force f(t) are operators,
and calculations to-the-end exist only in simple cases (Hanggi et al., 2005, Stockburger,
2003).
3.4 Summary
The main content of this Chapter can be summarized in the following:
❼ Classical Brownian motion faces the problems of irreversibility, is at odds with
Poincare’s theorem, is not quantizable and contradicts with Heisenberg uncertainty
principle. For this reason it fails to describe quantum phenomena such as decoher-
ence and quantum tunneling, very important in describing transport at the nano-
and micro-scale. For these reasons a quantum version of Brownian motion was
necessary.
❼ Caldeira and Leggett proposed a Hamiltonian approach to Brownian motion, which
directly enables the promotion of the physics to the quantum regime. The main ap-
proximation that goes in this approach is that the interaction Hamiltonian depends
linearly on the bath’s operators.
❼ We examined various approaches that enable one to study the dynamics of such a
quantum Brownian particle emerging from the aforementioned Hamiltonian, which
allow the study of phenomena like decoherence and dissipation.
❼ The first of these approaches, is the quantum master equation approach, in which
one studies the evolution of the density matrix, in direct analogy to the study of
the evolution of the probability distribution in the classical world. In this case
one usually resorts to the so called Born-Markov approximation, namely that the
density matrix of the composite remains a tensor product during the whole time of
the evolution. This results in density matrices that can become non-positive during
their evolution.
❼ The second approach, in analogy to the classical case again, involves the study of
the evolution of the operators of the Brownian particle, such as the position and the
momentum. This led to a direct quantum version of the classical Langevin equation,
in Eq. 3.22. Since this is the method that will be used in the rest of this thesis,
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a good part of this chapter was devoted in the presentation of the analytical tools
appearing in this approach, as well as the assumptions and limitations of it. We saw
that this eom can be solved in Eq. 3.48. Furthermore, we examined the connection
between spectral densities and diffusion behaviour by studying the MSD, in Eq.
3.62, which allowed us to see how the classical Langevin equation can be recovered
from this.
❼ Finally, we reviewed the problems of the classical Brownian motion under the prism
of the presented formalism, and saw how these are circumvented in the quan-
tum/Hamiltonian version of it.
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CHAPTER 4
ONE-DIMENSIONAL BOSE EINSTEIN
CONDENSATES AND THE BOSE
POLARON PROBLEM
After the original work of Brown, studying pollen grains in water, Brownian motion
was observed in a number of different settings, ranging from biological systems, such
as receptors moving on the membrane of a cell, to stock price evolution. In this thesis,
taking advantage of the results in (Lampo et al., 2017a, 2018), we study Brownian motion
of impurities in ultracold gases, in particular Bose Einstein Condensates (BEC). Hence
before proceeding to present our results, a review of the basics of the theory of BEC is
presented, and a special emphasis is given on Bose polarons.
We begin with a short historical review of the major developments regarding BEC
and we proceed with a presentation of the main characteristics that define interacting
BEC. The Hamiltonian of weakly interacting BEC together with the major assumptions
that go in it are discussed. Special attention is given to the Bogoliubov transformation,
that is a tool extensively used in our work, that permits us to study Bose polarons as
Brownian particles. We close this section with the major assumptions and effects that go
in considering trapped and 1D BECs.
In Section 3, we motivate the study of Bose polarons, giving a summary of the most
important achievements in this direction. We then define Bose polarons more rigorously,
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and hence we comment on the distinction between small and large polarons. In our work
we focus on the latter. With these concepts in mind we present the Frohlich Hamiltonian,
which is the Hamiltonian that describes impurities in a bath of bosons that are weakly
interacting. This is the Hamiltonian that will describe the Bose polarons that we will
study as well, and which by further making the dipole approximation will lead to the
Bose polarons being described as Quantum Brownian particle (QBP). Finally, we explain
in more detail the connection of the Frohlich Hamiltonian to the Caldeira-Leggett model.
4.1 Bose Einstein Condensates
4.1.1 Definition, historical development and state of the art
What is a Bose Einstein Condensate?
One of the most important successes of Quantum mechanics, and in fact what initially
attracted interest to it, is the fact that it can give an explanation of the phenomenon of
the wave-particle duality of matter and electromagnetic radiation. The theoretical expla-
nation of this came only in 1924 thanks to de Broglie (de Broglie, 1925), who showed that
a particle with momentum, whose modulus is p, is associated with a wave of wavelength
λT = 2π~/p, known as de Broglie wavelength. Soon after, the first ideas of Bose Einstein
condensation (BEC) appeared in 1925 when A. Einstein expanded the ideas of S.N Bose
about the quantum statistics of light quanta (now called photons) (Bose, 1924). Einstein
considered a non-interacting system of massive bosons and he established that below a
certain critical temperature, a large finite fraction of bosons would occupy the lowest
energy single-particle state (Einstein, 1925).
The intuition behind Einstein’s ideas goes as following. If one considers a gas at tem-
perature T , by using the Maxwell-Boltzmann distribution, one can calculate the average
momentum per particle 〈p〉 ∼ √mkBT , where m is the mass of the particle and kB is the
Boltzmann constant. Therefore, one can rewrite the de Broglie wavelength as a function
of temperature λT ∼
√
~2/ (mkBT ), also called thermal wavelength. In a quantum many-
body system, it will indeed be the case that T will be larger than the average interparticle
distance nλ3T ≥ 1 (in 3D), where n = N/V is the density of the many-body system with
N particles in a volume V . Therefore the wavepackets that one can associate to each
one of these particles, will necessarily overlap. Such condition can be reached in either
high-density systems or for large λT ∼
√
1/mT corresponding to small particle mass m
or at very low temperature. In both cases, particles are very slow, they lose their identity
and they move all together as a giant matter wave. In fact, similarly to waves, particles
interfere, and in particular, bosons interfere constructively. At a temperature below a
critical value, which increases with n and depends on m, one can observe Bose-Einstein
condensation in the many-body system. In this case, a non-zero fraction of the total
number of bosons would occupy the lowest-energy single-particle state. In practice, this
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implies the following. The mean occupation number of a state s of the system, with
energy ǫs, for a homogeneous and non-interacting Bose gas, is given by the Bose-Einstein
distribution function,
ns (ǫs) =
1
e(ǫs−µ)/kBT − 1 (4.1)
where µ, is the chemical potential. Furthermore, for the distribution ns (ǫs) to be positive
for all states, we assume µ < ǫ0, where ǫ0 is the ground state energy. Then when µ
approaches ǫ0 from smaller values, the occupation number n0 becomes increasingly large,
while it acquires a maximum for all the other states. If nmax , the maximum number of
excited states, is smaller than n, the total number of particles, the occupation number n0
of the ground state is substantial and thus it is expected the condensate is formed. One
can then talk about a critical number of particles nc that this happens given a temperature
T , or a critical temperature Tc that this happens given the number of particles n. This is
the physical picture behind Bose-Einstein condensation.
A number of properties of the Bose gas can alter the above simplified picture. For
example the dimensionality of the system. It is known that, one does not expect to see
condensation in 1D and 2D (we will focus explicitly on the 1D case in the works that will
be presented in this thesis). Furthermore, whether the BEC is trapped or not also plays
an important role on the critical temperature of the BEC, because this, introduces finite
size effects on the BEC, i.e. away from the thermodynamic limit. Finally, one can then
also consider extensions of the phenomenon of condensation for the case of interacting
gases. This was studied later on, by Bogoliubov, who developed the first microscopic
approach in order to describe an interacting Bose gas (Bogolyubov, 1947), which we will
review in more detail in the next section.
Brief historical overview The critical temperature predicted at the time of Einstein
(for the number of atoms they could isolate), was far beyond the reach of the experiments.
Furthermore, this prediction was done for an ideal gas, without considering interactions,
and thus without taking into account the rather probable solidification of the gas (Claude
and David, 2011). For this reason it was not until after a few decades when the first
attempts to experimentally realize a BEC took place. This was because in the next
decades new cooling methods became available. The most important ones were laser
cooling (also called cooling by magneto-optical traps (Raab et al., 1987)) and evaporative
cooling. Nowadays, BECs can be produced in a much more convenient way on the so-
called atom chips (Ott et al., 2001, Schneider et al., 2003, Groth et al., 2004). These
are micro-fabricated chips with wires that allow the generation and precise control of
magnetic fields. With these fields it is possible to trap and cool atoms. The experimental
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accuracy and control achieved in these set-ups, allows many interesting experiments and
applications.
Current research and applications
One of the most important recent development in the field of BECs, is the conden-
sation of atoms with high magnetic moment, as for example chromium, dysprosium or
erbium. Besides the usual contact atom-atom interaction, these atoms interact through
considerable magnetic dipole-dipole interactions as well. This interaction has two major
differences with respect to the usual contact interactions. Firstly, it is a long range inter-
action. Secondly, it is anisotropic. That is, two parallel dipoles repel each other whereas
two dipoles oriented head-to-tail attract each other. In addition, this interaction can be
tuned using rotating polarizing fields (Giovanazzi et al., 2002). For a recent review on
dipolar gases the reader is referred to (Lahaye et al., 2009).
Furthermore, with the development of optical traps as a means of trapping atoms,
the possibility of trapping different internal states of the same atoms was offered. This
allowed studies with spinor condensates (Ho, 1998, Ohmi and Machida, 1998, Stenger
et al., 1998), where more than one hyperfine states are condensed. An important property
of these systems, is that the number of particles in each component is not necessarily
conserved. This can be a consequence of the presence of spin changing collisions or
dipole-dipole interactions, which can couple the different internal states. Another relevant
development along these lines, was the creation of mixtures of BECs (Pu and Bigelow,
1998), where different species rather than hyperfine states are condensed. In a binary
mixture for example, the two species can be two different elements (Modugno et al.,
2002), two different isotopes (Bloch et al., 2001) or two different internal states of the
same isotope (Myatt et al., 1997).
After the first realization of BEC, the field of cold atom physics, has been steadily
expanding, and it has become an interdisciplinary branch of physics, relating statistical
mechanics, atomic physics, photonics, solid state physics, nonlinear physics, condensed
matter physics, and high energy physics.
4.1.2 Interacting BEC
In our definition of a BEC above, we restricted ourselves to the case of an ideal Bose
gas, which even in the absence of interactions exhibits a purely quantum-statistical phase
transition to BEC. However, in reality particles will always interact, and even in the
weakly interacting limit a real Bose gas behaves qualitatively differently from an ideal
Bose gas. Interactions between atoms will modify the equilibrium shape and dynamics of
the condensate. In the rest of this thesis, we focus on the weakly interacting limit, which
we define in the next subsection.
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BEC standard assumptions Here we discuss the assumptions that go in the definition
of a weakly interacting BEC. Diluteness and low temperatures are the main features of
these cold gases.
Diluteness:
In a dilute gas, the range of the inter-particle forces, r0, is much smaller than the
average distance d between particles:
r0 ≪ d = n−1/3 =
(
N
V
)−1/3
(4.2)
The interaction between particles is non-zero only when the two particles are separated
within the characteristic distance r0. For a two-body scattering potential Q(r) the Fourier
transform is written as
Q (p) =
∫
Q (r) e−ip·r/~dr (4.3)
and the scattering amplitude Q(p) is independent of the momentum p as far as p≪ ~/r0.
Q(p) rolls off when p becomes large compared to ~/r0. The condition in Eq. (4.2) allows
one to consider only two-body interaction; configurations with three or more particles
interacting simultaneously can be safely neglected. If this approximation is valid, such a
system is called a dilute gas. A second important consequence of the condition in Eq. (4.2)
is that the use of the asymptotic expression for the wavefunction of their relative motion
is justified when the scattering amplitude is evaluated and that all the properties of the
system can be expressed in terms of a single parameter, called a scattering length. The
scattering amplitude is safely approximated by its low-energy valueQ0 =
∫
Q (r) dr, where
assuming that characteristic radius of interaction is much smaller than the scattering
length and the de Broglie wavelength (Born approximation), which is true for most cases,
one can approximate the potential by a point-like so-called contact potential Q (r) =
Q0δ (r), where Q0 is determined by the s-wave scattering length aB through (Pitaevskii
and Stringari, 2016):
Q0 =
4π~2
m
aB (4.4)
In conclusion, the s-wave scattering length aB characterizes all the interaction effects of
the dilute and cold gas. The diluteness condition in terms of the scattering length is
summarized by
|aB|n1/3 ≪ 1 (4.5)
68
4. One-Dimensional Bose Einstein Condensates and the Bose polaron problem
which should always be satisfied in order to apply the perturbation theory of Bogoli-
ubov. This assumption is also necessary to be able to use mean-field theories as suitable
theoretical descriptions of the BEC. On the contrary, if the diluteness condition is not
satisfied, the system is no longer weakly interacting and other tools must be used, e.g
beyond mean-field techniques or quantum Monte-Carlo methods. Furthermore, note that
a positive scattering length, which implies a repulsive mean field Q0, limits the density of
the BEC, which is crucial for its stability. On the contrary, a negative mean-field energy
resulting from a negative scattering length leads to a strong increase in density. Conse-
quently, the BEC collapses above a certain atom number, when the zero-point energy can
no longer balance the attractive mean field interaction. In this thesis, we restrict ourselves
to considering positive scattering lengths.
Low temperatures:
As explained above, BEC is achieved for temperatures lower than a critical tem-
perature, which for a 3D untrapped ideal gas at the thermodynamic limit reads as
kBTc =
2π~2
m
(
n
2.612
)2/3
(Pitaevskii and Stringari, 2016). Therefore one should determine
such a critical temperature depending on the particular case at hand, trapped or un-
trapped, interacting or ideal BEC studied at the thermodynamic limit or at a finite size.
In fact, this critical temperature as was briefly explained at the beginning, comes from
the requirement that the thermal de Broglie wavelength λT for massive particles must be
on the order of the interparticle distance nλ3T ∼ 1.
Feshbach resonances BEC dynamics is strongly affected by atom-atom interactions
which make atomic condensates an interesting system for many-body physics and nonlin-
ear atom optics. The effective atom-atom interactions are determined by the scattering
properties of atoms. The scattering properties are adjustable with external magnetic field.
Since an atom has a magnetic moment and consequently the energy levels of the molecular
states of two colliding atoms depend on a magnetic field, a scattering resonance happens
when the energy of the bound molecular state crosses zero (Cornish and Cassettari, 2003).
At this moment the effective scattering length diverges. This is called Feshbach resonance
(Inouye et al., 1998), which gives a substantial freedom to atomic systems with quantum
degenerate gases: an experimental knob for tuning atom-atom interactions.
4.1.3 Hamiltonian of the weakly interacting Bose gas
The Hamiltonian of the system is expressed in terms of the field operators ψ̂:
H =
∫ (
~
2
2m
∇ψ̂† (x)∇ψ̂ (x)
)
dx+
1
2
∫
ψ̂† (x) ψ̂† (x′)Q (x− x′) ψ̂ (x) ψ̂ (x′) dxdx′ (4.6)
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where Q (x− x′) is the two-body scattering potential. For a uniform gas occupying a
volume V , the field operator ψ̂ can be expanded by the plane waves:
ψ̂ (x) =
1√
V
∑
p
âpe
ip·x/~ (4.7)
where âp is the annihilation operator for a single particle state of a plane wave with
momentum p. By substituting (4.7) into (4.6), one obtains
H =
∑
p
p2
2m
â†pâp +
1
2V
∑
p1,p2,q
Qqâ
†
p1+qâ
†
p2−qâp1 âp2 (4.8)
Here Qq =
∫
Q (r) e−iq·rdr is the Fourier transform of the two-body scattering potential.
In real systems Q(r) always contains a short-range term, which makes it difficult to
solve the Schro¨dinger equation at the microscopic level. However, in virtue of the above
assumptions on the dilute and cold gases, one can conclude that the actual form of Q(r) is
not important for describing the macroscopic properties of the gas, as far as the assumed
fictitious potential Qeff (r) gives the correct value for the low momentum value of its
Fourier transform Qq≪~/r0 . It is therefore convenient to replace the actual potential Q(r)
with an effective, smooth potential Qeff (r) . Since the macroscopic properties of the
system depend on Qq=0 = Q0 =
∫
Qeff (r) dr (or the s-wave scattering length aB), this
procedure will provide the correct answer to this complicated many-body problem as far
as the system is dilute and cold.
After rewriting the Hamiltonian taking into account the assumption mentioned above,
one can then make the following crucial substitution in order to implement the Bogoli-
ubov approximation, namely â0 →
√
N0. For an ideal Bose gas at zero temperature the
occupation number for p 6= 0 vanishes because all the atoms are in the condensed state
N0 = Ntot.. In a dilute gas the occupation number for states with p 6= 0 is finite but
small. To lowest order, it is valid to neglect all the terms in the Hamiltonian containing
terms with p 6= 0 and therefore â0 ≡
√
N0 =
√
N . Within these approximations the
ground-state energy is given by
E0 =
nN
2
Q0 (4.9)
By computing the total pressure for the interacting gas one obtains P ≡ −∂E0/∂V =
n2
2
Q0, which does not vanish at zero temperature in contrast with the non-interacting
Bose gas. By computing the compressibility of the gas one obtains κ = ∂n/∂P = 1/Q0n
. Thermodynamic stability requires that κ > 0 and therefore a weakly interacting Bose
gas is stable if Q0 > 0 (repulsive interactions). The ground-state energy in Eq. (4.9) has
been derived within the lowest-order mean-field approach. A higher-order approximation
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scheme can be used where quantum fluctuations are included. To achieve this, one should
abide to the following changes. First, one should consider splitting the â0 from the âp
terms in the interaction part of the Hamiltonian which after some redefinition of the
summation parameters, will result in:
H =
∑
p
p2
2m
â†pâp +
Q0
2V
â†0â
†
0â0â0 +
Q0
2V
∑
p 6=0
4â†0â
†
pâ0âp + â
†
pâ
†
−pâ0â0 + â
†
0â
†
0âpâ−p (4.10)
One can then replace â0 →
√
N as before, but for the second term of the Hamiltonian,
one needs to use the normalization relation
â†0â0 +
∑
p 6=0
â†pâp = Ntot. (4.11)
which leads to â†0â
†
0â0â0 = N
2
tot. − 2Ntot.
∑
p 6=0 â
†
pâp and the Hamiltonian then reads as
H =
nN
2
Q0 +
∑
p
p2
2m
â†pâp +
n
2
Q0
∑
p 6=0
2â†pâp + â
†
pâ
†
−p + âpâ−p (4.12)
which can be diagonalized by the standard Bogoliubov transformation.
Standard Bogoliubov transformation
The standard Bogoliubov transformation amounts to performing the following linear
transformation
âp = upb̂p + v−pb̂
†
−p , â
†
p = upb̂
†
p + v−pb̂−p (4.13)
where we require that the new variables also describe bosons
[
b̂†p, b̂p′
]
= δpp′ (4.14)
where [·, ·] denotes a commutator. This commutation relation imposes the constraint for
the two parameters up and v−p
up = cosh (αp) , v−p = sinh (αp) (4.15)
i.e. the transformation amounts to a rotation. Upon choosing the value of αp in such a
way as to make the coefficients of the non-diagonal terms of the Hamiltonian vanish, the
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final form of it reads as
H = E0 +
∑
p 6=0
ε (p) b̂†pb̂p (4.16)
where E0 =
Q0n2
2
is a constant and is the ground state energy calculated to the higher-
order of approximation, while
ε (p) =
√
Q0n
m
p2 +
(
p2
2m
)2
(4.17)
The Bogoliubov transformation allow us to map a weakly-interacting system into a system
of independent quasiparticles with energy ε (p). The operators b̂p and b̂
†
p are the anni-
hilation and creation operators of these quasiparticles. We comment here that, the true
ground-state of the system is a solid and the gas phase can be observed as a metastable
phase where thermalization is ensured by two-body collisions and extremely rare events
three-body collisions.
Note that we could have considered a higher-order (we assume a second-order) Born
approximation for the relation between the potential Q0 and the scattering length aB.
Then by solving the Lippmann-Schwinger equation up to second order, as in (Landau
and Lifshitz, 1965), we would obtain the following expression for the ground state energy
E0,
E0 =
Q0n
2
2
(
1 +
128
15
√
π
(
n0a
3
B
)1/2)
. (4.18)
This is the expression for the ground state energy including the so called Lee-Yang-Huang
term.
Finally let us comment that a more general transformation exists to diagonalize multi-
component BECs developed in (Tommasini et al., 2003), that we made use in order to
derive the dispersion relation for a coherently coupled two-component BEC in the work
presented in Chapter 6.
Gross-Pitaevskii equation
Another way to describe BECs is the Gross-Pitaevskii equation (Dalfovo et al., 1999,
Pitaevskii, 1961, Gross, 1961). It is a mean field approximation that is based on the
assumption that all atoms are in the same state and can therefore be described with the
same wave function. This assumption is valid for weakly interacting gases, if the gas is
diluted enough that there is on average less than one atom in the s-wave scattering length
(Dalfovo et al., 1999). The Gross-Pitaevskii equation looks very similar to the Schro¨dinger
72
4. One-Dimensional Bose Einstein Condensates and the Bose polaron problem
equation, but has an additional, nonlinear term that describes the interaction between
the atoms.
After making the diluteness and Born assumptions, the mean-field theory starts with
an ansatz for the many-body wave function,
Ψ (x1, ...,xNtot.) =
Ntot.∏
i=1
φ (xi) (4.19)
which basically assumes that the Ntot. bosons are non interacting. The total energy of
state E, is then
E = Ntot.
∫
dx
[
~
2
2m
|∇φ (x)|2 + Ntot. − 1
2
Q0 |φ (x)|4
]
(4.20)
Minimization of E subject to the constraint of normalization of φ (x) and the introduction
of the wave function of the condensate, ψ (x) =
√
Nφ (x), would result to the following
Heisenberg equation
[
− ~
2
2m
∇2 +Q0 |ψ (x)|2
]
ψ (x) = µψ (x) (4.21)
where µ = ∂E/∂Ntot. is the chemical potential of the system. This is referred to as
the time-independent Gross-Pitaevskii equation. The generalized time-dependent Gross-
Pitaevskii equation i~∂ψ (x, t) /∂t = µψ (x, t) gives a non-linear Schro¨dinger equation
governing the dynamics of the wave function of the condensate.
The mean-field approach has been very successful in accounting for most of the ex-
perimental results. Nevertheless, as being one of simplest approaches for many-body sys-
tems, the mean-field theory has some theoretical inconsistencies to be improved. Leggett
(Leggett, 2001) pointed out that the mathematical origin of the limitation is the fact that
the trial ansatz in Eq. (4.19) does not allow two-particle correlation and restricts the
whole description in a reduced Hilbert space. Since the two-particle interaction would
cause some correlation between particles especially in a short range separation, a bet-
ter ansatz should accommodate the possibility of two-particle correlations, which is the
essence of the advanced Bogoliubov approach presented above.
4.1.4 Trapped BEC
Even though it is analytically easier to treat homogeneous BEC without a trap, in
practice the BEC is always confined by some trapping potential which also affects its
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density’s spatial distribution. The harmonic potential
Vtrap (r) =
m
2
(
ω2xx
2 + ω2yy
2 + ω2zz
2
)
(4.22)
is the easier one to treat analytically as will be explained below. For such a potential,
and for a non-interacting BEC, one can make the same trial ansatz as before and the
ground state wavefunctions of the single bosons can now be approximated by Gaussians,
rather than the plane waves we had before. The spatial extension of the ground state
wave function will be independent of Ntot. and derives from the width of the Gaussian
distribution which can be shown to be given by the so called harmonic oscillator length:
aHO =
√
~/mωHO where ωHO = (ωxωyωz)
1/3 is the geometrical mean of the harmonic
trap oscillation frequencies. The size of the ground state wave function is given by aHO
and is an important length scale of the system. In addition, for such a non-interacting
BEC, the introduction of a harmonic trap, has important implications once one needs to
consider the BEC far from the thermodynamic limit. In this case, a shift of the critical
temperature is observed as is explained in (Grossmann and Holthaus, 1995a,b, Ketterle
and van Druten, 1996, Kirsten and Toms, 1996).
Furthermore, if one allows for interactions in such a harmonically trapped BEC, one
can show that the kinetic energy per particle Ekin stays constant at ∼ ~ωHO, while the
interaction energy per particle Eint. increases as Q0n, the mean density n being of order
1/a3HO . From this, one can show that the ratio of the interaction energy Eint. and
the kinetic energy Ekin is given by Eint./Ekin. ∝ NaB/aHO. Hence, if one can control
the system such that Ekin is negligible compared to Eint., which would be the case if
Q0n≫ ~ωHO, then one can do the Thomas-Fermi approximation
n (r) =

µ−Vtrap(r)
Q0
µ > Vtrap (r)
0 otherwise
(4.23)
which for the harmonic trap above amounts to assuming that the density distribution is an
inverted parabola with a maximal density n (0) = µ/Q0 at the center of the trap (hence
the condition from before can also be expressed as µ ≫ ~ωHO). This approximation
is important, because it allows one to solve analytically the relevant nonlinear Gross-
Pitaevskii equation. This allows us to show that the characteristic radius of the size of
the system for an isotropic trap is given by the Thomas-Fermi radius
R =
√
2µ
mω2HO
(4.24)
and that by taking into account the normalization of the wave function to density, the
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chemical potential for a 3D gas reads as
µ =
~ωHO
2
(
15Ntot.Q0
aHO
)2/5
(4.25)
This approximation, also allows us to solve the Bogoliubov de Gennes equations (De Gennes,
1966) necessary to diagonalize the relevant Hamiltonian and find hence the energy spec-
trum of the BEC. Finally, contrary to the non-interacting case, the introduction of a trap
does not affect the critical temperature. It is important to note here that the ultimate
control in quantum gas experiments allows to create almost arbitrary trapping potentials
and thus to reduce the dimensionality of a system. This implies a very strong trapping
in some of the dimensions of the system, which in the case that one wants to make the
Thomas-Fermi assumption, one should make sure that the required trapping strength in
order to reduce the dimensions of the system does not violate the condition above. In our
work we will focus on 1D ultracold gases the particularities of which we discuss in the next
subsection. For this 1D gases, the resulting chemical potential under the Thomas-Fermi
approximation reads as
µ =
(
3ωHONtot.Q0
√
m
4
√
2
)2/3
(4.26)
However, the regimes of quantum degeneracy in 1D trapped gases, are drastically different
from those in 3D, and therefore particular attention needs to be paid as to what parameter
regimes one should consider in realistic experimental set-ups in order to obtain a 1D
ultracold gas at the Thomas-Fermi approximation. In the spirit of this thesis, which is
to propose experiments at realistic parameter regimes, in the next section, we discuss in
more detail what assumptions go in the 1D gases that we will consider in all of our works.
4.1.5 1D BEC
3D elongated Bose gases as quasi-1D Bose gases
We now examine the scenario where the 1D gas is obtained from a 3D, as is the case
in practice in an experiment. A condition for a 3D ultracold gas to be considered 1D, is
that its transverse degrees of freedom are frozen out, but not the longitudinal motion of
the particles: kBT ≪ ~ω⊥ and kBT ≫ ~ω‖. Here we assumed a cylindrical trap. It is
important to point out here that the transition to 1D we discuss in this case is not solely
from a geometrical point of view, but we deal with a true 1D system whose quantum and
thermal motion is frozen in two of the three directions. This implies tightly confining the
motion of trapped particles in two directions to zero point oscillations. The particles are
in the transverse (single particle) ground state, but populate many longitudinal modes.
This regime could be named thermodynamic 1D regime. In this way, kinematically the
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gas is 1D, and the difference from purely 1D gases is only related to the value of the
interparticle interaction Q˜0 which now depends on the tight confinement:
Q˜0 =
2~2
m
aB
aHO,⊥ (aHO,⊥ − 1.03aB) (4.27)
where aHO,⊥ =
√
~/mω⊥ is the radial extension of the wavefunction. Note that, in our
work we assume that aHO,⊥ is much larger than the radius of the interatomic potential R,
such that the interaction between particles acquires a 3D character and will be character-
ized by the 3D scattering length aB. Furthermore, for sufficiently large aHO,⊥ , the sample
can be treated as a 3D gas with a sharp (harmonic oscillator) radial density profile, and
the coupling constant Q˜0 ∝ aB. This is an assumption we also abide to. Note that for
aB > 0, the repulsion changes to attraction at aHO,⊥ < aB. We assume that this is not
the case, i.e. we take aHO,⊥ > aB.
Under the above conditions, the statistical properties of the sample are the same as
those of a purely 1D (trapped) system. This 1D gas, exhibits a number of different
behaviors, depending on the interparticle interactions which now depend on the tight
confinement characteristics. Furthermore, the trapping potential introduces a finite size
of the sample and changes the picture of long-wave fluctuations of the phase compared
to the uniform case. Note that in experimentally relevant scenarios, one can not have a
free gas, since some kind of potential has to be implemented in order to maintain the gas
within certain limits. The type of trap that is easier to implement is that of a harmonic
trap, which is the one we consider in our work as well.
Harmonically trapped weakly interacting quasi-1D gas It is interesting to see
how the above results change in the more realistic scenario of allowing for interactions.
Identifying 1D interaction regime of interest First of all we remind that we
avoid the Tonks gas regime, i.e. we focus on weak interactions. For the trapped case
considered here, this is described by the condition ξ˜ ≫ 1/n where ξ˜ = ~/
√
mnQ˜0 i.e. the
correlation for this new interparticle interaction term, and can be cast in the following:
γ =
1(
ξ˜n
)2 = mQ˜0
~2n
≪ 1 (4.28)
The only two cases that can be treated analytically, and hence allow us to identify the
various regimes of behaviour of the gas, is if we leave the gas untrapped in the unconfined
dimension, or if we trap it harmonically in this dimension as well, in a trap of frequency
Ω. These are also the cases that we will consider in this thesis as well. In the first case, the
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description of the gas then falls in the category discussed in the previous subsection, only
the interparticle interaction is given by Q˜0. The second case is slightly more involved. To
study it properly it is convenient for one to introduce the quantity α = mQ˜0ξ̂/~
2, where
ξ̂ =
√
~/mΩ is the amplitude of axial zero point oscillations. This encodes the relation
between the interaction strength Q˜0 and the trap frequency Ω.
Notice that the case of harmonically trapping the gas in the longitudinal direction
as well can be treated by considering the Thomas Fermi (TF) approximation (µ ≫ ~Ω)
mentioned in the previous section. However, now we are in a position to identify the
conditions that should hold in order to be able to do this approximation in an experi-
mentally relevant scenario. As mentioned above, the trapping in the transverse directions
introduces finite size effects that should be taken into account. There are two regimes to
consider. Firstly, the case of α≫ 1, i.e. when the interaction strength Q˜0 is much larger
than the trap frequency Ω. In this case one can show that the TF condition is always
satisfied, i.e. µ ≫ ~Ω, but in this case it might be that the interactions can become
strong. For this reason, a sufficiently large number of particles is required which can be
shown to correspond to
N ≫ α2 (4.29)
On the other hand, if α ≪ 1, then weakness of interactions is guaranteed, but in order
to have a TF regime, one needs to make sure that N ≫ α−1. Under these conditions, for
which the TF assumption is valid, one can show that at T = 0 , one has a true BEC.
It is interesting to comment on the two remaining complementary scenarios. First, the
case where α ≪ 1 and N ≪ α−1, for which one can show that the gas behaves as an
ideal gas, since the mean-field interactions are much smaller than the level spacing in the
trap ~ω and a macroscopic occupation of the ground state takes place. The second case
is the scenario of α ≫ 1 and γ ≫ 1. In this case as explained before one will get the
Tonks gas. In our work we assume that the conditions for the TF approximation hold
true. The decrease of temperature to below the temperature of quantum degeneracy,
which reads in this case as Td = N~Ω continuously transforms a classical 1D gas to the
regime of quantum degeneracy. At T = 0 this weakly interacting gas turns to the true TF
condensate, but what is of more interest, is to understand how the correlation properties
change with temperature at T < Td.
Quantum fluctuations and the single-particle correlation
function
A BEC can be identified in practice by studying the single-particle correlation function
(or one-particle density matrix or first order coherence function) defined by (D.S. Petrov
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et al., 2004)
G(1) (r, t; r′, t′) =
〈
Ψ† (r, t)Ψ (r′, t′)
〉
(4.30)
with Ψ (r, t) being the field operator that annihilates a particle at the position r at time
t. In fact in our work we will only deal with BECs at equilibrium so we will ignore time
dependence. Such a field operator would then be expressed as
Ψ (r) =
∑
i
ϕi (r) ai (4.31)
with ai the annihilation operator of a particle in the single particle state ϕi (r), for which
it holds that
〈
a†iaj
〉
= δijni with ni the occupation number of the i
th state. The time-
independent coherence function then reads as
G(1) (r; r′) =
1
V
∫
dpn (p) eip(r−r
′)/~ (4.32)
where V is the volume of the gas and n (p) =
〈
Ψ† (p)Ψ (p)
〉
is the particle distribution
over the momentum eigenstates, with Ψ (p) the Fourier transform of Ψ (r). Furthermore,
for the systems that we will be interested in this thesis, the BECs will be assumed to be
uniform and isotropic or controllably approximated as such up to a certain length scale (on
which we will comment later on how to exactly describe). In this case, it is safe to assume
thatG(1) (r; r′) = G(1) (|r − r′|) i.e. that the first order coherence function only depends on
the distance between two bosons in the gas. If the gas is not condensated, then n (p) varies
smoothly at arbitrarily low momenta which implies that for long distances |r − r′| → ∞
the coherence function G(1) (|r − r′|) → 0. On the contrary, as explained above, if a gas
at sufficiently low temperature forms a BEC, the ground state, corresponding to p = 0,
is macroscopically occupied, which implies
n (p) = N0δ (p) + δn (p) (4.33)
with N0 being the ground state occupation number and δn (p) ≪ N0 the occupation
number of the rest of the states. Note that this assumption is only valid at very low
temperatures, where the exact condition would be discussed later on for each one of
the cases of the setups that we will consider. Assuming this condition for the moment
to be true, then the single-particle correlation function G(1) (|r − r′|) at long distances
|r − r′| → ∞ goes to a constant. This phenomenon is often referred to as off-diagonal
long-range order.
An equivalent assumption to Eq. (4.33), often referred to as the Bogoliubov ansatz,
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would be to assume right from the beginning a macroscopic wavefunction for the field
operator, i.e.
Ψ = Ψ0 + δΨ (4.34)
where Ψ0 is the ground states wavefunction (assumed to be classical since we deal with a
macroscopically occupied state) and in the density-phase representation of a field reads as
Ψ0 =
√
n˜eiφ, where n˜ would be the density of the ground state and φ its coherent phase.
δΨ would represent the wave function of the single particle excitations above the ground
state, for which for a BEC assuming it to be at low energies, it holds δΨ ≪ Ψ0. The
condition to be able to write the wavefunction in this form is again that the ground state
is heavily populated i.e. that the total density would read as n = n˜ + δn with δn ≪ n˜
the density of the excited states. The results for G(1) (|r − r′|) would have been the same.
Note that in any realistic setting, the gas can not be uniform and isotropic over the whole
space, since for example boundary effects would kick in. Assuming that we have a BEC,
its state would then be described as Ψ (r) = Ψ0 (r)+ δΨ(r) where Ψ0 (r) =
√
n˜ (r)eiφ(r)1,
which is what we will use in the rest of this subsection. We will consider two cases, uniform
BEC where the density n˜ (r) → n˜ is constant in space and a harmonically trapped case
as in the previous sections.
In both cases, uniform or not, there can be two reasons that can breakdown the
BEC assumption, ground state density fluctuations
〈|δn (r)|2〉 and ground state coherent
phase fluctuations
〈|δφ (r)|2〉 where δφ (r) = φ (r) − φ (0) . In the first case we lose
the assumption of macroscopic occupancy, and in the second the coherency of the BEC.
This would also have effects on the single-particle correlation function G(1) (r; r′), which
taking into account the fluctuations reads asG(1) (r; r′) =
〈
Ψ† (r)Ψ (r′)
〉
= Ψ†0 (r)Ψ0 (r
′)+〈
δΨ† (r) δΨ(r′)
〉
. In particular conditions can be identified on the distances for which one
would obtain again a non-vanishing G(1) (r; r′), a sign of the formation of a macroscopic
occupation and hence of a BEC.
The uniform “strictly” 1D weakly interacting gas For the density fluctuations, for
the uniform 1D case in the regime of a weakly interacting gas (nξ˜ ≫ 1) it was found that
the density fluctuations are small for sufficiently low temperature (Kane and Kadanoff,
1967), but this is not the case for the phase fluctuations. Assuming that only the phase
fluctuations play a role, the single-particle correlation function can be shown to read as
G(1) (r; r′) = n˜
〈
e−i(φ(r)−φ(r
′))
〉
= n˜e−〈(φ(r)−φ(r′))2〉/2 (4.35)
1We remind that for the density-phase representation, holds that [n˜ (r) , φ (r′)] = iδ (r − r′) .
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where the second equality is a consequence of a Gaussian distribution for the phase fluc-
tuations. This can be further written in the uniform and isotropic limit as
G(1) (r − r′) = n˜e(ϑ(r−r′)−ϑ(0))
where ϑ (r − r′) = 〈φ (r)φ (r′)〉 is the phase coherence function. Since the density fluc-
tuations are small one can make use of Bogoliubov-de Genes theory. After solving the
relevant Gross-Pitaevskii equations (D.S. Petrov et al., 2004) for the density fluctuations
δn and the phase φ (r), one then can obtain an expression for ϑ (r − r′) and from that
evaluate G(1) (r − r′). For the case of a finite temperature T > 0, one obtains (Reatto
and Chester, 1967)
G(1) (r − r′) = e−mkBT (r−r′)/2n˜~
which implies that at large distances G(1) (r − r′) → 0 and hence there is no BEC. At
T = 0 a similar scenario appears (Schwartz, 1977) where
G(1) (r − r′) =
(
ξ
r − r′
)ν
with ν = mc/2π~n˜ and ξ = ~/
√
mnQ0 the uniform 1D BEC correlation length, such
that again at large distances there is no BEC. In this sense, for the strictly uniform 1D
BEC, there is no condensation even at T = 0, but of course, as long as we are dealing
with temperatures close to T = 0 and distances smaller than ξ (or at finite temperatures
but at distances less than 2n˜~/mkBT ) one can safely assume that is dealing with a true
BEC.One usually refers to this scenario as quasi-condensation.
The harmonically trapped 1D weakly interacting gas Once again one can show
that the density fluctuations are negligible at low enough temperatures. In particular,
one can show for distances much larger than the de-Broglie wavelength where one expects
the density to vary more, and for thermal fluctuations i.e. T ≫ ~Ω (which are larger than
the vacuum T = 0 fluctuations), the density fluctuations are given by (D.S. Petrov et al.,
2004) 〈|δn|2〉
n˜2
=
T
Td
min
{
T
µ
, 1
}
(4.36)
with µ being the chemical potential and Td = N~Ω the degeneracy temperature. Hence
for T ≪ Td the fluctuations are small even for the thermal fluctuations.
Furthermore, the single-particle correlation function G(1) (r; r′) will again be given by
Eq.(4.35). For the vacuum fluctuations, the fluctuations read as
〈|δφ (r)|2〉 ∝ ln [r/ξ] (4.37)
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such that for any realistic size of the gas cloud, r is larger than ξ and hence this quantity
is small. Hence a BEC is obtained if one is strictly at T = 0. If the thermal phase
fluctuations are considered (i.e. at T ≫ ~Ω), one finds
〈|δφ (r)|2〉 = 4Tµ
3Td~Ω
∣∣∣∣log [(1− r/R)(1 + r/R)
]∣∣∣∣ (4.38)
which results in the following single-particle correlation function G(1) (r; r′) near the center
of the trap (Kadio et al., 2005), i.e. r/R≪ 1
G(1) (r; r′) ∼ e−r/2Rφ (4.39)
where Rφ = RTd~Ω/µT is the phase coherence length, such that for sufficiently low tem-
perature and for distances smaller than 2Rφ one can assume that is dealing with a BEC.
Hence once again we have quasi-condensation. Finally, we comment that very similar
results were obtained for the more realistic scenario of elongated 3D BECs mentioned
above (Petrov et al., 2001).
4.2 Bose polaron problem
4.2.1 Historical overview and motivation
The polaron problem, in its original formulation, considers the motion of an electron
in an ionic crystal or polar semiconductors. The history of the polaron begins in parallel
with the advent of modern, solid state physics. During the first years of its conception,
the polaron problem attracted major interest by some of the greatest names of the time
in physics, but even till today remains a highly relevant topic of study. The reasons are
mainly two-fold. Firstly and most importantly, polarons have potential applications in
semiconductors and therefore, have been of interest from the point of view of semiconduc-
tor technology. Secondly but of equal importance, they cast the simplest possible model
of a particle interacting with a non-relativistic, quantum field and therefore, serve as a
simple test-bed for developments in quantum field theory.
In recent years, with the discovery of high-temperature superconductivity, the polaron
problem has received a renewed boost. One of the main reasons for this is that it is believed
that polaronic interaction may play an important role in inducing pairing in Cu-based,
ceramic, high-temperature superconductors. Polaron physics has also found applications
in several other areas like organic polymers and biological physics. A prominent example
of a polaronic system would be the BEC polaron consisting of an impurity atom interacting
with the Bogoliubov excitations of an atomic Bose–Einstein condensate (BEC) (Cucchietti
and Timmermans, 2006b, Sacha and Timmermans, 2006, Tempere et al., 2009), on which
we will focus in this thesis.
81
4. One-Dimensional Bose Einstein Condensates and the Bose polaron problem
4.2.2 Quasi-particles
Before introducing the concept of a polaron, one needs to have in mind the definition
of the concept of a quasiparticle. This is a pseudo particle, result of an emerging phe-
nomenon, where a complicated many-body system of interacting particles is modeled by a
simpler problem in free space. The typical scenario where one can employ such a descrip-
tion of a system in terms of quasiparticles, is that of a real particle moving through the
system, pushing or pulling on its neighbors and thus becoming surrounded/dressed by a
cloud of agitated particles (excitations) (Mattuck, 1992). A special example of this is the
polaron which is described in more detail in the next subsection. The real particle plus
its cloud is then treated as an elementary excitation (quasi-particle) of the many-body
system. Since the quasi-particle behaves like an individual particle, its concept may be
assigned to the microscopic description of the many-body system.
The quasi-particle properties are quite distinct from those of the bare particle. The
quasi-particle has an effective mass which is generally larger than the real particle mass.
It has also a finite lifetime. Furthermore, The cloud screens the real particles, hence quasi-
particles interact with an effective interaction which is weaker than the particle-particle
interaction. It is important to note that all quasi-particle properties are experimentally
observable.
Bogoliubov quasiparticles An important example of a different type of quasiparticles
are the Bogoliubov quasi-particles, which are the elementary excitations in a supercon-
ductor. Even if they are called quasi-particles, their structure is quite different from the
”particle plus cloud” picture described above. Usually, they consist of a linear combina-
tion of an electron in state (+k, ↑) and a hole in (−k, ↓). However, in our work, we will
consider the simpler case of such Bogoliubov quasi-particles in spinless weakly interacting
Bose atomic gases at zero temperature. The bath particles in our studies will be of this
form of quasiparticles.
4.2.3 What is a Polaron?
Consider an additional electron introduced in an ionic crystal or a polar semiconductor.
Naturally, the electron will attract the positive ions, but on the other hand, it will repel
the negative ions in its vicinity. The result, will be that the lattice in the immediate
neighborhood of the electron, will be distorted. However, the electron is not static, it’s
mobile. As it moves away from its previous position to a new position, the lattice in the
previous position will try to relax towards its original configuration. However, the part
of the lattice surrounding the electron in the new position will then become distorted. So
the overall picture looks as if the electron as it propagates through the crystal, it carries
together with it the lattice distortion. This complex, that is, the electron together with
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the lattice distortion, constitutes what may be called a quasiparticle, introduced in the
previous subsection. This particular quasi-particle however, is called a polaron. This
name was coined by Pekar (Landau and Pekar, 1948a).
Dielectric theory describes the aforementioned distortion by the induction of a polar-
ization for the distorted lattice around the charge carrier, which follows the charge carrier
when it is moving through the medium. The charge of the electron in this case is also
modified, a consequence of the aforementioned screening. If characteristic phonon fre-
quencies are sufficiently low, the local deformation of ions, caused by the electron, creates
a potential well, which can trap the electron even in a perfect crystal lattice. The idea
of the auto-localization of an electron due to the induced lattice polarization was first
proposed by L. D. Landau (Landau, 1933). This is essentially what the name “polaron”
refers to. It was studied in greater detail (Devreese, 1996, Feynman, 1955, Fro¨hlich, 1954,
Pekar, 1946, Rashba, 1957) in the effective mass approximation for the electron placed in
a continuum polarizable (or deformable) medium, which leads to a so-called large or con-
tinuum polaron which we describe in more detail in the next section. In a perfect lattice,
the self-trapping is never complete and hence the electron plus its surrounding polar-
ization can move through the medium. The electron has to move slowly, i.e. with low
kinetic energy, so that the ionic polarization can follow the electron. This is a requirement
imposed by the finiteness of the bath phonon frequencies.
A polaron behaves as a free electron but with an enhanced effective mass (Alexandrov
and Devreese, 2010). Landau and Pekar were the first to calculate the effective mass of
a polaron (Landau and Pekar, 1948a). Fro¨hlich later showed that the results obtained
by Pekar and Landau can be obtained with a variational method in the strong-coupling
limit of the Fro¨hlich model (Fro¨hlich, 1954). We will discuss this in the next section. The
physical properties of a polaron differ from those of a band-carrier. A polaron is charac-
terized by its binding (or self-) energy Ep, an effective mass mp and by its characteristic
response to external electric and magnetic fields (e. g. dc mobility and optical absorption
coefficient). A similar setting can be imagined for an impurity immersed in a BEC where
the impurity is screened by a cloud of atoms of the BEC. This is the setting we consider
in this thesis.
4.2.4 Large polarons vs small polarons
In the context of field theory, distortion of lattice is translated as excitation of phonons.
Therefore in this language of field theory (in which the electron is supposed to be the
source of phonons) a polaron is an electron dressed with a cloud of virtual phonons. If
the lattice distortion extends over a few lattice points, we call it a large polaron. On
the other hand, if the distortion is confined within one lattice spacing, the corresponding
polaron is called a small polaron. In other words, small polarons contrary to large ones,
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are governed by short-range interactions.
The large polaron, or also called the continuum polaron, i.e. the definition of a polaron
ignoring the discreteness of the lattice, is valid if coupling to long-wavelength optical
(LO) phonons dominates the interaction. To define the concept of a large (also called
continuum) polaron, one needs to assume space as discretized in a lattice structure as
mentioned above. Then consider as an example, the Longitudinal Optical (LO) phonon
field with frequency ωLO interacting with an electron. Denote by ∆ν the quadratic mean
square deviation of the electron velocity. If the electron-phonon interaction is weak, the
electron can travel a distance ∆x ≈ ∆ν/ωLO during a time ω−1LO , characteristic for the
lattice period. This is the distance within which the electron can be localized using the
phonon field as measuring device. From the uncertainty relations it follows
∆p∆x =
m
ωLO
(∆ν)2 ≈ ~ (4.40)
where ∆ν ∼
√
~ωLO/m. At weak coupling ∆x is a measure of the polaron radius rp.
In other words, the polaron radius is measured by the extension of the lattice distortion
induced by the excess electron (Appel, 1968). To be consistent, the polaron radius rp
must be considerably larger than the lattice parameter a. (this is a criterion of a “large
polaron”). Large polarons have rP ≫ a, so that the continuum approximation becomes
valid, as e.g. for the Fro¨hlich Hamiltonian (Fro¨hlich, 1963).
Weak- and Strong- coupling polarons Polarons can also be classified according
to the coupling strength between the electron and the phonon field. The stronger the
coupling the more phonons will be in the cloud surrounding the electron. If the average
number N¯ of phonons in the cloud is N¯ ≪ 1 , it is called a weak-coupling polaron. If
on the other hand N¯ ≫ 1, the polaron will be regarded as a strong-coupling polaron
(Rashba, 1957).
4.2.5 Frohlich Hamiltonian
Landau was the first to introduce the concept of polaron, which was later studied
in more detail by Pekar who introduced a semiclassical model with the lattice proper-
ties incorporated into a classical macroscopic polarization (Gerlach and Lo¨wen, 1991).
However, the real interest in this area was boosted by the pioneering work of Frohlich
(Fro¨hlich et al., 1950) who provided the microscopic quantum mechanical model Hamil-
tonian, on which the modern polaron theory has been built. The picture of the polaron
conceived by Frohlich is again that of a complex (quasi-particle) consisting of an electron
and the lattice distortion (polarization) induced by it, but unlike the case of Landau-
Pekar polaron, the above complex can be found anywhere in the lattice. In his picture
of the polaron, if the lattice is static and the distortion in the lattice is neglected, the
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electron would be just a Bloch electron. The Frohlich model (Fro¨hlich, 1963, Austin and
Mott, 1969, Fro¨hlich et al., 1950, Fro¨hlich, 1954) considers a low-lying or a slow electron
so that the de Broglie’s wavelength is much larger than the lattice constant, and in this
limit, the structure of the lattice becomes unimportant and lattice can be considered to
be a continuum. Application of standard classical electrodynamics followed by canonical
quantization then leads to a Hamiltonian which consists of three parts. These are the
Bloch (free) electron, the free phonon field, and the interaction between the two described
only by a single dimensionless coupling constant. This Hamiltonian introduced in solid
state physics, maybe for the first time, the field theoretic concept of the interaction of a
particle (electron) with a scalar boson field (phonons) and the concept that an electron
can be considered to be a source of phonons. Apart from its importance in demonstrating
the properties of an electron in ionic crystals or polar semiconductors which is of practical
interest, this model Hamiltonian was very simple, but still at the same time sufficiently
sophisticated, from the point of view of theoretical physics.
Our starting point is a single free impurity interacting with a gas of interacting Bosons
in one dimension. Note that we neglect any spin and relativistic effects in our studies.
This situation can be described by the following microscopic Hamiltonian,
H =
∫
dxφ† (x)
[
− ∂
2
2mB∂x2
+
gBB
2
φ†
2
(x)φ (x)
]
φ (x)
+
∫
dxψ† (x)
[
− ∂
2m∂x2
+ gIBφ
† (x)φ (x)
]
ψ (x) (4.41)
where φ (x) stands for the Bose field operator, ψ (x) is the impurity field and ~ = 1. The
boson (impurity) mass is mB (m) and gBB (gIB) denote the boson–boson and impurity–
boson coupling constants respectively.We assume that only a single impurity is present
in the homogeneous Bose gas with density n0. Experimentally this corresponds to a
situation with sufficiently low impurity concentration, ideally with less than one impurity
per healing length ξ. To arrive at a polaron description of the impurity problem described
above, one needs to do a Bogoliubov transformation as in (Tempere et al., 2009, Devreese,
2016, Grusdt and Demler, 2015, Mathey et al., 2004) that brings the Hamiltonian in the
form
H = HF +H2ph +Hph−ph (4.42)
where up to constant terms,
HF = HBEC +HImp. +HInt. (4.43)
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with
HBEC =
∫
dkωka
†
kak
HImp. =
p2
2m
HInt. =
∫
dkVke
ikx
(
a†k + a−k
) (4.44)
the Bogoliubov diagonalized BEC Hamiltonian, the free impurity Hamiltonian and the
impurity-BEC interacting Hamiltonian respectively, where
ωk = ck
(
1 +
1
2
k2ξ2
)−1/2
(4.45)
is the Bogoliubov dispersion relation (that can be interpreted as the constant frequency
of a longitudinal optical phonon) and c =
√
gBBn0/mB and ξ = 1/
√
2mBgBBn0 are the
speed of sound in the BEC and correlation length respectively. The scattering amplitude
Vk is given by Vk =
√
n0 (2π)
−1/2 gIB
(
(ξk)2 /
(
2 + (ξk)2
))1/4
. In the above, p and x
denote the momentum and position operators in first quantization. HF is referred to as
the standard Frohlich Hamiltonian. The second term of Eq. (4.42), H2ph describes two-
phonon scattering processes (Rath and Schmidt, 2013, Shchadilova et al., 2016d). Hph−ph
term summarizes all the additional interactions between the Bogoliubov phonons beyond
two-phonon.
Weak bosons interactions regime The two terms above, HF and H2ph, provide
an accurate model for the polaron problem when the Bose gas can be treated within
Bogoliubov theory. This Mean Field (MF) description of the interacting bosons assumes
a macroscopic occupation of the condensate which is absent in one dimension (Hohenberg,
1967, Mermin and Wagner, 1966). As pointed out by Lieb and Liniger (Lieb and Liniger,
1963), some quantities including the total energy can nevertheless be calculated accurately
using Bogoliubov theory in the regime of weak interactions. This is the case when the
dimensionless coupling strength γ is sufficiently small (Lieb and Liniger, 1963, Grusdt
et al., 2017a), where γ = mBgBB/n0, namely
γ ≪ 1 (4.46)
since then this can be used as a small expansion parameter, and hence ignore phonon
interactions that are higher than two phonon interactions.
Validity of the Frohlich Hamiltonian/ weak impurity-BEC coupling regime
Beyond the approximation mentioned above, a condition can also be provided for which
neglectingH2ph in comparison toHF is valid, which casts a condition for the validity of the
Frohlich Hamiltonian. This is the case when the depletion of the quasi-1D condensate is
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small, justifying also the assumption that phonon–phonon interactions cannot modify the
polaron cloud substantially in this regime. To do so, one needs to consider the phonon
number in the polaron cloud for the two cases, for H ≈ HF and H ≈ HF + H2ph, by
employing mean field theory (Grusdt et al., 2017a). By comparing the two results one
can show that the condition for the Frohlich Hamiltonian to be valid is
gIB ≪
√
2πc. (4.47)
The Fro¨hlich Hamiltonian has been of great interest to various branches of solid-state
physics ever since its introduction to the physics community. Besides its physical impor-
tance, i.e. properties of electrons in polar materials and ionic crystals, it is also often used
as a pure mathematical problem. The Fro¨hlich Hamiltonian is one of the simplest quan-
tum field theoretical models in solid-state physics. In its most general form, it describes a
particle coupled to its environment. We note that for experimentally feasible parameters,
in particular the ones used in the experiment of Catani et al. in (Catani et al., 2012a),
which are also similar to the ones we consider in our work, the critical coupling strength
where the Fro¨hlich model breaks down is given by ηc ≡ gIB/gBB ≈ 6.
4.2.6 Bose Polaron as a Quantum Brownian particle
An alternative approach to the Bose polaron problem was proposed in (Lampo et al.,
2017a), and this is the line of thought that we follow in our work as well. In this work, the
authors study the physics of the impurity as an open system in the framework of quantum
Brownian motion (QBM) model. In general, the QBM describes a Brownian particle
moving in a thermal bath consisting of a collection of non-interacting harmonic oscillators
satisfying the Bose-Einstein statistics (Gardiner and Zoller, 2004, Breuer and Petruccione,
2007a, Schlosshauer, 2007b, 2005, Zurek, 2003, Caldeira and Leggett, 1983a,b), as was
explained in the previous section. In the context of (Lampo et al., 2017a), the impurity
plays the role of the Brownian particle, while the bath consists of the Bogoliubov modes
of the BEC. The bath in (Lampo et al., 2017a) was assumed to be homogeneous, i.e. the
density of the BEC is space-independent, but in a subsequent work (Lampo et al., 2018),
the equivalent problem but with the BEC being harmonically trapped, was treated. Note
that in the literature a number of works applied open quantum system techniques to
study problems in the context of ultracold quantum gases. For instance, the system of a
bright soliton in a superfluid in one dimension in (Efimkin et al., 2016a), the system of a
dark soliton in a one-dimensional BEC coupled to a non-interacting Fermi gas in (Hurst
et al., 2017b), the system of the component of a moving superfluid (Keser and Galitski,
2018), and the system of an impurity in a Luttinger liquid in (Bonart and Cugliandolo,
2012a, 2013). In particular, in this work, the formalism of Quantum Langevin equations
is employed, for the advantages that have been presented in the previous Chapter.
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The first step in this work, was to show that the Hamiltonian of an impurity in an
ultracold gas can be expressed as that of the Frohlich Hamiltonian, as presented above.
The coupling between the system and the environment in the resulting Hamiltonian is
nonlinear due to the interacting term. To proceed to the next step, which is to cast the
Hamiltonian into the form of the Hamiltonian describing the QBM model, also referred to
as the Caldeira-Leggett model, one needs to linearize this Hamiltonian, and the authors
find under what conditions it is valid to approximate the nonlinear interaction by a linear
one. A detailed study of the regimes of parameters in which this assumption is valid
is presented, and these are evaluated in view of current experimental feasibility for this
system. In particular, they find the regimes of temperatures, interaction strength, exper-
imental time and trapping frequency for the impurity in which the model is valid. The
spectral density (SD) of the system is derived, which encapsulates the effect of the bath
on the central system. The spectral density is found to be super-ohmic, corresponding to
the presence of memory effects in the dynamics of the system. The quantum Langevin
equations to describe the evolution of relevant observables associated to the impurity are
obtained, and solved either numerically or analytically for both a free impurity and a har-
monically trapped impurity. For the untrapped impurity, the mean square displacement,
a measurable quantity in experiments (Catani et al., 2012a), is studied, and found to be-
have superdiffusively, while for the trapped impurity a genuine position squeezing effect
is identified, which increases with increasing coupling strength between the impurity and
the bath.
In practice, what allows for the Hamiltonian to be cast into that of QBM is taking
the limit
kx≪ 1 (4.48)
which turns the interacting part of the Hamiltonian in Eq. (4.44) into
HInt. =
∫
dkVk (I + ikx)
(
a†k + a−k
)
. (4.49)
A similar assumption to Eq. (4.48) is considered in (Efimkin et al., 2016a) to study the
physics of a bright soliton in a superfluid, and in (Bonart and Cugliandolo, 2012a) where
QBM has been employed to treat the dynamics of an impurity in a Luttinger Liquid. The
resulting Hamiltonian of the impurity in a BEC is
H = HImp. +HBEC +
∫
dkgkxπk (4.50)
where πk = i
(
a†k − a−k
)
is the (dimensionless) momenta of the bath particles. To get
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Eq. (4.50) the redefinition of the Bogoliubov modes operators as ak → ak − Vk/ωkI was
implemented, and a non-operator term was neglected. The Hamiltonian in Eq. (4.50),
resembles the Hamiltonian of QBM in (3.2), only the coupling of the impurity is to the
(dimensionless) momenta, πk of the bath particles, which however does not changes any-
thing regarding the methods one would employ to approach the problem. Unfortunately,
the Hamiltonian now, is not positively defined (note that at this point we match the
situation described in (Can˜izares and Sols, 1994), where translational symmetry is bro-
ken). One could repair this by taking into account bilinear terms in ak and a
†
k , as in
(Rath and Schmidt, 2013, Shchadilova et al., 2016d,b, Bruderer et al., 2007, Christensen
et al., 2015a), and including them in the theory in an exact manner, that would lead
to an extension similar to the Lee-Yang-Huang term from above. This is possible, but
technically complex. However, the authors in (Lampo et al., 2017a) use a much simpler
method, which was first used in the work of Caldeira and Leggett in their seminal paper
– i.e. complete the Hamiltonian to a positively defined one by writing
H = HImp. +
∫
dkωk
(
a†k + igkx/ωk
)
(ak − igkx/ωk) . (4.51)
Clearly, Caldeira-Leggett remedy leads directly to the trapping harmonic potential for the
impurity that cancels the negative harmonic frequency shift that appears in the absence
of the compensation term. However, this required the introduction of what is referred
to as the renormalization term in the Hamiltonian, and since this term does not arise
from any physical ground, what the authors did in (Lampo et al., 2017a) was to use the
original Hamiltonian in the QBM form in Eq. (4.50), but evaluate explicitly for which set
of parameters this would be positive.
This work is based on the common assumption (Shashi et al., 2014b, Tempere et al.,
2009, Casteels et al., 2012) that the interaction between the impurity and the BEC can be
approximated by a contact interaction, i.e. again the Bohr approximation was employed.
This leads to the Frohlich Hamiltonian, which in general, there is still an open debate
concerning the validity regime of it, i.e. for which values of the system parameters the
quadratic Bogoliubov operators terms can be dropped out. However, if we stick to the
assumptions mentioned above, one could safely expect that the Frohlich approximation
is valid. In particular this results on a maximum allowed value for the coupling strength
between the impurity and the BEC as explained above, and in this work the authors
constrain themselves in this limit.
4.3 Summary
The main points studied in this chapter are the following:
❼ Diluteness and low temperature of a gas of weakly interacting bosons or fermions
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are the main assumptions to obtain a BEC. In the Hamiltonian that describes such
an ultracold gas, the boson-boson coupling is the only parameter (apart from the
free boson parameters such as the mass) that controls the interactions and hence
the energy of the system.
❼ The Bogoliubov transformation, allows one to diagonalize a Hamiltonian of weakly
interacting Bosons. Within mean-field theory, i.e. under the many-body ansantz
that assumes non-interacting bosons, the Heisenberg equation for bosons of a BEC
is called the (time dependent/independent) Gross-Pitaevskii equation and can be
analytically solved in many cases. It ignores however two-particle correlations.
❼ The nonlinear Gross -Pitaevskii equation can be analytically solved for harmonically
trapped BEC under the Thomas-Fermi approximation, i.e. assuming that the kinetic
energy of the bosons is much smaller than their interaction energy.
❼ For 1D BECs, which are essentially elongated 3D BECs, the interaction between
bosons can also be controlled by the trapping frequency in the confined dimension.
❼ A Bose polaron is a quasiparticle, in particular the composite of an impurity and
the distortion that this causes to the lattice on which is moving. The quasiparticle
behaves as a free particle but with enhanced mass.
❼ A Bogoliubov quasiparticle on the other hand is the composite of a particle of a
given momentum k and its antiparticle of momentum −k. Alternatively this can
also be composed by phonons of opposite frequencies, which is how will treat them
in our work.
❼ An impurity interacting with a weakly interacting gas of bosons, is described by the
Frohlich Hamiltonian. Rigorous conditions determine up to what strength of the
impurity-BEC coupling constant gIB this Hamiltonian is valid. We also reviewed in
this chapter approaches that go beyond the validity of this Hamiltonian, but in our
work we restrict to the regime of validity of the Frohlich Hamiltonian.
❼ The necessary conditions for an impurity immersed in a BEC described by the
Frohlich Hamiltonian to be treated as a QBP were presented. Namely, the range of
validity of the relevant dipole approximation was discussed.
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CHAPTER 5
TWO DISTINGUISHABLE IMPURITIES
IN A BEC: SQUEEZING AND
ENTANGLEMENT OF TWO BOSE
POLARONS
In this Chapter, we study the emergence of entanglement between two Bose polarons
immersed in a common BEC bath. The major motivation for us to undertake this work is
the contemporary progress in the manipulation and control of ultracold atoms and ions,
that paves the way to new possible experiments. The behaviour of an impurity in a Bose
gas has recently attracted a lot of attention, both on the theoretical and experimental
side (Schirotzek et al., 2009a, Massignan et al., 2014b, Lan and Lobo, 2014, Levinsen
and Parish, 2014, Schmidt et al., 2012, Coˆte´ et al., 2002, Catani et al., 2012b, Shashi
et al., 2014a, Christensen et al., 2015b, Levinsen et al., 2015, Grusdt and Demler, 2015,
Shchadilova et al., 2016c, Ardila and Giorgini, 2016, Jørgensen et al., 2016, Rentrop et al.,
2016, Lampo et al., 2017b, Yoshida et al., 2018, Guenther et al., 2018a). The main fea-
ture of such a system lies in the creation of excitation modes (Bogoliubov quasiparticles)
associated to the motion of the atoms of the gas, that dress the impurity, leading to the
formation of a compound system named Bose polaron. For two such impurities within
a BEC, studies have focused in the past Camacho-Guardian et al. (2018), Dehkharghani
et al. (2018) on the possibility to form bound states (bipolarons) for sufficiently strong
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interactions between the impurities and the condensate atoms. Furthermore, the Bose po-
laron problem was recently studied within the quantum Brownian motion (QBM) model
(Lampo et al., 2017b, 2018), which describes the dynamics of a quantum particle in-
teracting with a bath made up of a huge number of harmonic oscillators obeying the
Bose-Einstein statistics (Breuer and Petruccione, 2007b, Schlosshauer, 2007a, Caldeira
and Leggett, 1983a, de Vega and Alonso, 2017a). In this analogy, the impurity plays the
role of the Brownian particle and the Bogoliubov excitations of the BEC are the bath-
oscillators. Here, by extending this view, we study the creation of entanglement between
two different impurities in a Bose gas, as a consequence of the coupling induced by the
presence of the Bogoliubov modes, which play the role of the bath.
Note that the QBM model for the motion of the two kinds of impurities in a BEC is a
continuous-variable description i.e. it is expressed in terms of position and momentum op-
erators. Thus, entanglement measures based on the density matrices are not conveniently
calculable because the density matrix in this case is infinite-dimensional. We therefore
use the logarithmic negativity (Vidal and Werner, 2002) as a more fitting choice in this
context. This measure is expressed in terms of the covariance matrix, namely a matrix,
whose elements are all of the position and momentum related correlation functions.
To compute these correlation functions, we solve the Heisenberg equations of the
system, which can be reduced to a quantum stochastic Langevin equation for each particle.
This set of two coupled equations are non-local in time, namely the dynamics of both
impurities in a BEC carry certain amount of memory. In this context, such a feature is
often related to the superOhmic character of the spectral density, constituting the main
quantity that embodies the properties of the bath. The presence of memory effects (non-
Markovianity) can also be shown to lead to the appearance of entanglement (Ho¨rhammer
and Bu¨ttner, 2008, Zell et al., 2009, Vasile et al., 2010b, Fleming et al., 2012, Correa et al.,
2012). The role of the memory effects in the works above is to preserve entanglement in
the long-time regime (de Vega and Alonso, 2017b) and in the high temperature regime
(Doll, R. et al., 2006). Nevertheless, in these works the spectral density was assumed
to be Ohmic, such that the non-Markovianity is purely attributed to the influence of
one particle on the other. Indeed, the disturbances caused by particles to one another
is mediated through the common bath, which take a finite time to propagate through
the medium, making the evolution of each particle history-dependent. This results on a
decay of entanglement in several stages (Doll, R. et al., 2006, Doll et al., 2007) or to a
limiting distance for bath induced two-mode entanglement (Zell et al., 2009). In (Valido
et al., 2013a), the scenario of an additional source of non-Markovianity, emerging from a
non-Ohmic spectral density was considered. The non-ohmic spectral density resulted in
more robust entanglement among the two impurities.
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In this work we study entanglement as a function of the physical quantities of the
system, such as temperature, impurity-gas coupling, gas interatomic interaction and den-
sity. These parameters may be tuned in experiments allowing to control the amount of
entanglement between the impurities. We distinguish the situation in which the impurity
is trapped in a harmonic potential and that where it is free of any trap. In the trapped
case, we also study squeezing which is a resource for quantum sensing.
The manuscript is organized as follows. In Sec. 5.1 we present the Hamiltonian of the
system, showing that it can be reduced to that of two quantum Brownian particles inter-
acting with a common bath of Bogoliubov modes. We also write the quantum Langevin
equations, find the expression for the spectral density showing that it presents a super-
ohmic form, and solve the equations in order to evaluate the position and momentum
variances. Finally, we review and discuss the logarithmic negativity as an entanglement
quantifier and a criterion which we use to detect two-mode squeezing. In Sec. 5.2.1 we
study the out-of-equilibrium dynamics of untrapped impurities, while in Sec. 5.2.2 we
study entanglement and squeezing of the two impurities as a function of the system pa-
rameters for the trapped case. In Sec. 5.3 we offer the conclusions and outlook. We
discuss details on the derivations of the spectral density and susceptibility in appendices
B.1 and B.2. In App. B.3, we comment on the difficulty of finding an analytic solution
for the trapped case even when the centers for the particles potentials coincide, and in
App. B.4 we study, for the trapped case, the effective equilibrium Hamiltonian of the
system reached at long-times. All the material presented in this chapter was published in
(Charalambous et al., 2019a).
5.1 The model system
5.1.1 Hamiltonian
We consider two kinds of distinguishable impurities of mass m1 and m2, immersed in
a bath of interacting bosons of mass mB enclosed in a box of volume V . This system is
described by the Hamiltonian
H = H
(1)
I +H
(2)
I +HB +HBB +H
(1)
IB +H
(2)
IB , (5.1)
93
5. Two distinguishable Impurities in a BEC: Squeezing and Entanglement of two Bose
polarons
with
H
(j)
I =
p2j
2mj
+ Tj (xj,dj) , (5.2a)
HB =
∫
ddxΨ† (x)
(
p2B
2mB
+ U (x)
)
Ψ(x) =
∑
k
ǫka
†
kak, (5.2b)
HBB = gB
∫
ddxΨ† (x)Ψ† (x)Ψ (x)Ψ (x) =
1
2V
∑
q,k′,k
CB (q) a
†
k′−qa
†
k+qak′ak, (5.2c)
H
(j)
IB =
1
V
∑
q,k
C
(j)
IB (k) ρ
(j)
I (q) a
†
k−qak, (5.2d)
with a† and a being the bath creation and annihilation operators respectively, xj and
pj the position and momentum operators of particle j = 1, 2, where they satisfy the
commutation relations [a†, a] = 1 and [xj,pk] = i~δjk. Here, we consider the bosons to
be in a homogeneous medium, i.e. U (x) = const, and the external potential experienced
by the impurities is
Tj (xj,dj) =
3∑
i=1
mjΩ
2
j(xj + dj)
2
2
, (5.3)
that is a 3D parabolic potential centered at dj = (dj,x, dj,y, dj,z) and with frequency
Ωj = (Ωj,x,Ωj,y,Ωj,z). We will consider both the trapped Ωj > 0 and untrapped cases
Ωj = 0. The densities of the impurities in the momentum domain ρ
(j)
I (q) are
ρ
(j)
I (q) =
∫ ∞
−∞
e−iqxδ (x− (xj + dj)) ddx. (5.4)
The Fourier transforms of the interactions among the jth impurity and the bath and
among bath particles themselves are, respectively
C
(j)
IB (k) = FIB
[
g
(j)
IB δ (x− x′)
]
, (5.5a)
CB (q) = FB [gBδ (x− x′)] . (5.5b)
The coupling constants in Eq. (5.5) are
g
(j)
IB = 2π~
2 a
(j)
IB
m
(j)
R
, (5.6a)
gB = 4π~
2 aB
mB
, (5.6b)
where m
(j)
R =
mBmj
(mB+mj)
, is the reduced mass, and a
(j)
IB and aB are the scattering lengths
between the impurities and the bath particles and between the bath particles themselves,
respectively.
By performing a Bogoliubov transformation,
ak = ukbk − wkb†−k , a†k = ukb−k − wkb†k, (5.7)
94
5. Two distinguishable Impurities in a BEC: Squeezing and Entanglement of two Bose
polarons
with
u2k =
1
2
(
ǫk + n0CB
Ek
+ 1
)
,
and
w2k =
1
2
(
ǫk + n0CB
Ek
− 1
)
,
the terms related purely with the bath particles transform to the following non-interacting
term
HB +HBB =
∑
k 6=0
Ekb
†
kbk, (5.8)
where we neglected some constant terms, such that the diagonal form of the Hamiltonian
is only valid up to quadratic order in the bath operators. In the above expression, Ek =
~c |k|
√
1 + 1
2
(ξk)2 ≡ ~ωk is the Bogoliubov spectrum, where
ξ =
~√
2gBmBn0
, (5.9)
is the coherence length for the BEC and
c =
√
gBn0
mB
, (5.10)
is the speed of sound in the BEC. Finally, n0 is the density of the bath particles in the
ground state, which turns out to be constant as a result of the homogeneity of the BEC.
For a macroscopically occupied condensate, i.e. Nj 6=0 ≪ N0 where Nj is the occupation
number of the jth state, we obtain the following expression for the interaction part of the
Hamiltonian
H
(j)
IB = n0C
(j)
IB +
√
n0
V
∑
k 6=0
ρ
(j)
I (k)C
(j)
IB
(
ak + a
†
−k
)
, (5.11)
which after the Bogoliubov transformation, becomes
H
(j)
IB =
∑
k 6=0
V
(j)
k e
ik·(xj+dj)
(
bk + b
†
−k
)
. (5.12)
Here, the couplings are
V
(j)
k = g
(j)
IB
√
n0
V
[
(ξk)2
(ξk)2 + 2
] 1
4
. (5.13)
After this procedure the Hamiltonian is transformed into
H = H
(1)
I +H
(2)
I +
∑
k 6=0
Ekb
†
kbk +
∑
k 6=0
[
V
(1)
k e
ik·(x1+d1) + V (2)k e
ik·(x2+d2)
] (
bk + b
†
−k
)
.
(5.14)
The above Hamiltonian with a non-linear interacting part is in general difficult to treat,
and requires the usage of influence functional techniques (Duarte and Caldeira, 2009). To
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simplify the situation we will resort to the so called long-wave or dipole approximation.
This is expressed by the assumption
k · x1 ≪ 1, k · x2 ≪ 1, (5.15)
such that we can approximate the exponentials by a linear function. The validity of the
linear approximation was studied in (Lampo et al., 2017b). For the untrapped impurities,
it turned into a condition of a maximum time as a function of T for which the linear
approximation holds. For the trapped case, the condition was over the trapping frequency
as a function of T . The results we present here fulfill these conditions. With this, the
Hamiltonian reads
HLin =H
(1)
I +H
(2)
I +
∑
k 6=0
Ekb
†
kbk +
∑
k 6=0
V˜k [I+ ikfk (x1,x2,d1,d2)]
(
bk + b
†
−k
)
,
with I the identity and where
V˜k (d1,d2) := V
(1)
k e
ik·d1 + V (2)k e
ik·d2 , (5.16)
and
fk (x1,x2,d1,d2) :=
V
(1)
k x1e
ik·d1 + V (2)k x2e
ik·d2
V
(1)
k e
ik·d1 + V (2)k eik·d2
. (5.17)
Performing the transformation bk → bk− V˜−k(d1,d2)Ek I, one obtains the following Hamiltonian
HLin =
∑
j=1,2
H
(j)
I + i
∑
j=1,2
k 6=0
~g
(j)
k
(
eik·djbk − e−ik·djb†k
)
xj+
∑
k 6=0
Ekb
†
kbk +W (d1,d2) [x1 + x2] ,
(5.18)
with
W (d1,d2) = 2i
∑
k 6=0
kV
(1)
k V
(2)
k cos (k ·R12)
~ωk
, (5.19)
where Rjq = |dj−dq|, and g(j)k = kV
(j)
k
~
. At this point we note that, to preserve the bare
oscillator potential in Eq. (5.8) and hence ensure a positively defined Hamiltonian, it is
conventional to introduce a counter term to the Hamiltonian. In this way the Hamiltonian
at hand can be interpreted as a minimal coupling theory with U (1) gauge symmetry
Kohler and Sols (2013). This term is important because its introduction guarantees that
no “runaway” solutions appear in the system, as shown in (Coleman and Norton, 1962a).
Nevertheless, we are committed not to introduce any artificial terms in the Hamiltonian
and maintaining the fact that we are considering a Hamiltonian that describes a physical
system. We will however identify a condition under which the problem of “runaway”
solutions will not appear.
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For the trapped impurities case, Hamiltonian (5.18) shows similarities to the Hamil-
tonian that describes the interaction of three harmonic oscillators in a common heat
bath (Valido et al., 2013a). However, the two Hamiltonians differ in the following three
aspects: First, our Hamiltonian describes the interaction as a coupling between the po-
sition of the particle and a modified expression of the momentum of the bath particles
while (Valido et al., 2013a) describes a position-position interaction. Second, the term
W (d1,d2) [x1 + x2] is absent in the Hamiltonian in (Valido et al., 2013a); Finally, our
Hamiltonian lacks the counter term which is artificially introduced in (Valido et al., 2013a)
that results in a renormalization of the potential of the harmonic oscillator.
5.1.2 Heisenberg equations
From here on we treat only the one dimensional case, i.e. we assume that the BEC and
the impurities are so tightly trapped in two directions as to effectively freeze the dynamics
in those directions. In practice, the one dimensional coupling constant has to be treated
appropriately, as discussed in (Olshanii, 1998). To study the out-of-equilibrium dynamics
of the system, we first obtain the Heisenberg equations, which read as
dxj
dt
=
i
~
[H, xj] =
pj
mj
, (5.20a)
dpj
dt
=
i
~
[H, pj] = −mjΩ2jxj (t)− i
∑
k 6=0
~g
(j)
k
(
bke
ikdj − b†ke−ikdj
)
, (5.20b)
dbk
dt
=
i
~
[H, bk] = −iωkbk −
2∑
j=1
g
(j)
k e
−ikdjxj, (5.20c)
db†k
dt
=
i
~
[
H, b†k
]
= iωkb
†
k −
2∑
j=1
g
(j)
k e
ikdjxj. (5.20d)
Next we solve the equations of motion for the bath particles (5.20c) and (5.20d),
bk (t)=bk (0) e
−iωkt −
∫ t
0
2∑
j=1
g
(j)
k e
−ikdjxj (s) e−iωk(t−s)ds, (5.21)
b†k (t)=b
†
k (0) e
iωkt −
∫ t
0
2∑
j=1
g
(j)
k e
ikdjxj (s) e
iωk(t−s)ds. (5.22)
Replacing these in Eqs.(5.20a)-(5.20b) yields the following equations of motion for the
two particles
mjx¨j +mjΩ
2
jxj +mjW (d1, d2)−
∫ t
0
2∑
q=1
λjq (t− s) xq (s) ds = Bj (t, dj) , (5.23)
where Bj (t, dj) plays the role of the stochastic fluctuating forces, given by
Bj (t, dj)=
∑
k 6=0
i~g
(j)
k
[
ei(ωkt−kdj)b†k (0)−e−i(ωkt−kdj)bk (0)
]
, (5.24)
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and the memory friction kernel λjq (t− s) reads as
λjq (t) =
∑
k 6=0
Θ
(
t−
∣∣∣∣kRjqωk
∣∣∣∣) g˜(jq)k sin (kRjq + ωk (t− s)) , (5.25)
with, g˜
(jq)
k = 2~g
(j)
k g
(q)
k . In the literature, λjq (t), is also referred to as the dissipation kernel,
or also the susceptibility. The Heaviside function guarantees causality by introducing the
corresponding retardation due to the finite distance dj − dq between the centers of the
two harmonic oscillators. The two are related by the Kubo formula as
λjq (t− s) = −iΘ
(
t−
∣∣∣∣kRjqωk
∣∣∣∣) 〈[Bj (t, dj) , Bq (s, dq)]〉ρB . (5.26)
Hence, we understand that the reason the Heaviside step function arises is due to the fact
that the forces commute for time-like separations. On the left hand side of Eq. (5.23)
appears a restoring force which is originated by the fact that the impurities are similar to
two harmonic oscillators. Furthermore, also non-local terms appear due to the interaction
of the impurities with the environment, in particular a dissipative self-force and a history-
dependent non-Markovian interaction between the two impurities. Both of these non-
linear terms are a consequence of the coupling of the impurities to the bath. On the right
hand side, the stochastic fluctuating force appears with Gaussian statistics, i.e. the first
moment, which is assumed to be 〈Bj (t, dj)〉 = 0 for j = 1, 2, and the second moment of
the probability distribution related to the state of the stochastic driving force Bj (t, dj) is
enough to describe the state of the bath.
There is another equivalent way of writing the equations of motion for the particles,
in terms of the damping kernel Γjq (t− s), related to the susceptibility as 1mjλjq (t− s) :=
− ∂
∂t
Γjq (t− s), which will enable us to identify a condition on the range of parameters for
which our system is valid. Making use of the Leibniz integral rule, one can show that
− 1
mj
∫ t
0
λjq (t− s) xq (s) ds = −Γjq (0) xq (t) + ∂
∂t
∫ t
0
Γjq (t− s) xq (s) ds. (5.27)
With this, one can rewrite the equations of motion for each particle position in terms of
the damping kernel
x¨j+Ω
2
jxj−
2∑
q=1
Γjq (0) xq (t)+
1
mj
W (d1, d2)+
∂
∂t
[∫ t
0
2∑
q=1
Γjq (t− s) xq (s) ds
]
=
1
mj
Bj (t, dj) .
(5.28)
One can identify that Γjq (0) xq (t) in equations of motion (5.28) play the role of renor-
malization terms of the harmonic potential. Most importantly, these terms will not be
present in case one includes a counter term in the initial Hamiltonian, Eq. (5.18). Under
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the assumption of weak coupling, one expects that these terms will not affect the long-
time behaviour of the system, as explained in (Breuer and Petruccione, 2007b). At the
end of this section we obtain the necessary condition that ensures the positivity of the
Hamiltonian.
It is useful to write Eqs. (5.23) as a single vectorial equation,
X¨ (t) + Ω2X (t)−M−1
∫ t
0
λ (t− s)X (s) ds =M−1 (BT (t, d1, d2)−W (d1, d2) I) I,
(5.29)
where
X (t)=
(
x1 (t)
x2 (t)
)
, M=
(
m1 0
0 m2
)
, Ω2=
(
Ω21 0
0 Ω22
)
, (5.30)
W (d1, d2) =
(
W1 (d1, d2)
W2 (d1, d2)
)
, (5.31)
λ (t− s) =
(
λ11 (t− s) λ12 (t− s)
λ21 (t− s) λ22 (t− s)
)
, (5.32)
B (t, d1, d2) =
(
B1 (t, d1)
B2 (t, d2)
)
. (5.33)
Equivalently, the vectorial equation that corresponds to Eqs. (5.28) (i.e. in terms of the
damping kernel), is
X¨ (t) + Ω˜
2
X (t) +
∂
∂t
∫ t
0
Γ (t− s)X (s) ds =M−1 (BT (t, d1, d2)−W (d1, d2)) I, (5.34)
where
Γ (t− s) =
(
Γ11 (t− s) Γ12 (t− s)
Γ21 (t− s) Γ22 (t− s)
)
, (5.35)
Ω˜
2
=
(
Ω21 − Γ11 (0) −Γ12 (0)
−Γ21 (0) Ω22 − Γ22 (0)
)
. (5.36)
We then introduce the transformation matrix Q = OX such that Eq. (5.34) transforms
into
Q¨ (t) + Ω˜D
2
Q (t) +
∂
∂t
∫ t
0
Ξ (t− s)Q (s) ds =M−1 (DT (t, d1, d2)−OW (d1, d2)) I,
(5.37)
where Ξ (t− s) = O Γ (t− s)OT , DT (t, d1, d2) = O BT (t, d1, d2) and
Ω˜D = O Ω˜
2
OT =
(
Ω˜1D 0
0 Ω˜2D
)
, (5.38)
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i.e. it is diagonal. In the following sections we solve Eqs (5.29) and (5.34) for the cases
under study, by considering the Laplace or Fourier transforms as is presented in section
5.1.4.
We now identify from Equation (5.29) the condition under which even though the
Hamiltonian lacks an ad hoc introduced renormalization term, this does not affect the
long-time dynamics of the particles. This condition is that both Ω˜1D , Ω˜
2
D > 0, because
this way the Hamiltonian remains positive–definite and diverging solutions are avoided.
In particular, it is required that
1
2
[
Γ11 (0) + Γ22 (0)− Ω21 − Ω22 +
[
4Γ12 (0) Γ21 (0) +
(
Γ11 (0)− Γ22 (0)− Ω21 + Ω22
)2 ]1/2]
<0.
(5.39)
This imposes a restriction on the coupling constants range. Note that if we decouple the
second particle i.e. if g
(2)
k = 0 for all k, then we obtain the same condition as for the one
particle, Ω21 > Γ11 (0) (Lampo et al., 2017b).
5.1.3 Spectral density
Let us write the dissipation kernel in Eq. (5.25) as
λjq (t− s) =
∫ ∞
0
[
Jantisym.jq (ω) cos (ω (t− s)) + J sym.jq (ω) sin (ω (t− s))
]
dω, (5.40)
where we identify the spectral densities as
Jantisym.jq (ω, t− s) =
∑
k 6=0
Θ
(
t− s−
∣∣∣∣kRjqωk
∣∣∣∣) g˜(jq)k δ (ω − ωk) sin (kRjq) , (5.41)
and
J sym.jq (ω, t− s) =
∑
k 6=0
Θ
(
t− s−
∣∣∣∣kRjqωk
∣∣∣∣) g˜(jq)k δ (ω − ωk) cos (kRjq) . (5.42)
We note that g
(j)
k g
(q)
k is an even function of k, which implies that J
antisym.
jq (ω) = 0. Then,
in App. B.1 we show that in the continuum limit of the spectrum, Eq. (5.40) takes the
following integral form for a system with 1D environment
λjq (t− s) =
∫ ∞
0
Θ
(
t− s−
∣∣∣∣kωRjqω
∣∣∣∣) Jjq (ω) sin (ω (t− s)) dω, (5.43)
with
Jjq (ω) = τ˜jqω
3 cos (kωRjq)χ1D (ω) , (5.44)
where
τ˜jq = 2m˜τηjηq, (5.45)
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with
ηj =
g
(j)
IB
gB
, (5.46)
and
τ =
1
2πm˜
(
mB
n0g
1/3
B
)3/2
, (5.47)
represents the relaxation time, with m˜ = m1m2
m1+m2
. For the single impurity case, R12 = 0
and η2 = 0, we obtain a cubic dependence of the spectral density on ω, in accordance with
the results obtained in (Lampo et al., 2017b). It is worth noting here that the validity
of the Fro¨hlich type Hamiltonian we have here imposes a restriction on ηj (Grusdt and
Demler, 2015, Grusdt et al., 2017a), namely
ηj 6 π
√
2n0
gBmB
. (5.48)
Therefore, we restrict ourselves within this limit, which for typical values of the related
parameters, such as for example gB = 2.36 × 10−37J · m and n0 = 7 (µm)−1 which are
values that were experimentally considered in (Catani et al., 2012b), becomes η(cr) ≈ 7.
This condition is satisfied for all the values of ηj, gB and n0 considered here. Note also
that within the range of coupling strengths that we will consider, we assume that we
also avoid the scenario of the two impurities forming a bipolaron (Casteels et al., 2013),
i.e. that
(
g
(j)
IB
)2
/ξgB < 1.22 for j = 1, 2. Finally, kω in Eq. (5.44) is the inverse of the
Bogoliubov spectrum
kω =
1
ξ
√√√√√
1 + 2
(
ξω
c
)2
− 1,
and the susceptibility is
χ1D (ω) = 2
√
2
(
Λ
ω
)3 [√1 + ω2Λ2 − 1] 32√
1 + ω
2
Λ2
, (5.49)
where c is the speed of sound, ξ the coherence length, and
Λ =
gBn0
~
. (5.50)
One identifies two opposite limits for χ1D (ω), i.e. ω ≪ Λ and ω ≫ Λ. Hence Λ appears
naturally as the characteristic cutoff frequency to distinguish between low and high fre-
quencies. Note that the spectral density exhibits a super-ohmic behaviour given by the
third power of the bath frequency in the continuous limit. Same behaviour was found in
(Efimkin et al., 2016b, Bonart and Cugliandolo, 2012b, Peotta et al., 2013) for analogous
problems, and it is attributed to the linear part of the Bogoliubov spectrum. With such
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a spectral density, it can be shown that certain quantities, e.g. the momentum dispersion
would be divergent, unless the high frequencies are somehow removed from the spectrum.
This can be achieved by introducing an ultraviolet cutoff given by Λ such that only the
part of the spectrum where ω < Λ remains. Upon doing so, χ1D (ω) → 1, and the Bo-
goliubov spectrum takes the linear form ω = c |k| such that the spectral density becomes
Jjq (ω) = τ˜jqω
3 cos
(ω
c
Rjq
)
. (5.51)
We consider two different possible analytical forms of the cut-off, the sharp one
Jjq (ω) = τ˜jqω
3 cos
(ω
c
Rjq
)
Θ(ω − Λ) , (5.52)
provided by an Heaviside function, and the exponential cutoff
Jjq (ω) = τ˜jqω
3 cos
(ω
c
Rjq
)
e−
ω
Λ . (5.53)
In (Lampo et al., 2017b), it is shown that the physics of the system in the long-time
limit, i.e. associated to frequency regime ω ≪ Λ, does not depend on the existence, nor
the form, of the cutoff. In this paper we will use both types of cutoffs depending on
the problem at hand, namely we will use the exponential cutoff whenever we study the
problem for distances between the traps of each kind of impurity different than 0 and
the sharp cutoff otherwise. Finally, note that in comparison to the equations of motion
obtained in (Valido et al., 2013a), in our case the couplings of the two particles can be
different, adding an extra parameter.
5.1.4 Solution of Heisenberg equations and covariance matrix
To evaluate the covariances one needs to solve the above equations of motion. In par-
ticular, we solve Eq. (5.34) by first obtaining the solution for the homogeneous equation,
and then adding to that the particular solution (Breuer and Petruccione, 2007b, Lampo
et al., 2017b),
X (t) = G1 (t)X (0) +G2 (t) X˙ (0) +
∫ t
0
dsG2 (t− s)
[(
BT (s, d1, d2)−W (d1, d2)
)
I
]
,
(5.54)
where
Lz
[
G1 (t)
]
=
zI
z2I+ IΩ˜
2
+ zLz
[
Γ (t)
] , (5.55)
and
Lz
[
G2 (t)
]
=
1
z2I+ IΩ˜
2
+ zLz
[
Γ (t)
] , (5.56)
with Lz [·] denoting the Laplace transform. Notice that the second function is often
referred to as the susceptibility, in analogy with the harmonic oscillator. It basically
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carries the same information as ∂
∂t
Γ (t− s), which is what we refer to as susceptibility in
this paper. We now need to evaluate the covariance matrix
C (0) =
(
CXX (0) CXP (0)
CPX (0) CPP (0)
)
, (5.57)
with P (t) = (p1 (t) , p2 (t))
T the momentum vector and
CAB (t− t′) = 1
2
〈
A (t)BT (t′) + B (t′)AT (t)
〉
. (5.58)
Hence, matrix (5.57) is constructed from the vector Y (t) = (x1 (t) , x2 (t) , p1 (t) , p2 (t))
as the product 1
2
〈{Y T (t) · Y (t) , (Y T (t) · Y (t))T}〉ρB . Furthermore, if we assume the
initial state of the system to be of the Feynman-Vernon type, i.e. ρ (0) = ρ12 (0) ⊗ ρB,
then quantities like
〈
X (0)BT (t, d1, d2)
〉
will vanish. We note that the appearance of the
extra term W (d1, d2) in the dynamics, absent in (Valido et al., 2013a), indeed does not
affect the evaluation of the covariance matrix since we are only interested in averages
with respect to the state of the bath. In addition, the bath is assumed to be large enough
such that the effects of the impurity dynamics on the state of the bath are assumed to
be negligible. Proceeding in a similar manner as in (Lampo et al., 2017b) for a thermal
equilibrium bath at temperature T we conclude that the equal time correlation function
of position reads as
Cxjxq (0) = ~
∫ ∞
0
dω coth
[
~ω
2kBT
]
Kjq (ω) , (5.59)
where
Kjq (ω)=
2∑
k,s=1
(
L−iω
[
G2 (t)
])
jk
Jks (ω)
(
Liω
[
G2 (t)
])
sq
. (5.60)
Similarly, one can obtain the position-momentum and momentum-momentum blocks of
the covariance matrix,
Cxjpq (0) = ~
∫ ∞
0
dω (imqω) coth
[
~ω
2kBT
]
Kjq (ω) , (5.61)
and
Cpjpq (0) = ~
∫ ∞
0
dωmjmqω
2 coth
[
~ω
2kBT
]
Kjq (ω) . (5.62)
Notice that for g2k = 0 ∀k , i.e. by removing the second particle from the system, one
reproduces the expressions provided in (Lampo et al., 2017b) for the single particle case,
by considering the Laplace transform of the damping kernel Lz
[
Γ (t)
]
. Importantly, in
the presence of the second particle, the expressions for (5.59), (5.61) and (5.62) can still be
obtained with the method described in (Lampo et al., 2017b), but only when dj − dq = 0,
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i.e. when the centers of the particle potentials are in the same position. Indeed, for
dj − dq = 0, the Laplace transform of the damping kernel can be computed as
Lz [Γjq (t)] = zτ˜jq
[
Λ− z arctan
(
Λ
z
)]
. (5.63)
However, if dj − dq 6= 0, Lz
[
Γ (t)
]
cannot be obtained as the integral does not converge.
In such case, we use the method presented in (Valido et al., 2013a), where the Fourier
transform of the susceptibility is evaluated instead, through the usage of the Hilbert trans-
form to solve Eq. (5.29). In the following, we find that we circumvent the aforementioned
problem by using the Fourier method. By doing so, we are avoiding the integral on the
imaginary axis, since the following relation is known between the Fourier and Laplace
transforms
f˜±(ω) = limǫ→0[fˆ(ǫ+ iω)± fˆ(ǫ− iω)], (5.64)
for even (+) and odd (-) functions respectively, for the functions J(ω), i.e. the spectral
density, and λ(ω), i.e. the susceptibility, where the definition of the Fourier transform
is (Fleming and Cummings, 2011)
f˜(ω) =
∫ +∞
−∞
dte−iωtf(t)[θ(t) + θ(−t)]. (5.65)
The correlation functions take the following form
Cxjxq (0) =
~
2π
∫ ∞
−∞
dω coth
[
~ω
2kBT
]
Qjq (ω) , (5.66)
where
Qjq (ω) =
2∑
k,s=1
(
α (ω)
)
js
· Im [λ (ω)]
sk
· (α (−ω))
kq
, (5.67)
and Im[.] is the imaginary part. Here,
α (ω) =
1
−ω2I+ Ω2I+ 1
M
Fω
[
λ (t)
] . (5.68)
From (Valido et al., 2013a) we have
Im[λ (ω)] = −~ (Θ (ω)−Θ(−ω)) J (ω) , (5.69)
where λ (ω) is the Fourier transform of the susceptibility λ (t). We remind that the bath
is assumed to be at thermal equilibrium. Equation (5.66) was proven in (Ludwig et al.,
2010). The other autocorrelation functions can be obtained in a similar way once we
relate the momentum to the time derivative of the position as
Cxjpq (0) =
~
2π
∫ ∞
−∞
dω (imqω) coth
[
~ω
2kBT
]
Qjq (ω) , (5.70)
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and
Cpjpq (0) =
~
2π
∫ ∞
−∞
dωmjmqω
2 coth
[
~ω
2kBT
]
Qjq (ω) . (5.71)
To proceed further, one needs to evaluate Fω
[
λ (t)
]
that appears in Eq. (5.68). We
already know the imaginary part of the susceptibility from Eq. (5.69). The real part of
the susceptibility can be obtained by making use of the Kramers-Kronig relations, which
mathematically means that one has to take the Hilbert transform H of the imaginary
part of the susceptibility
Re [λjq (ω
′)] = H [Im[λjq (ω)]] (ω′)
=
1
π
P
∫ ∞
−∞
Im[λjq (ω)]
ω − ω′ dω, (5.72)
where Re is the real part and P denotes the Cauchy principal value.
For the particular form of the spectral density in Eq. (5.53), the susceptibility takes
the following form:
λjq (ω) = −~τ˜jq
π
{
ω3Re [g (ω)− g (−ω)] + πω3Im [Θ(ω) e−ωΛ+iωc Rjq +Θ(−ω) eωΛ−iωc Rjq]
+ 2ω2
Λ
1 +
(
Λ
Rjq
c
)2 + 4
(
1
Λ3
− 3R
2
jq
Λc2
)
(
1
Λ2
+
R2jq
c2
)3
}
− i~Θ(ω) τ˜jqω3 cos
(ω
c
Rjq
)
e−
ω
Λ , (5.73)
with
g (ω) = e−
ω
Λ
+iω
c
RjqΓ
[
0,−ω
Λ
+ i
ω
c
Rjq
]
, (5.74)
where Γ [α, z] =
∫ z
−∞ t
α−1e−tdt denotes the incomplete gamma function.
Finally, we remark here that for the case R12 = 0, one could proceed by using the
Laplace transform as initially intended. With the work in (Correa et al., 2012) in mind,
one could think that an analytic expression could be obtained, but we explain Appendix
B.3, that this method is not applicable for a super-ohmic spectral density, and hence
numerical integration should be applied instead, as is the case for the method using the
Fourier transform.
Entanglement measure
We will address the existence and dependence of entanglement between the two im-
purities on the parameters of the model, both for trapped and untrapped impurities. For
continuous-variable systems, an entanglement measure based on the density matrix is not
conveniently calculable because the density matrix in this case is infinite-dimensional.
For Gaussian bipartite states however, there are a number of ways to circumvent this
problem (Weedbrook et al., 2012). In general, a state that is not separable is considered
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entangled. The well known Peres-Horodecki separability criterion (Peres, 1996, Horodecki
et al., 1996), which poses a necessary condition for separability, was shown to be easily
formulated for a Gaussian quantum bipartite state through the usage of the symplectic
eigenvalues of the covariance matrix of the bipartite system. However, this criterion alone
does not allow for a quantification of the entanglement in the system, because it does not
offer a way to quantify entanglement that is a monotonic function of the aforementioned
symplectic eigenvalues (Hsiang and Hu, 2015). For pure states a unique quantification
measure exists, which is the entropy of entanglement (Bennett et al., 1996a). This is
defined as the von Neumann entropy of the reduced states of the bipartite system. For
mixed states however this is not the case. In this case, there are a number of possible
measures of entanglement, such as the entanglement of formation (Bennett et al., 1996b),
the distillable entanglement (Horodecki et al., 2009b) and the logarithmic negativity (Vi-
dal and Werner, 2002). The first two are notoriously hard to calculate in general. For this
reason we resort to the usage of logarithmic negativity as the most convenient measure
to quantify entanglement. The logarithmic negativity is defined as
ELN (ρ12) = max [0,− ln (2ν−)] , (5.75)
where ρ12 is the density matrix of the two impurities and ν− is the smallest symplectic
eigenvalue of the partial transpose covariance matrix CT2 (0), where the partial transpose
is taken with respect to the basis of only one of the impurities. Here, we briefly present
the method to obtain the symplectic eigenvalues of CT2 (0). To do so, it will be more
convenient to reconstruct the covariance matrix in Eq. (5.57) using the rearranged vector
Yˆ (t) = (x1 (t) , p1 (t) , x2 (t) , p2 (t)) such that the matrix becomes
C (0) =
(
C11 (0) C12 (0)
C21 (0) C22 (0)
)
.
Thus, the diagonal matrices C11 (0) , C22 (0) represent the covariance matrices of the first
and second particle respectively, and C21 (0) = C
T
12 (0) represent the correlations between
the two particles. It can be shown that, for such Gaussian quantum bipartite systems,
partial transposition corresponds to time reversal (Horodecki et al., 1998). Therefore
the partial transpose of C (0) with respect to the second particle degrees of freedom is
obtained by assigning a minus sign to all the entries of the matrix where p2 (t) appears.
The symplectic spectrum then is obtained as the standard eigenspectrum of
∣∣iQCT2 (0)∣∣
where Q is the symplectic form and |.| represents taking the absolute value. The 4×4
symplectic matrix is defined as [
Yˆj (t) , Yˆq (t)
]
= i~Qjq, (5.76)
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which in our case it reads as
Q =

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
 .
The final result is a diagonal matrix CT2diag. (0) with diagonal entries diag (ν1, ν1, ν2, ν2) from
which the smallest one is selected and introduced in Eq. (5.75) to obtain a quantification
of entanglement. At the Hilbert space level, this symplectic diagonalization transforms
the state into a tensor product of independent harmonic oscillators (Vidal and Werner,
2002), each of which is in a thermal state, the temperature of which is a function of νj. We
recall that the Peres-Horodecki criterion states that if a density matrix ρ12 of a bipartite
system is separable, then ρT212 ≥ 0. The logarithmic negativity quantifies how much this
condition is not satisfied (Weedbrook et al., 2012).
In (Adesso et al., 2004, Adesso and Illuminati, 2005) it was shown that logarithmic
negativity quantifies the greatest amount of EPR correlations which can be created in
a Gaussian state by means of local operations, and in (Plenio, 2005) it was shown that
logarithmic negativity provides an upper bound to distillable entanglement. The form
of the symplectic eigenvalues can be explicitly given for the bipartite Gaussian system
above using symplectic invariants constructed from determinants of the covariance matrix
as (Ho¨rhammer and Bu¨ttner, 2008, Simon, 2000)
ν± =
√
∆±
√
∆2 − 4 det [CT2 (0)]
2
, (5.77)
where ∆ = det [C11 (0)]+det [C22 (0)]−2 det [C12 (0)]. In this scenario, the uncertainty re-
lation can also be conveniently expressed in terms of the symplectic invariants constructed
from determinants of the covariance matrix. In particular, it becomes equivalent to the
following three conditions
CT2 (0) > 0, (5.78a)
det
[
CT2 (0)
] ≥ 1
2
, (5.78b)
∆ ≤ 1 + det [CT2 (0)] . (5.78c)
This can also be proven to be equivalent to the condition that the lowest eigenvalue of
the symplectic matrix of C (0), is larger than 1
2
, i.e.
ν˜− ≥ 1
2
. (5.79)
We notice here that the logarithmic negativity can take arbitrarily large values as ν−
can in principle go to 0, with the uncertainty principle still being satisfied. To attain
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maximal, finite entanglement, one has to fix the values of both local and global purities of
the state of the two-impurity system (Adesso et al., 2004, Adesso and Illuminati, 2005).
Note also that one can construct an estimate of entanglement, the average logarithmic
negativity, that is a function of these purities, which are easier to measure in an experi-
ment (Adesso et al., 2004, Adesso and Illuminati, 2005). However, in this work we focus
on the study of the logarithmic negativity itself, because for the amount of entanglement
that we find in our numerical results, average logarithmic negativity is not a good esti-
mate, i.e. the error as defined in (Adesso et al., 2004, Adesso and Illuminati, 2005) is
large.
We comment here on the experimental feasibility of our studies. From a practical
point of view, there are two kind of terms that appear in the covariance matrix that one
should evaluate, single particle expectation values, such as
〈
x2j
〉
,
〈
p2j
〉
, and crossterms
such as 〈x1x2〉 , 〈p1p2〉. For the former, there are already experiments in which one is
able to evaluate them (Catani et al., 2012b). The idea is that one measures the position
(or momentum) of the particle using a time of flight experiment in a system with a two
species ultracold gas, in which one of the species is much more dilute - dilute enough as to
consider its atoms as impurities immersed in a much bigger BEC. The position variance
is obtained from the time-of-flight experiments, by releasing the atoms into free space
initially and after allowing for the free expansion of their wavefunction for some time,
measuring their position by irradiating them with a laser. Nevertheless, this method is
not ideal for obtaining the real space information of a trapped sample, since during the
free expansion process, signals from other atoms can easily be mixed with the signal of
the atoms of interest. Furthermore, the current status of time-of-flight experiments does
not allow for the measurement of the cross-term covariances, which as of now there are
no experiments to measure them, but we believe that one should be able in principle to
do so.
In particular, a quantum gas microscope (Sherson et al., 2010, Bakr et al., 2009) might
be an option. This technique uses optical imaging systems to collect the fluorescence light
of atoms, and has been used in the study of atoms in optical lattices, achieving much better
spatial resolution (Sherson et al., 2010, Bakr et al., 2009), and avoiding the aforementioned
problem with time-of-flight experiments. With this technique, in principle, one should be
able to measure all elements of the covariance matrix.
In the past quantum gas microscopes have been used to study spatial entanglement
between itinerant particles, by means of quantum interference of many body twins, which
enables the direct measurement of quantum purity (Islam et al., 2015). In addition, there
is an alternative way to study entanglement in continuous variable system, and that is by
means of the average logarithmic negativity (Adesso et al., 2004). This quantity, can be
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related to the global and local purities of our system, which are measurable quantities.
Nevertheless this is a more brute measure, since it is not estimated directly from the state
of our system, and hence it may miss to detect entanglement for the actual state of our
system.
Even if this is the case for average logarithmic negativity, with the knowledge of the
existence of this measure and the technique of quantum gas microscopes, one could still
consider this way of measuring entanglement as the worst case scenario. In general, it
is known that to measure entanglement in a system of continuous variables is a difficult
task, which is a problem that is not restricted to our case.
Squeezing
Once the covariance matrix is obtained, squeezing in the long time limit state of the
system can also be rigorously studied. To this end one can use a set of criteria identified
in (Simon, 2000). As is noted in this work, squeezing in phase space in a system is a
consequence of the appearance of non-compact terms in the Hamiltonian, i.e. terms that
do not preserve the particle number, of the form
H ∼ a†ja†q ± ajaq. (5.80)
This is indeed the form of the interacting part of the Hamiltonian in Eq. (5.18) once we
write it in terms of creation and annihilation operators of the harmonic oscillators
xj ∼
(
a†j + aj
)
pj ∼
(
a†j − aj
)
and observe that in the Hamiltonian, terms of the form
a†jb
†
q ± ajbq
appear. The criterion derived in (Simon, 2000) states that if
νmin ≤ 1
2
, (5.81)
where νmin is the smallest normal eigenvalue of the covariance matrix (not to be mistaken
with the symplectic eigenvalue), then the state is said to be squeezed.
5.2 Results
Before presenting any results, we note that the following checks are made in order to
guarantee that the assumptions presented in the previous section are valid. For all the
parameters for which we present results here we check:
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1. that the constraints for the validity of the linear approximation described in (Lampo
et al., 2017b) hold; In particular, for the case of untrapped particles we check that
the condition
χ(Un) :=
kBT
~c
√
~τM−1
2
tΛ
α(η)
< 1, (5.82)
is fulfilled. This implies an upper bound on the time we can study the impurities.
For the case of trapped particles the condition reads as
χ(Tr) :=
kBT
~c
√
2M Ω CXX(0)
~
< 1; (5.83)
2. that the condition Eq. (5.39) for the positivity of the Hamiltonian holds;
3. that the interactions are not so strong as to make invalid the initial Hamiltonian,
as discussed in (Grusdt and Demler, 2015, Grusdt et al., 2017a) (see also discussion
in (Lampo et al., 2017b)); In particular the interaction strengths ηj for j ∈ 1, 2 have
to satisfy
ηj < ηcrit := π
√
2n0
mBgB
; (5.84)
4. that the Heisenberg uncertainty principle condition Eq. (5.79) holds;
5. that the high temperature limit obeys equipartition theorem, meaning that at the
limit of T →∞ 〈
x2j
〉
,
〈
p2j
〉 ∝ T 12
for j ∈ 1, 2. We used the fact that this latter condition was violated as an indication
of problems with the numerical integrations that we performed.
5.2.1 Out-of-equilibrium dynamics and entanglement of the
untrapped impurities
In this section, we study the case of untrapped impurities, Ω1 = Ω2 = 0. We restrict
our studies to the low temperature regime, which is given by the condition kBT ≪ ~Λ.
In the untrapped impurities case, the time dependent expressions for the Mean Square
Displacement (MSD), defined in Eq. (6.80), the average energy and the entanglement can
be obtained analytically. We emphasize that some of these quantities, such as the MSD,
can be measured in the lab for ultracold gases (Catani et al., 2012b). Our first aim, is
to solve the equation of motion (5.54). To obtain analytic expressions for G1 (t), G2 (t),
we first consider the particular form of their Laplace transforms, Eqs. (5.55) and (5.56).
110
5. Two distinguishable Impurities in a BEC: Squeezing and Entanglement of two Bose
polarons
They now read as
Lz
[
G1 (t)
]
=
zI
z2I+ zLz
[
Γ (t)
] = 1
z + Lz
[
Γ (t)
]I, (5.85a)
Lz
[
G2 (t)
]
=
1
z2I+ zLz
[
Γ (t)
] . (5.85b)
The above equations depend on the form of the damping kernel. Thus, to get G1 (t) and
G2 (t), one needs to compute the Laplace transform of the damping kernel, Eq. (5.63).
In the long time limit, i.e. when Re[z]≪ Λ, the Laplace transform of the damping kernel
reads
Lz [Γjq (t)] = zτ˜jqΛ +O
(
z2
)
. (5.86)
Hence equation (5.85a) can be easily inverted to get
G1 (t) =
1
1 + τ˜jqΛ
I. (5.87)
while
Lz
[
G2 (t)
]
=
1(
I+ Λτ˜
)
z2
, (5.88)
where
τ˜ =
(
τ˜11 τ˜12
τ˜21 τ˜22
)
.
This can be inverted as
G2 (t) =
t(
I+ Λτ˜
) =
(
I+ Λ
(
τ˜22 −τ˜12
−τ˜21 τ˜11
))
t
(1 + Λτ˜11) (1 + Λτ˜22)− Λ2τ˜12τ˜21 ,
which we rewrite as
G2 (t) = αt with α =
(
α11 α12
α21 α22
)
, (5.89)
with
αjq =
(
Ijq + (−1)j+q Λτ˜jq
)
(1 + Λτ˜11) (1 + Λτ˜22)− Λ2τ˜12τ˜21 . (5.90)
Finally, the solutions of the equations of motion for the two impurities, written in the
form of Eqs. (5.54), read as
xj(t)=
∑2
q=1
1
1+τ˜jqΛ
xj (0)+αjqx˙q (0)t+
∫ t
0
(t− s)αjqBq (s)ds, (5.91)
where
Bj (t) =
∑
k 6=0
i~gjk
[
eiωktb†k (0)− e−iωktbk (0)
]
.
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Fig. 5.1 Time dependence of the entanglement between the two kinds of untrapped
impurities. Entanglement, as evaluated using Eq. 5.75, is observed at the long but not
infinite time limit, for the case of untrapped impurities of potassium K in a bath of
particles of Rubidium Rb, at the low temperature limit. The initial variances of position
and velocity for the two particles, as well as their covariances, are assumed to be 0, i.e.
〈x2j (0)〉 = 〈x˙2j (0)〉 = 〈x˙j (0) xq (0)〉 = 〈x˙j (0) x˙q (0)〉 = 0 for j ∈ {1, 2}, however the
qualitative behavior was the same for other initial conditions as well, namely for setting
all quantities equal to a finite value (in particular equal to 1). Entanglement, decreases
to zero as time passes. It is studied for a number of different coupling constants η2 of
the second impurity. The rest of the parameters are Ω = 2π · 500Hz, η1 = 1,
gB = 3 · 10−37J ·m and n0 = 7(µm)−1. It is observed that increasing η2 decreases both
the value of the entanglement and the time at which it reaches zero.
Now, we can evaluate, first, the MSD for each one of the particles. The MSD is defined
as 〈
[xj (t)− xj (0)]2
〉
. (5.92)
For the sake of simplicity, and to study the dynamical evolution of the MSD of the
impurities purely due to their interaction with the bath, we assume that the initial states
of the impurities and the bath are uncorrelated, ρ (0) = ρI (0) ⊗ ρB, such that averages
of the form 〈x˙j (0)Bq (s)〉, that would otherwise appear in the expression, vanish. In the
results presented in Fig. 5.1, we assumed that there are no initial correlations between
the two impurities such that the terms 〈x˙j (0) xq (0)〉 and 〈x˙j (0) x˙q (0)〉 for j 6= q also
vanish. Nevertheless, the case of finite values for these expectation values, in particular
all of them being equal to 1, was also considered without seeing a qualitative difference
in the results. Furthermore, to evaluate the MSD one needs to evaluate
〈{Bj (t) , Bq (s)}〉 = 2~νjq (t− s) , (5.93)
where
νjq (t− s) = Θ (t− s)
∫ ∞
0
Jjq (ω) coth
(
~ω
2kBT
)
cos (ω (t− s)) dω,
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is the noise kernel. To prove this, we used the fact that for a bath mode at thermal
equilibrium at a temperature T , 〈
b†kbk
〉
=
1
e
~ω
kBT − 1
.
Then the expression for the MSD of one of the particles, in the long time limit, takes the
form 〈
[xj (t)− xj (0)]2
〉
ρ(t)
= α2jj
〈
x˙2j (0)
〉
t2
+
1
2
2∑
y,k=1
αjkαjy
mkmy
∫ t
0
ds
∫ t
0
dσ (t− s)(t− σ)〈{Bk (t) , By (s)}〉 . (5.94)
In the regime of low temperatures, where coth
(
~ω
2kBT
)
≈ 1, the MSD becomes
〈
[xj (t)− xj (0)]2
〉
ρ(t)
=
(
α2jj
〈
x˙2j (0)
〉
+
1
2
2∑
y,k=1
~αjkαjy τ˜kyΛ
2
mymk
)
t2. (5.95)
Therefore, we find that the particles motion is superdiffusive. We note here that the same
result was found for the single particle case (Lampo et al., 2017b), where this effect was
attributed to the memory effects present in the system. In this context the result in Eq.
(6.80) represents a witness of memory effects on a measurable quantity.
In (Guarnieri et al., 2016, Haikka et al., 2011) the presence of memory effects is
associated to backflow of energy. To examine whether such backflow of energy appears
in our system as well, we derive an expression for the average energy of the system as a
function of time. To do so, we need an expression for the time evolution of the momentum,
which reads as
pj (t) = mjx˙j (t)=mj
(
2∑
q=1
αjqx˙q (0)+
∫ t
0
αjqBq (s) ds
)
. (5.96)
Thus, in the low temperature limit, the average energy as a function of time, reads as
Ej (t)=
〈
p2j
〉
2mj
=
2∑
q,y=1
gqIBn0 + αjqEq (0) +
~
2
αjqαjymq τ˜qyΛ
2
− ~αjqαjy τ˜qy 1
t2
[cos (Λt) + Λt sin (Λt)− 1] . (5.97)
The oscillatory behaviour of the energy suggests that, in addition to the traditional dissi-
pation process where the impurity loses energy, also the environment provides energy to
the impurity, i.e. we detect a backflow of energy from the environment to the impurity.
We note that, in the two particles case, the diffusion coefficient in Eq. (6.80) is different
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for each particle [see expression for αjq, Eq. (5.90)]. Thus, it depends on the interactions
of each kind of particle with the BEC and the mass of each particle, together with the
density and coupling constant of the BEC [see expression for the cutoff frequency, Λ,
Eq. (5.50)].
As explained in Sec. 5.1.4, we will use the logarithmic negativity to study entanglement
and hence the covariance matrix of the two impurities is needed. To this end, we find for
the low temperature case, coth (~ω/2kBT ) ≈ 1 and in the long-time limit, Re[z]≪ Λ
〈xjxq〉=
2∑
k,y=1
δky 〈xk(0)xy(0)〉+ δkyαjkαqy 〈x˙k (0) x˙y (0)〉 t2 (5.98a)
+
2~mjmq τ˜kyαjkαqy(1 + mod2(i+j))
mkmy
[
2γ − 2+ (Λt)
2
2
+2 cos (Λt)−2Ci (Λt)+2 log (Λt)
]
,
〈xjpq〉 = (5.98b)
2∑
k,y=1
δkymqαjkαqy 〈x˙k (0) x˙y (0)〉 t+~mjmq τ˜kyαjkαqy
mymkt
(
(Λt)2
2
−[cos (Λt)+Λt sin (Λt)−1]
)
,
〈pjpq〉 =
2∑
k,y=1
δkymjmqαjkαqy 〈x˙k (0) x˙y (0)〉 (5.98c)
+ 2mjg
j
IBn0δjq +
~mjmq τ˜kyαjkαqy
mymkt2
(
(Λt)2
2
−[cos (Λt)+Λt sin (Λt)− 1]
)
,
where in Eq. (5.98a) Ci(x) = − ∫∞
x
cos(t)
t
dt is the cosine integral function.
In Fig. 5.1 we depict the entanglement as a function of time for the low temperature
scenario and for different coupling constants η2. We find entanglement in the long-time
limit, which vanishes linearly. The maximum time at which entanglement reaches zero
is increased by decreasing the interactions of the second kind of impurities. For a given
time, entanglement increases with decreasing η2. Also, for a given time we found that
increasing η1 while keeping the ratio η1/η2 constant, increases entanglement. We also
studied the dependence of entanglement on density (not shown), finding that for large
enough densities, the higher the density, the less entanglement was found and the faster it
disappears. However, for low densities, increasing density increases entanglement. Since it
is the presence of the bath that entangles the particles, small density is necessary to induce
entanglement. This is in accordance with the results for the trapped impurities, presented
in next section. Quantitatively, entanglement of an order of magnitude larger was found
for a density of an order of magnitude smaller than the one presented in Fig. 5.1. We note
that, for each curve, there is a minimum time at which equipartition is fulfilled according
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to Eqs. (5.79). The form of ν− can be analytically obtained from the expressions (5.98).
We do not present it here explicitly to avoid long expressions.
Finally, the MSD for the relative motion r = x1 − x2 and center of mass R = (x1 +
x2)/2 coordinates can also be obtained. We find that they equally perform superdiffusive
motions. This means that both the variance of the distance between the two particles
and the center of mass increases ballisticaly on average. For the particular case where
the impurities are of the same mass and interact with the same strength with the BEC,
the relative distance variance is constant in time. This is showing that it decouples from
the bath. The center of mass position variance instead still grows ballisticaly with time.
Instead, we find that for this case still one can find entanglement. This indicates that the
vanishing of the entanglement at large times is not explained solely but the increase of
the relative distance variance.
5.2.2 Squeezing and Entanglement for Trapped impurities
We conjecture to find squeezing and entanglement between the two particles in the
regime where quantum effects play an important role. Thus, we consider the low tem-
perature regime for the case of harmonically trapped particles, namely the regime where
kBT ≪ ~Ωj with j = 1, 2. The parameters that we use are such that the condition (5.39)
that guarantees that no runaway solutions are encountered, is satisfied. At the same time
the coupling constants used are relatively strong such that the non-Markovian effects are
manifested. We find that for entanglement, one has to consider coupling constants in the
range that satisfies: g
(j)
IB /Ωj ∈ [0.01, 1], as below this range the bath effect is not enough
to create entanglement, while above this the effect of the bath destroys entanglement. In
the trapped case we make use of the covariance matrix whose elements are constructed
by numerical integration from Eq. (5.66), (5.70) and (5.71). In general, and unless stated
otherwise, we make the assumption that the centers of the harmonic traps are equal,
d1 = d2, as entanglement is maximized in such case.
5.2.3 Squeezing
In this section we study squeezing as a function of the parameters of the system and
the bath. To detect squeezing we make use of the condition (5.81). However, note
that the value of νmin is not a measure of the level of squeezing in the system, but a
criterion that squeezing occurs. In the numerical computations presented in Fig. 5.2, we
take Ω1 = 600πHz, Ω2 = 450πHz, n0 = 90(µm)
−1, η1 = 0.325 and R12/aHO = 0, where
distance was measured in units of a fixed harmonic oscillator length for both impurities
equal to αHO =
√
~/(mΩ), with m = m1 = m2 and Ω = πkHz a typical frequency of
the same order of magnitude as the frequencies considered throughout all of our studies.
Without loss of generality, we assumed d1 ≥ d2 such that R12 ≥ 0. In our studies, we
varied the temperature T , η2 and gB. The qualitative behaviour for a varying n0 was
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Fig. 5.2 Temperature dependence of the squeezing between the two kinds of trapped
impurities. In (a) we study the temperature dependence of squeezing for different values
of η2 with gB = 2.36 · 10−38J ·m and in (b) for different values of gB with η2 = 0.295. In
both cases we use impurities of potassium K in a bath of particles of Rubidium Rb and
we set: Ω1 = 600πHz, Ω2 = 450πHz, n0 = 90(µm)
−1, η1 = 0.325 and R12/aHO = 0.
found to analogous to that of gB, so the results with respect to this variable are not
shown. The parameters used are within current experimental feasibility (Catani et al.,
2012b). In Fig. 5.2(a) we studied squeezing as a function of temperature for a number of
different η2 and, in panel (b), squeezing as a function of the temperature for various gB.
First, we find squeezing at low temperatures, in the nK regime, that vanishes at higher
temperatures. Second, we observe that the temperature at which squeezing vanishes
increases with the coupling constant η2 or gB. Furthermore, as we will show in next
section, squeezing appears in the range of temperatures where entanglement appears as
well, as can be seen in Fig. 5.3, but the range is slightly larger than that for entanglement.
The existence of a relation of squeezing and entanglement is in agreement for example with
the work in (Paz and Roncaglia, 2008), where an ohmic spectral density was considered,
such that analytic results could be obtained, and they find in the long-time limit that the
logarithmic negativity was given by ELN (ρ12) = 2r with r being the two-mode squeezed
state squeezing parameter.
We also studied the position and momentum variances,
δxj =
√
2mjΩj
〈
x2j
〉
~
, δpj =
√
2
〈
p2j
〉
mjΩj~
, (5.99)
observing that indeed in the large temperature limit they approach the equipartition the-
orem. This means that, in this limit, the system is formally analogous to two independent
harmonic oscillators as expected. We used this as a test to verify the validity of our nu-
merical results. In appendix B.4 we study the equilibrium Hamiltonian in detail. This
allows us to find a prediction for the large temperature limit of, e.g., 〈x1x2〉 or 〈p1p2〉. We
found that these correlation functions do not vanish at large T , not implying the presence
of quantum correlations but only classical correlations in this limit. This is in agreement
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Fig. 5.3 Coupling strength dependence of the entanglement between the two kinds of
trapped impurities. (a) Entanglement as a function of T for various couplings. As shown,
for the values of η2 considered here, increasing the interactions of the second type of
impurities, η2, enhances entanglement, at fixed T . For increasing T , entanglement
decreases and eventually vanishes at certain Tcrit. (b) The Tcrit at which the
entanglement goes to zero increases with η2 and seems to saturate at large η2. (c) the
entanglement at fixed T = 4.35nK increases for a range of η2 and then decreases to zero.
In this case we considered n0 = 350(µm)
−1 and gB = 9.75 · 10−39J ·m. In all of the
graphs, we are considering impurities of potassium K in a bath of particles of Rubidium
Rb. The parameters used in these plots are: Ω1 = 600πHz, Ω2 = 450πHz, η1 = 0.325,
n0 = 90(µm)
−1, gB = 2.36 · 10−38J ·m and R12/aHO = 0
with the fact that one only finds entanglement for very low T .
In addition, we calculated the uncertainty δx1 when compared to δp1 , restricting only
to the regime where Heisenberg uncertainty principle was fulfilled. This amounts to
studying squeezing for the partially traced state of the system, tracing out the other kind
of impurities. This way we were able study how the introduction of a second kind of
impurities modified the squeezing found when defined as that of only one impurity (as is
done in (Lampo et al., 2017b)). We found that the squeezing observed for one particle
reduces as η2 increases.
5.2.4 Thermal entanglement induced by isotropic substrates
Here we study the appearance of thermal entanglement, i.e. assuming that the entan-
gled resource, the bath, connecting the two impurities is in a canonical Gibbs ensemble
density matrix at certain T . In general the following parameters were used: Ω1 = 600πHz,
Ω2 = 450πHz, η1 = 0.325, η2 = 0.295, n0 = 90(µm)
−1, T = 4.35nK, gB = 2.36 ·10−38J ·m
and R12/aHO = 0. In certain cases we consider other values of n0 and gB to study the
appearance of the phenomenon of the bath causing a decrease of the entanglement. Also,
some general comments about the results that will be presented below, are the following.
First, it was observed that parameter regimes existed in which the uncertainty principle,
translated into the condition Eq. (5.79), was not satisfied. We only present results when
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this condition is fulfilled. In the results presented here, entanglement is normalized based
on the instance of maximum entanglement found in the system, which was obtained
for the following parameters: Ω1 = 600πHz, Ω2 = 450πHz, η1 = 0.325, η2 = 0.295,
n0 = 90(µm)
−1, T = 0.0435nK, gB = 4.25 · 10−38J · m and R12/aHO = 0, and the
maximum value of entanglement obtained was ELN = 1.025.
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Fig. 5.4 Distance dependence of the entanglement between the two kinds of impurities.
In (a) we study entanglement as a function of T for various distances between the trap
of each kind of impurity. As expected the entanglement is reduced as the distance is
increased. This is shown in figure (b). For each distance, at certain T the entanglement
vanishes. The dependence of this critical temperature as a function of distance is shown
in (c). In all of the graphs, we are considering impurities of potassium K in a bath of
particles of Rubidium Rb. The parameters used in these plots are: Ω1 = 600πHz,
Ω2 = 450πHz, η1 = 0.325, η2 = 0.295, n0 = 90(µm)
−1, T = 4.35nK and
gB = 2.36 · 10−38J ·m.
For all figures where we show the dependence of entanglement on temperature, we
emphasize that below a certain temperature, the uncertainty principle was not satisfied.
This minimum temperature depends on the other parameters of the system. For example,
the larger the distance considered was, the lower temperatures that one can reach under
the requirement that the uncertainty principle holds. We also note that for low enough
temperatures, we find numerically a saturation of entanglement in all cases. Finally,
the general behaviour of entanglement with temperature is to decrease, as expected, and
beyond a certain temperature it vanishes. We term this as critical temperature, Tcrit
In Fig. 5.3 (a), the temperature dependence of entanglement was studied for a number
of coupling constants η2, and it was observed that increasing η2 implied an increase in
entanglement, as well as an increase in Tcrit. Information about this temperature is
particularly important experimentally, and for this reason we studied the dependence of
Tcrit on η2 in Fig. 5.3 (b). We see that the increase of Tcrit with η2 is decreasing for larger
η2. The dependence of entanglement was studied also as a function of η2. In this case
we considered n0 = 350(µm)
−1 and gB = 9.75 · 10−39J · m which allowed us to see the
diminishing effect of the bath, meaning that entanglement reached a peak value for some
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η2 and was later then decreases with increasing values of η2.
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Fig. 5.5 Dependence of the entanglement between the two kinds of impurities on the
density of the bosons in the bath. In (a) we study entanglement as a function of T for
various densities of bosons. As shown, in this range of densities, increasing the density
of bosons enhances entanglement. For each density, at certain Tcrit, the entanglement
vanishes. The dependence of Tcrit as a function of density is shown in (b). In (c) we
illustrate that the entanglement at fixed T increases for a range of n0 and then decreases
to zero, as it was the case with η2 in Fig. 5.1. We show this dependence for various
values of the coupling constant among the bosons. As shown, increasing gB increases the
maximum value of the entanglement reached, but also entanglement vanishes at a
smaller value of the density. In all of the graphs, we are considering impurities of
potassium K in a bath of particles of Rubidium Rb. The parameters are: Ω1 = 600πHz,
Ω2 = 450πHz, η1 = 0.325, η2 = 0.295, T = 4.35nK, gB = 2.36 · 10−38J ·m and
R12/aHO = 0.
In Fig. 5.4 (a), we study entanglement as a function of the temperature for various dis-
tances between the two impurities. As expected, entanglement decreases with increasing
distance. Furthermore, in Fig. 5.4 (c) the Tcrit also decreases with distance and it acquires
a maximum for distance equal to 0. In Fig. 5.4 (b) we see that entanglement drops to 0
beyond a certain distance which is R12 ∼ 0.35aHO, which for the parameters that we have
chosen results in 0.2µm. The distance at which entanglement drops to 0 depends on the
other parameters of the system as well, e.g. it increases with decreasing temperature, but
remains at the same order of magnitude. Furthermore, note that uncertainty principle
is not satisfied for very short distances, since it is known that for distances from any
of the two impurities smaller than their corresponding coherence lengths, the Frohlich
Hamiltonian description does not apply (Grusdt et al., 2015).
In Fig. 5.5 (a), we show the dependence of entanglement with T for various densities.
The dependence of Tcrit on the density in Fig. 5.5 (b) again shows that it increases with
n0 for small densities. However, in Fig. 5.5 (c) we show that while for small densities
entanglement grows with the density, for larger values of the density it starts to decrease
toward zero. We plot this figure for various values of gB showing that the larger the bosons
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interactions the smaller the value of n0 at which the entanglement starts to decrease to
zero.
Similar studies with similar results were undertaken for the dependence of the system
on gB and are presented in Fig. 5.6. There, for gB = 4.2 · 10−38J ·m we see the qualitative
behaviour of entanglement with a varying temperature. These results, together with the
fact that we do not assume a particular form for the state of the two impurities initially,
are clear indications that the induced entanglement between the two impurities is an effect
of their interaction with the common bath.
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Fig. 5.6 Dependence of the entanglement between the two kinds of impurities on the
coupling constant between the bosons gB. In (a) we study entanglement as a function of
T for various gB. As can be seen for the largest considered value of gB, namely
gB = 4.2 · 10−38J ·m, the qualitative behaviour of entanglement with temperature,
changes. For each density, at certain Tcrit, the entanglement vanishes. The dependence
of Tcrit as a function of density is shown in (b). In (c) we illustrate that the
entanglement at fixed T increases for a range of gB and then decreases to zero, as it was
the case with η2 in Fig. 5.1. We show this dependence for various values of the density
of the bosons. As shown, in this range of parameters, decreasing n0 increases the
maximum value of the entanglement reached, but also entanglement vanishes at larger
values of gB. In all of the graphs, we are considering impurities of potassium K in a bath
of particles of Rubidium Rb. The parameters used in these plots are: Ω1 = 600πHz,
Ω2 = 450πHz, η1 = 0.325, η2 = 0.295, n0 = 90(µm)
−1, T = 4.35nK and R12/aHO = 0.
In Fig. 5.7 (a) we present the results of the dependence of entanglement with T for
various ratios Ω2/Ω1. In Fig. 5.7 (b) we observe is that Tcrit is not monotonically dependent
on the ratio of trapping frequencies. This implies that there is a regime where, even
though one keeps the temperature constant at a value where there is no entanglement,
by increasing the trapping potential, such that the second impurity is more confined,
entanglement appears for this given temperature. In Fig. 5.7 (c) we see that at resonance
(Ω2/Ω1 = 1), entanglement achieves its maximum. This was also observed in Ref. (Correa
et al., 2012). The reason is that, since the values of the entries of the matrix Γ (t) we use are
so small, what guarantees that the equations of motion for the two harmonic oscillators
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cannot be decoupled into two equations of motion for the center of mass and relative
distance degrees of freedom, is the fact that the two trapping frequencies are different. To
clarify this point, and draw the parallel with the results in (Correa et al., 2012), we note
that at relatively high temperatures, in which however entanglement can still be observed,
one could assume that the system is described by the effective Hamiltonian Eq. (B.11)
in Appendix B.4, where the effect of the bath degrees of freedom is represented by an
effective coupling between the two particles. In the limit K/Ωj → 0 with j ∈ 1, 2, for
Ω1 = Ω2, the aforementioned decoupling takes place, and the state of the system goes to
a non-symmetric two-mode squeezed thermal state with infinite squeezing, i.e. the ideal
EPR (maximally entangled) state. We finally note that, as discussed in Appendix B.4, it
is possible to find a approximate prediction for the critical T , given by Eq. (B.13). We
found that this prediction is in the same order of magnitude (nK) for all numerical results
presented.
0.25 0.30 0.35
0.000
0.005
0.010
0.015
0.020
E
LN
kBT ℏ/
Ω2 =1.05
Ω2 =1.1
Ω2 =1.2
Ω2 =1.35
Ω2 =1.5
Ω2 =2.2
Ω2 =3
/Ω1
/Ω1
/Ω1
/Ω1
/Ω1
/Ω1
/Ω1
(a)
1
0
0.003
E
LN
Ω2 Ω1/
0.001
2 3
(c)
(b)
1.0
0.36
Tcrit
0.30
0.32
0.34
1.4 1.8 2.2 Ω2 Ω1/
Fig. 5.7 Trapping frequency dependence of the entanglement between the two kinds of
impurities. In (a) we study entanglement as a function of T for various ratios between
the trap frequencies of each kind of impurity. For each Ω2/Ω1, at certain Tcrit, the
entanglement vanishes. The dependence of Tcrit as function of Ω2/Ω1 is shown in (b). (c)
illustrates that the entanglement at fixed T has a maximum value for certain value of
Ω2/Ω1. The parameters n0 = 500(µm)
−1 and gB = 9.75 · 10−39J ·m were used in this
case. In all of the graphs, we are considering impurities of potassium K in a bath of
particles of Rubidium Rb. The parameters used in these plots are: Ω1 = 600πHz,
η1 = 0.325, η2 = 0.295, n0 = 90(µm)
−1, T = 4.35nK, gB = 2.36 · 10−38J ·m and
R12/aHO = 0.
5.3 Summary
In the present chapter, we have applied the techniques developed in the previous
chapters to a concrete physical system, evaluating quantities that can potentially be
measured in experiments. In particular we studied a system of two impurities immersed
in a common BEC bath. This treatment is based on the work in (Lampo et al., 2017a)
and the results presented in this chapter were published in (Charalambous et al., 2019a).
Our main results are:
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❼ By starting from the physically motivated Hamiltonian describing two impurities in-
teracting with a common homogeneous bath of bosons, through contact interactions,
we derived after making the condensation assumption a Frohlich like Hamiltonian.
Then by doing a Bogoliubov transformation and by further making the dipole ap-
proximation assumption, in the spirit of (Lampo et al., 2017a), we transformed the
Hamiltonian into a Caldeira-Leggett like Hamiltonian of two BP. Again, the role of
the environment is represented by the surrounding Bogoliubov cloud. We note that
no term is artificially introduced in the Hamiltonian in the process, in particular
we do not introduce a counterterm to obtain the QBM Hamiltonian. This implies
that the Hamiltonian is not bounded from below for all the parameter space, and
for this reason we derive a condition on the parameters of the system for which the
Hamiltonian remains positively defined.
❼ With the Hamiltonian at hand, we derive an expression for the spectral density of
the bath, and we find it to depend cubically on the frequencies of the bath as in
(Lampo et al., 2017a). This implies that we again have non-markovian evolution
of the system. However, the spectral density is now a 2 × 2 matrix for which the
off-diagonal terms are also dependent on the distance between the impurities.
❼ At the level of the equations of motion (eom), derived from the Heisenberg equations,
an effective interaction between the two impurities appears that depends on the
distance between them. The equations are solved by considering their Laplace
transform. Two distinct cases are considered, a free impurity and a harmonically
trapped one. In the first case the eom can be solved by considering the long time
limit at the level of the Laplace transform. For the second case, numerical Laplace
inversion techniques are used, namely the Zakian method. We study entanglement
and squeezing for the two cases for various parameters of the system, making sure
that the Heisenberg Uncertainty principle holds. We find that this latter condition
is not satisfied for all parameters, for our numerical investigations.
❼ The main result concerning the untrapped case, is that entanglement does not sur-
vive in the long time limit. We further proved that this does not happen because
the two impurities move infinitely far away at the long time limit.
❼ The main result concerning the trapped case, is that entanglement and squeezing
appear in the long time limit of the system. We focused on entanglement and
studied this as a function of the various parameters of the system. We find that
entanglement:
– Decreases as a function of temperature, and is zero beyond a critical temper-
ature. Squeezing behaves in the same way and in approximately the same
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temperature regime.
– Decreases as a function of distance between the two impurities.
– Exhibits a non-monotonic behaviour as a function of the coupling constant
between the impurities and the bath. Namely, increasing the coupling of one of
the impurities to the bath appears to increase initially entanglement but beyond
a certain value it contributes negatively to entanglement until a value of the
coupling constant beyond which entanglement vanishes. We interpret this as
following: Since entanglement requires some sort of interaction between the two
impurities, even an effective one, the initial increase in the coupling constant
helps establish this interaction. However, further increase of the interaction
with the bath leads to probably a decoherence effect, where the impurities lose
any quantum effects that they may exhibit.
– Exhibits a non-monotonic behaviour with as a function of the density of the
bosons, as well as a function of the inter-boson coupling. The interpretation
again follows the same line as above.
– Exhibits a resonance effect as a function of the trapping frequencies of the two
impurities. Namely, when the two frequencies match entanglement is maxi-
mized. This is explained as following. When the two frequencies match, one
can show that the two eom almost decouple, in the bases of center of mass and
relative distance coordinates. This implies the existence of a decoherence free
subspace, and according to (Ludwig et al., 2010) this implies that the state of
the two impurities is that of maximally entangled state.
❼ We also showed that at the long time limit, the two impurities are in a non-
equilibrium state, in a sense that the two see an environment of a different effective
temperature.
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CHAPTER 6
CONTROL OF ANOMALOUS DIFFUSION
OF A BOSE POLARON IN A
COHERENTLY COUPLED
TWO-COMPONENT BEC
In this work, we aim to study how an impurity in a coherently coupled two-component
BEC can show a transient anomalous diffusing behaviour, and how this depends on the
parameters of the system. We will study this phenomena under experimentally realistic
conditions and we will show that this behaviour can be controlled through the strength
of the interactions and the coherent coupling. To this end, we treat the Bose Polaron
problem within an open quantum system framework. The open quantum system approach
has been used recently in the context of ultracold quantum gases to study the diffusion of
an impurity and two impurities in a BEC (Lampo et al., 2017a, 2018, Charalambous et al.,
2019a), for the movement of a bright soliton in a superfluid in one dimension (Efimkin
et al., 2016a), among other examples (Hurst et al., 2017b, Keser and Galitski, 2018, Bonart
and Cugliandolo, 2012a)). On the other hand, the effect of contact interactions, dipole-
dipole interactions and disorder on the diffusion properties of 1D dipolar two-component
condensates were studied in (Bai and Xue, 2015), identifying again the conditions for
subdiffusion, while the study for the diffusive behaviour of a 2D two-component BEC in
a disordered potential was undertaken in (Xi et al., 2014). Finally, an important study
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on an impurity immersed in a two-component BEC was reported in (Ashida et al., 2018).
To be specific, we consider here that an external field drives the population trans-
fer (spin-flipping) between the two atomic levels. The population transfer between the
two levels turns out to be described by Josephson dynamics, leading to what is known
as internal Josephson effects (see, e.g. (Leggett, 2001)). This internal Josephson inter-
action controls the many-body physics of multicomponent phase coherent matter. We
identify how under suitable assumptions, starting from the Hamiltonian describing the
aforementioned system of an impurity in a coherently coupled two component BEC, one
can equivalently describe the impurity as a Brownian particle in a bath, where the role
of the bath is played by the Bogoliubov modes of the coherently coupled two-component
BEC. Importantly, the Bogoliubov spectrum has to branches: the density mode, gapless
and with a linear behaviour at low momenta; and the spin mode, gapped and with a
parabolic behaviour even at low momenta. We consider two scenarios: same coupling
among the impurity and the two bosonic components, and repulsive coupling to one com-
ponent and attractive to the other. We show that these scenarios correspond to the
impurity coupling either to the density or to the spin mode of the two-component BEC,
respectively. We henceforth derive the relevant spectral densities. For the coupling to
the density mode there is no qualitative difference in comparison to the case where the
impurity in a single BEC (Lampo et al., 2017a). For the coupling to the spin mode, we
find a completely different spectral density, namely a gapped sub-ohmic spectral density.
We derive and solve the equations of motion of the impurity, that are obtained through
the corresponding Heisenberg equations for the bath and impurity particles. These have
the form of Generalized Langevin equations with memory effects. By solving numerically
these equations we find the effect of the gapped sub-ohmic spectral density on the Mean
Square Displacement (MSD) of the impurity. We show that a transient subdiffusive be-
haviour occurs for experimentally feasible parameters, and study how the strength of the
coherent coupling and interactions modify this subdiffusive behaviour.
The paper is organized as follows. In Section II we introduce the two-component
Hamiltonian together with the assumptions that go with it, as well as the generalized
Bogoliubov transformation that diagonalizes it. In Section III we present the impurity-
bath Hamiltonian, where the bath is this time the coherently coupled two component
BEC and transform it into the form of a Caldeira-Leggett one. In Section IV we derive
the spectral densities for the cases of coupling to density or spin mode. In Section V we
find and solve the Langevin equations and in Section VI we present the results. We end
the paper with the discussion and outlook presented in Section VII.
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6.1 Multicomponent BECs
Multi-component condensates are defined as systems where two or more internal quan-
tum states are macroscopically populated. Such systems then possess internal degrees of
freedom relating to the relative population and phase of each component, in addition to
the usual external degrees of freedom of a single-component condensate. The interplay
between these external and internal degrees of freedom in multi-component systems can
then lead to a range of phenomena not present in scalar condensates. The reason for
this, is that each component interacts with atoms both of the same and of the other
species. As a result, for example, the various components can be spatially separated or
mixed. This is dependent on the relative values of the different scattering lengths. This
also determines the stability of the multicomponent BECs, as well as other fundamental
properties of the system. Furthermore, these characteristics are fundamentally modified,
if one introduces a radiation field that linearly couples the two components. Then, for
example, an immiscible system can be tuned miscible by the radiation field (Merhasin
et al., 2005).
An example of such multicomponent BEC as was mentioned before is that composed
of different hyperfine states of atoms of the same species. The dilute Bose-Einstein con-
densates created in atom traps (Davis et al., 1995) consist of bosons with internal degrees
of freedom: by taking advantage of this, the atoms can be trapped in different atomic
hyperfine states. Soon after the first observation of atom trap BECs, experimentalists
succeeded in trapping partly overlapping BECs of atoms in different hyperfine states that
are (i) hyperfine split (Myatt et al., 1997) or (ii) nearly degenerate and correspond to
different orientations of the spin (Stamper-Kurn et al., 1998).
In our work, we consider a two-component Bose gas with both one-body (field-field)
and two-body (density-density) couplings, composed of such atoms in different hyper-
fine states. Furthermore, we assume that the two components are coupled through a
Josephson (one-body) type of coupling. The two-body interaction results from short-
range particle-particle interactions between atoms in different internal states, while the
one-body interaction can be implemented by two-photon Raman optical coupling, which
transfers atoms from one internal state to the other. In present-day BEC experiments,
the internal Josephson or Rabi interactions that inter-convert atoms of different internal
states are two-photon transitions, induced by a laser field or a combination of a laser field
and oscillating magnetic field. For a perspective on the experimental relevance of our
study, we refer to the work of (Miesner et al., 1999, Stenger et al., 1998, Matthews et al.,
1998, Myatt et al., 1997). Finally, immersed in this two-component BEC, we assume an
impurity which interacts with both components through contact interactions. In Fig. 6.1
a sketch of the set-up is shown.
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Before introducing this additional impurity, in the following subsections, we introduce
the theoretical description of coherently coupled interacting two-component Bose-Einstein
condensates in the mean field approximation. We will discuss their ground state proper-
ties and excitation spectra along with the resulting dynamics. As in the single BEC case
we focus in the 1D case, where in an actual experimental system, as was discussed for
the single BEC case, the atomic clouds will be confined in an elongated trapping poten-
tial. However, as before, we simplify the description by assuming a homogeneous system
without longitudinal confinement as it allows to derive many results analytically.
6.1.1 Hamiltonian of the weakly interacting coherently
coupled two-component BEC
The Hamiltonian of a weakly interacting coherently coupled two-component BEC in
one dimension reads
H = H
(1)
B +H
(2)
B +H
(12)
B , (6.1)
The terms of the individual bosonic species, labeled with the index j = 1, 2, are
H
(j)
B =
∫
Ψ†j (x)
[
− p
2
j
2mB
+ V (x)
]
Ψj (x) dx+
gj
2
∫
Ψ†j (x)Ψ
†
j (x)Ψj (x)Ψj (x) dx,
where the intra-species contact interactions have a strength given by the coupling con-
stants gj, the external potential is V (x) and we assume the mass equal for both species,
mB. The coupling Hamiltonian between the two bosonic species consists of an inter-species
contact interactions part, with coupling constant g12, and a Rabi coupling Ω which ex-
changes atoms between components, i.e.,
H
(12)
B = g12
∫
Ψ†1 (x)Ψ
†
2 (x)Ψ2 (x)Ψ1 (x) dx+ ~Ω
∫
Ψ†1 (x)Ψ2 (x) dx+H.c. (6.2)
Without loss of generality, we will only consider Ω real and positive. This is because even
if a complex Rabi frequency is assumed, this can always be canceled by introducing a
counteracting phase for one of the BECs which can be shown that will have no effect on
the energy spectrum of the bath. The latter part of the Hamiltonian, referred to as an
internal Josephson interaction, is a two-photon transition that is induced by a laser field
or a combination of a laser field and an oscillating magnetic field. This also introduces
an effective energy difference between the two internal states/ species of the BEC, which
assuming a low intensity driving field is simply equal to the detuning δ of the two-photon
transition. This detuning does not affect our studies however, so for sake of clarity and
simplicity, we will assume it to be zero. We also consider here only repulsive two-body
term coupling, i.e. g12 > 0, for reasons that will become apparent soon.
From this point onwards, we assume that the BEC is one dimensional, which simplifies
the analytical part of our studies. We assume a dilute gas of low depletion in order
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to be able to apply the Bogoliubov diagonalization technique. By these assumptions,
we are allowed in the low-density sub-milikelvin temperature regime of the atom trap
experiments, to assume that the trapped atoms interact only in the partial s-wave channel
and that the many-body properties are well described by assuming the particles to interact
as hard spheres. The radius of those spheres is given by the scattering length a, which
we assume it to be positive, as is the case in most experiments. We say that the system
of particle density n is dilute if the packing fraction of space occupied by the spheres
na3 ≪ 1. The assumption of low depletion means that almost all particles occupy, on
average, the single particle state associated with the condensate (k = 0 where k is the
momentum for the particular case of homogeneous BEC that we will be considering).
This implies that the temperatures to be considered should be smaller than the critical
temperature (the 1D case is peculiar, but we assume condensation occurs at some finite
temperature as well). For a single BEC, all the bosons condensate at the same state.
However this will not be the case for the two-component BEC and one has to determine
the fraction of particles in each component, which will depend on the ground state of the
system. This is determined by the parameters of the system.
Under the above assumptions, we can assume that our bosonic gases condensate. This
means that we can apply mean field theory and further assuming that the ground state
is coherent, the wavefunctions Ψj (x) ,Ψ
†
j (x) for a homogeneous BEC are given by
Ψj(x) = Ψj,0(x) + δΨj(x), (6.3)
where Ψj,0(x) = φ0(x)
√
Nje
iθj , with θj being the phase of the coherent j
th component,
Nj the number of bosons of the j
th species and δΨj(x) =
∑
k 6=0 φj,k(x)aj,k with φk(x) =
1√
Vj
eikx the plane wave solutions, with Vj the corresponding bath’s volume. From here
onwards we assume for simplicity that V1 = V2 = V , i.e. that the two baths have the same
volume, and that we are dealing with homogeneous BECs. Here aj,k and a
†
j,k are bosonic
annihilation and creation operators. To proceed further, we write the Hamiltonian in
terms of these operators. The bosonic parts read
H
(j)
B =
∑
k 6=0
ǫka
†
j,kaj,k +
gj
2
∑
k,k′,q 6=0
a†j,k+qa
†
j,k′−qaj,kaj,k′ ,
H
(12)
B =g12
∑
k,k′,q 6=0
a†1,k+qa
†
2,k′−qa2,ka1,k′+Ω
∑
k 6=0
a†1,ka2,k+H.c.,
with ǫk = k
2/2mB. Here we set ~ = 1 and we adimensionalized correspondingly. The
zeroth order expectation value (or mean field value) of the Hamiltonian reads as
H0 =
∑
j
gj
2V
Ψ4j,0 +
g12
V
Ψ21,0Ψ
2
2,0 + Ω (Ψ1,0(Ψ2,0)
∗ + (Ψ1,0)∗Ψ2,0) (6.4)
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Coupled Gross-Pitaevskii equations (CPGE)
The equations of motion governing the dynamics of a two-component condensate can
be obtained from the Hamiltonian using the Heisenberg equation which yields the coupled
pair of equations
i~
∂
∂t
Ψj =
[
−∇
2
2m
+ gj |Ψj|2 + g12 |Ψj′ |2
]
Ψj − Ω
2
Ψj′ (6.5)
where j′ 6= j and j, j′ ∈ {1, 2}. These equations are the main tool for modeling the
dynamics of the two-component condensate in the mean field regime. All the conditions
that applied in the single BEC case should be valid in order to obtain this CGPE. Namely,
the diluteness and low temperature assumption, as well as the orthogonality of the many-
body wavefunction (many-body ansatz in Eq. (4.19)). Finally the CGPE can only be used
to investigate phenomena that take place over distances much larger then the scattering
length aij, j, i ∈ {1, 2}.
Relative phase
The relative phase of two condensates is a measurable quantity and does not have a
conceptual problem with respect to symmetry breaking. In this case, one can illustrate
the relative phase, using a two-mode system where only two orthogonal states are allowed
for particles. We designate the two states by Ψ1 and Ψ2, and the corresponding field
operators are a1, a
†
1 and a2, a
†
2, respectively. Then, two sets of basis elements can be
considered in order to express any given state of the condensate. These are the sets of
coherent states and number (Fock) states:
|Ψcoh〉 = 1√2nn!
(
a†1 + e
iφa†2
)N
|0〉
|Ψnum〉 = 1(n/2)!
(
a†1
)N/2 (
a†2
)N/2
|0〉
(6.6)
where |0〉 is a particle vacuum state and N = N1 +N2 the total particle number . In the
coherent state, all particles stay in the same single-particle state, 1√
2
(
Ψ1 + e
iφΨ2
)
, and
we say that two condensates represented by Ψ1 and Ψ2 have a well-defined relative phase
φ. Even though for the two states the average particle numbers in each single-particle
state are equal to N/2, the coherent state is a superposition of a number of number
states with regular phase relations. Number states are states with fixed particle number
in each single-particle state. Therefore, two condensates having a well-defined relative
phase means that there is corresponding uncertainty in the particle numbers of the two
condensates with strong correlation among number states. Furthermore, it was shown
in (Lellouch et al., 2013) that the relative phase fluctuations are maximally suppressed
when g1 ≈ g2 = g and g, g12 > 0 where g12 approaches g from below. This is exactly
the scenario we will assume in our work as well, which implies that the two BEC we will
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consider will have a well-defined relative phase and uncertainty in the particle number.
We will also assume the average particle number to be N1 = N2 = N/2 for reasons that
will become apparent soon.
The Josephson effect One interesting phenomenon that has been observed with BECs
is an analogue of the Josephson effect in condensed matter systems. The setting for the
appearance of this phenomenon, is exactly the one we described above, i.e. that of two
weakly coupled condensates, each of them with a modulus and a phase. Interestingly,
the presence of a phase difference between them, yields the appearance of an oscillatory
coherent tunneling of particles from one condensate to the other, through the weak link.
This is what is known as Josephson effect in BEC.
This effect was predicted in 1962 by B. D. Josephson (Josephson, 1962) in the con-
text of superconductivity. When two superconductors are separated by a thin insulating
barrier, forming what is called a Josephson junction, there exists a finite current between
them. This current is the macroscopic observation of tunneling of particles through a
barrier, and is related to the phase difference between the two superconductors. This
phenomenon is called direct current (d.c.) Josephson effect (Josephson, 1962) and was
experimentally observed in 1963 by P. L. Anderson and J. W. Rowel (Anderson and
Rowell, 1963). The idea of the manifestation of the Josephson effect in cold atoms was
proposed by J. Javanainen in 1986 (Javanainen, 1986). One way of preparing such Bose-
Josephson junctions experimentally is by confining a single BEC in a double-well potential
(Gati and Oberthaler, 2007). In such system, the Josephson junction consists in the two
localized matter wave packets in each well, that are weakly coupled via tunneling of par-
ticles through a potential barrier. In our case, we will consider instead of a double well
potential, a spatially separated, i.e. miscible, two component BEC. The conditions to
have such a BEC are specified below.
A common theoretical approach to study the dynamics of a bosonic Josephson junction
within a mean-field approach, i.e. using Gross-Pitaevskii equations, was proposed in
(Smerzi et al., 1997). However, a mean-field description fails to fully capture correlations
between atoms, and therefore, there are certain quantum effects that cannot be described.
In contrast, the two-site Bose-Hubbard model (Fisher et al., 1989), can overcome this
problem, but in our work we’ll restrict to the mean-field approach for its mathematical
simplicity, and because it can already capture the effect we want to describe.
6.1.2 Ground state properties of a two-component BEC
To get a better understanding of the system of two coherently coupled interacting
BECs we first focus on the simpler scenario of two interacting but uncoupled BEC, i.e.
we set Ω = 0. It can consist of condensates of two different elements, the condensate of
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the same element being prepared in two different internal states, or the condensate in a
double-well potential. We will assume a two-component BEC made out of two hyperfine
states of Rb.
Miscibility condition for Ω = 0
In a one-dimensional wave-guide the ground state can either be a spatially uniform
superposition of the two components or a phase separated one, where the two compo-
nents occupy different regions and their overlap is minimized. The following energetic
consideration allows to derive a criterion determining which configuration is energetically
favorable. For simplicity we ignore the kinetic energy contribution to the Hamiltonian
and use a box potential of length L. The energy of the uniform superposition state with
n1 and n2 atoms in the two components is given by (Pitaevskii and Stringari, 2016, Ao
and Chui, 1998)
Eunif =
g1
2
n21
L
+
g2
2
n22
L
+ g12
n1n2
L
(6.7)
The corresponding expression for the phase-separated state reads
Esep =
g1
2
N21
L1
+
g2
2
N22
L2
(6.8)
The conditions of a fixed system size L = L1 + L2 and equal pressures ∂Esep/∂L1 =
∂Esep/∂L2 lead to
Esep =
g1
2
N21
L
+
g2
2
N22
L
+
√
g1g2
N1N2
L
(6.9)
Thus the phase separated state is energetically favorable if Esep < Eunif which implies
g1g2 < g
2
12. This is the condition for immiscibility (Pitaevskii and Stringari, 2016). In
other words, the ground state of two components consists of two separate phases, if their
inter-species repulsion is stronger than the geometric mean of the intra-species repulsion
strengths.
Introducing a coherent coupling
To study the effect of the introduction of a coherent coupling, we follow a slightly
different way. We first consider the ground state Hamiltonian of the two-component BEC
H0 given in Eq. (6.4). By minimizing H0 with respect to the population imbalance
f = N1−N2
N
, one can obtain the following conditions on the parameters of the system in
order to have an extremum of the energy,
∆ + Af − cos θ12 f
(1− f 2)1/2
= 0, (6.10)
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where A = (g1 + g2 − 2g12)n/4Ω is the mutual interaction parameter, while ∆ is the
effective detuning parameter ∆ = 2δ + (g1 − g2)n/4Ω, and
A− cos θ12 1
(1− f 2)3/2
> 0, (6.11)
is the condition to have a minimum of the energy. In (Tommasini et al., 2003), it was
shown that to obtain the minimum energy of the system, without imposing any condition
on the detuning δ, as is our case, then the relative phase should be chosen to be θ12 = π,
referred to as the π-state configuration. From here on we assume the symmetric case, i.e,
g1 = g2 = g as this will allow us to obtain analytically the spectral density in section B.1.
After ignoring the detuning δ, the equilibrium condition Eq. (6.23) reads as(
g − g12 + Ω√
n1n2
)
(n1 − n2) = 0, (6.12)
which has two solutions
n1 − n2 = 0 (GS1) ,
n1 − n2 = ±n
√
1−
(
2Ω
(g−g12)n
)2
(GS2) ,
(6.13)
corresponding to neutral GS1 and polarized ground states GS2. Here, we make the strong
Josephson junction assumption
|A| < 1, (6.14)
which is also referred to as the miscibility condition. This implies that the minimum
energy equilibrium ground state has to be GS1 as is shown in (Tommasini et al., 2003,
Abad and Recati, 2013). That this condition implies spatially separated BEC was proven
theoretically in (Merhasin et al., 2005) and in the numerical simulations of (Nicklas, 2013).
Finally, it is important to note that the extension to negative values of Ω does not have
physical consequences in terms of the ground state of the system as all of its properties
remain the same. One can show that the ground state of the system always has to
have a relative phase of φ = 0 between atomic states and the linear coupling. However,
this phase φ after the introduction of the coherent coupling, is given as φ = θ12 + θcoh,
where θ12 = θ1 − θ2 where θj is the phase of the jth component, and θcoh is the phase
of the coherent coupling. If the phase of the linear coupling θcoh is changed by π this is
’compensated’ by a phase flip in one of the components.
6.1.3 Generalized Bogoliubov transformation
The generalized Bogoliubov transformation serves the same purpose as the standard
Bogoliubov transformation, i.e. to diagonalize the coherently coupled two-component
BEC Hamiltonian and hence obtain the energy spectrum of the bath. We follow closely
the results of (Tommasini et al., 2003, Lellouch et al., 2013, Abad and Recati, 2013) in
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the rest of this subsection. This generalized Bogoliubov transformation is understood to
be composed of
1. a rotation,
a1,k = d1,k cos θ − d2,k sin θ
a2,k = d1,k sin θ + d2,k cos θ
(6.15)
where the dj,k are the dressed annihilation operators. The angle θ will be chosen in
a way to eliminate the Ω term, namely,
tan θ =

√
n1/n2 if θ12 = π√
n2/n1 if θ12 = 0
(6.16)
with 0 < θ < π/2. Then one has to introduce the coordinate-like operators
xi,k =
di,−k+d
†
i,k√
2
pi,k =
di,k−d†i,−k√
2
(6.17)
2. a scaling
xi,k = xi,k
√
ei,k
ωi,k
pi,k = pi,k
√
ωi,k
ei,k
(6.18)
with
ej,k=
k2
2m
± (1∓cos θ12)Ωn
2n1n2
, upper(lower) sign for j=1(2)
ωj,k =
√
e2j,k + 2Λjnjej,k,
Λ1n1=g1n1 cos
2 (θ)+g2n2 sin
2 (θ)+g12 sin (2θ) cos (θ12),
Λ2n2=g1n1 sin
2 (θ)+g2n2 cos
2 (θ)−g12 sin (2θ) cos (θ12),
Λ12
√
n1n2=
g2n2−g1n1
2
sin(2θ)+g12
√
n1n2cos (2θ)cos(θ12),
where nj =
Nj
V
is the particle density of the jth bath
3. and one more rotation,
x1,k = x̂1,k cos γk − x̂2,k sin γk
x2,k = x̂1,k sin γk + x̂2,k cos γk
p1,k = p̂1,k cos γk − p̂2,k sin γk
p2,k = p̂1,k sin γk + p̂2,k cos γk
(6.19)
to cast the Hamiltonian in terms of new, decoupled, dressed bosons,
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as is done in (Tommasini et al., 2003). The derivation is based on a simple geometrical
picture which results in a convenient parametrization of the transformation. Following
the generalized Bogoliubov transformation, the initial bath operators are transformed as
aj,k = Q0j,+,kb+,k +Q1j,+,kb†+,−k + (−1)δj,−
(
Q0j,−,kb−,k +Q1j,−,kb†−,−k
)
a†j,−k = Q1j,+,kb+,k +Q0j,+,kb†+,−k + (−1)δj,−
(
Q1j,−,kb−,k +Q0j,−,kb†−,−k
)
, (6.20)
with δ1(2),−(+) = 1 and δ1(2),+(−) = 0 and
Qφj,s,k=RsjΓˆj,s,k
[
(1−δj,s) cos (γk)+δj,s sin (γk)
]
cos θ
+Rsj′Γˆj′,s,k
[
(1−δj′,s) cos (γk)+δj′,s sin (γk)
]
sin θ, (6.21)
where j′ 6= j, φ ∈ {0, 1}, s ∈ {+,−}, Γˆj(j′),s,k = [Γ2j(j′),s,k + (−1)φ]/2Γj(j′),s,k and R1+ =
R2− = (1,−1)⊤, R2+ = −R1− = (1, 1)⊤. Also, in Eq. (6.21),
sin (γk) =
√√√√√1
2
1− [ω21,k − ω22,k]√
(ω21,k − ω22,k)2 + 16Λ212n1n2e1,ke2,k
,
with cos (γk) defined accordingly, and Γj,s,k =
√
ej,k/Es,k where
E±,k=
∑jω2j,k±
√
(ω21,k − ω22,k)2+16Λ212n1n2e1,ke2,k
2

1
2
, (6.22)
In the literature, (+) is referred to as the spin mode, and (−) is referred to as the density
mode. These correspond to two types of quasiparticles: one phonon mode (−) in which
the total density fluctuates and another mode (+) in which the unlike particle densities
fluctuate out of phase. The latter, in the presence of an internal Josephson interaction
as in our case, is a Josephson plasmon (Paraoanu et al., 2001). In addition, one gets
that θ12 ∈ {0, π} by minimizing the mean-field value of the Hamiltonian per particle H0N
with respect to θ12, where N = N1 +N2 . By minimizing with respect to the population
imbalance f = N1−N2
N
, one can obtain the following conditions on the parameters of the
system in order to have an extremum of the energy,
∆ + Af − cos θ12 f
(1− f 2)1/2
= 0, (6.23)
where A and ∆ are the mutual interaction parameter and the effective detuning parameter
respectively, given in the previous section, and satisfy Eq. (6.11). In (Tommasini et al.,
2003), it was shown that to obtain the minimum energy of the system, without imposing
any condition on the detuning δ, as is our case, then the relative phase should be chosen
to be θ12 = π, referred to as the π-state configuration. From here on we assume the
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symmetric case, i.e, g1 = g2 = g as this will allow us to obtain analytically the spectral
density in section B.1. After ignoring the detuning δ, the equilibrium condition Eq. (6.23)
reads as (
g − g12 + Ω√
n1n2
)
(n1 − n2) = 0, (6.24)
which has two solutions
n1 − n2 = 0 (GS1) ,
n1 − n2 = ±n
√
1−
(
2Ω
(g−g12)n
)2
(GS2) ,
(6.25)
corresponding to neutral GS1 and polarized ground states GS2. Here, we make the strong
Josephson junction assumption
|A| < 1, (6.26)
which is also referred to as the miscibility condition. This implies that the minimum
energy equilibrium ground state has to be GS1 as is shown in (Tommasini et al., 2003,
Abad and Recati, 2013). Handleable expressions for the spectral density obtained section
B.1 are possible over GS1. For the regime in which ground state is GS2 we expect similar
qualitative behaviour, but we did not obtained a form for the spectral density which allows
us to obtain the diffusive behaviour of the impurity. The study of the impurity diffusion
over GS2, and even at the phase transition, falls out of the scope of this paper. Under
the miscibility condition, the energy spectrum expressions simplifies into
E−,k=
(
k2
2mB
(
k2
2mB
+ (g + g12)n
)) 1
2
, (6.27)
E+,k=
[
k2
2mB
(
k2
2mB
+ (g − g12)n+ 4Ω
)
+ 2Ω [(g − g12)n+ 2Ω]
] 1
2
. (6.28)
In Fig.6.2 we plot the energy spectra as a function of k for specific parameters, to illustrate
the spin and density branches. Furthermore, note that the Bogoliubov transformation
elements satisfy the well-known relation
Q0k(Q0k)T −Q1k(Q1k)T = 1, (6.29)
where Qφk =
(
Qφ1,+,k Qφ1,−,k
Qφ2,+,k Qφ2,−,k
)
with φ ∈ {0, 1}, that implies normalization. However, as
is shown in (Lellouch et al., 2013), these Bogoliubov operators, do not fulfill the bosonic
commutations relations, which is understood as a consequence of the fact that they are
not orthogonalized with respect to the quasicondensate functions Ψj,0 =
√
Nje
iθj . In
(Lellouch et al., 2013) it is shown that to overcome this problem one needs to define some
new transformation with components Q̂0j,s,k, Q̂1j,s,k, that are related to the previous ones
as
Q̂φj,s,k = Qφj,s,k −
Ψj,0
Nj
Qφj,s,kΨ∗j,0. (6.30)
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The elements of this transformation, these new Bogoliubov operators, are expressed in
terms of the Bogoliubov wave functions of our system fj,s,k , f˜j,s,k as
Q̂φj,s,k =
fj,s,k + (−1)φ f˜j,s,k
2
, (6.31)
where
f1,−,k = f2,−,k =
[
ǫk
2E−,k
]1/2
,
f˜1,−,k = f˜2,−,k =
[
E−,k
2ǫk
]1/2
,
f1,+,k = f2,+,k =
[
ǫk + Ω
2E+,k
]1/2
,
f˜1,+,k = f˜2,+,k =
[
E+,k
2 (ǫk + Ω)
]1/2
.
The spin mode branch is gapped while the density mode branch is gapless. For the
latter, at low values of the momentum k the dispersion is linear, with a speed of sound
cd =
√
n (g + g12) /(2mB). On the contrary for the gapped branch, the dispersion relation
goes as k2 for low k, and at k = 0, it has a gap
Egap =
√
2Ω ((g − g12)n+ 2Ω). (6.32)
This corresponds to the Josephson frequency for small amplitude oscillations. As we will
see the fact that there are two branches in the spectrum will give rise to two different
noise sources.
The assumption of equal populations amounts to selecting one of the two ground states
of the system obtained through the solutions of the corresponding Gross-Pitaevskii equa-
tions, as is explained in (Abad and Recati, 2013). This is equivalent to assuming that
we are in the “Strong Josephson coupling” regime as in (Tommasini et al., 2003). More
importantly, one should note that, if we had not introduced the Rabi coupling term in
the Hamiltonian, the latter would commute with both n1 and n2 such that we would have
two broken continuous symmetries and both branches would be gapless, which we can see
this by the fact that Egap → 0 when Ω→ 0. In this case, the low momentum excitations
would be both phase-like, as it has to be for Goldstone modes of the U (1)xU (1) broken
symmetries (Recati and Piazza, 2019). Hence the introduction of the Rabi coupling term,
results in the system having only one continuous broken symmetry, namely only n has to
be conserved now and not both n1 and n2. The long wavelength limit of the Goldstone
mode corresponds to a low-amplitude phonon fluctuation in which the total density os-
cillates and the unlike atoms move in unison (i.e., with the same superfluid velocity). In
contrast, in the long wavelength gap mode the unlike atoms move in opposite directions,
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while their center of mass remains at rest. This fluctuation is then reminiscent of the
motion of ions in an optical phonon mode, which also exhibits a gapped dispersion. At
zero momentum, the gap mode corresponds to an infinitesimal Josephson-like oscillation
of the populations in the distinguishable internal states. In the strong Josephson coupling
regime we have closed orbits around a fixed point for the Josephson Hamiltonian, with
vanishing mean polarisation (or population imbalance) and a phase difference around π
if Ω ≥ 0, giving rise to plasma-like oscillations.
6.2 Impurity-Bath Hamiltonian
The Hamiltonian of an impurity interacting with a two-species bosonic mixture in one
dimension reads
H = HI +H
(1)
B +H
(2)
B +HIB +H
(12)
B , (6.33)
where the impurity of mass mI is described by HI =
p2
2mI
+ U(x), with U(x) being the
trapping potential, and its interactions with the bosons is HIB. We will only study free
impurities, hence we assume U(x) = 0. The terms of the individual bosonic species,
labeled with the index j = 1, 2, are given as above.
Fig. 6.1 We consider a set-up of a coherently coupled two-component BEC in which an
impurity is immersed. By g1 and g2 we denote the intra-species contact interactions of
the atoms of the first and second species respectively. g12 refers to the coupling strength
of the interspecies contact interaction among atoms of the first and second species. By
Ω we denote the Rabi frequency of the Raman coherent coupling between the two
species. Finally g
(1)
IB and g
(2)
IB indicate the coupling of the impurity to the atoms of the
first and second species respectively.
In what concerns the impurity-bosons interaction part of the Hamiltonian, we assume
that the interaction is among the impurity and the densities of the bosons, i.e. it has the
form of a contact interaction:
HIB =
(∑
j=1,2
g
(j)
IBΨ
†
j(x)Ψj(x) + h.c.
)
. (6.34)
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The impurity-bath Hamiltonian in terms of the annihilation (creation) operators aj,k(a
†
j,k),
and after making the condensation assumption, reads as
HIB =
∑
j
1
V
∑
k,q
V
(j)
IB (k) ρI (q) a
†
j,k−qaj,k (6.35)
=
∑
j
√
nj
V
∑
k 6=0
ρI (k)V
(j)
IB
(
aj,k + a
†
j,−k
)
,
with ρI (q) =
∫∞
−∞ e
−iqx′δ (x′ − x) dx′, V (j)IB (k) = Fk[g(j)IB δ (x− x′)] and g(j)IB = 2πa(j)IB /mR,
where F is the Fourier transform, a(j)IB represents the scattering length of the impurity
with the bosons of the jth BEC, and mR = mBmI/(mB + mI) is the j
th reduced mass.
Furthermore, nj, with j = 1, 2, is the averaged density of the j
th bath. The second line
of Eq. (6.35) is a consequence of the assumption that our bosons condensate. We will
consider two cases:
1. g
(1)
IB = g
(2)
IB = gIB,
2. g
(1)
IB = −g(2)IB = gIB.
After the Bogoliubov transformation the impurity-bath term for each species is
1. H
(−)
IB =
√
n
V
∑
j,k 6=0 ρI (k) gIB
(
Q̂0j,−,k+Q̂1j,−,k
)
x−,k,
2. H
(+)
IB =
√
n
V
∑
j,k 6=0 ρI (k) gIB
(
Q̂0j,+,k+Q̂1j,+,k
)
x+,k,
where x±,k =
(
b±,k + b
†
±,k
)
. These equations show that in case 1 the impurity only couples
to the density (−) mode of the bosonic baths, while in case 2 it couples only to the spin
(+) mode. We rewrite the impurity-bath terms as
HsIB =
∑
j,k 6=0
s∈{+,−}
Vj,s,ke
ikx
(
bs,k + b
†
s,−k
)
, (6.36)
where
Vj,s,k =
√
n
V
gIB
(
Q̂0j,s,k+Q̂1j,s,k
)
. (6.37)
We note here that Q̂01,s,k+Q̂11,s,k = Q̂02,s,k+Q̂12,s,k, such that V1,s,k = V2,s,k = V̂s,k. We
linearize the interaction (see (Lampo et al., 2017a) for validity of this assumption) to get
HIB =
∑
k 6=0
s∈{+,−}
Vs,k (I+ ikx)
(
bs,k + b
†
s,−k
)
. (6.38)
where Vs,k = 2V̂s,k. Thus, after a redefinition bs,k → bs,k− Vs,kEs,k I, the final total Hamiltonian
reads as
H = HI +
∑
k 6=0
s∈{+,−}
Es,kb
†
s,kbs,k +
∑
k 6=0
s∈{+,−}
gs,kπs,k, (6.39)
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with gj,s,k =
kVs,k
~
and πs,k = i
(
bk,s − b†k,s
)
the momentum of the bath particles. We see
that as in (Lampo et al., 2017a), the coupling is between the position of the impurity
and the momentum of the bath particles.
6.3 Spectral densities
The spectral densities can be obtained from the self-correlation functions (Lampo
et al., 2017a) for each environment (corresponding to cases 1 and 2). These read
C (t) =
∑
k 6= 0
s ∈ {+,−}
g2s,k 〈πs,k (t) πs,k (0)〉 . (6.40)
Using that the bath is composed of bosons for which〈
b†k,sbk,s
〉
=
1
e
ωk
kBT − 1
, (6.41)
we obtain
C (t)=
∑
k 6= 0
s ∈ {+,−}
g2s,k
[
coth
(
ωk
2kBT
)
cos (ωkt)− i sin (ωkt)
]
= ν (t)− iλ (t) , (6.42)
where
ν (t) =
∫ ∞
0
∑
s ∈ {+,−}
JD (ω) coth
(
ω
2kBT
)
cos (ωt) dω,
λ (t) =
∫ ∞
0
∑
s ∈ {+,−}
JD (ω) sin (ωt) dω. (6.43)
In these definitions we used the spectral density,
JD (ω) =
∑
k 6=0
(gs,k)
2 δ (ω − ωk) . (6.44)
The spectral density is evaluated in the continuous frequency limit as
JD (ω)=4ng2IB
Dd
(2π)d
∫
dkkd+1(Us,k+Vs,k)2 δ (k−kEs(ω))
∂kEs(k) |k=kEs(ω)
, (6.45)
where Dd is the surface of the hypersphere in the momentum space with radius k in
d-dimensions. In the particular case of 1D becomes D1 = 2.
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To obtain the expression for the continuous frequency case, the inverse of the dispersion
relation from Eq. (6.22) is needed. For this general energy spectrum, obtaining such
inverse function is not easy. However this is indeed possible for the simplified case,
Eqs. (6.28). The inverse of the density (-) branch which is the one to which the impurity
couples for the case 1 type of coupling, reads
kE− (ω) = (6.46)
√
mBng
g12
g
− 1 +
√
1− 2g12
g
+
(
g12
g
)2
+
(
2ω
ng
)2 12 .
With this, for the density (−) branch (case 1 type of coupling), the spectral density is
J− (ω) = τ˜−
G−(ω)3/2√
F−(ω)
, (6.47)
with
F−(ω) = 1 +
(
ω
Λ−
)2
, (6.48)
G−(ω) = −1 +
√
F−(ω), (6.49)
τ˜− =
(2gIB)
2 nm
3/2
B
21/2π
√
Λ−, (6.50)
and where Λ− = n (g + g12) /2 is the cutoff frequency, which resembles the one in (Lampo
et al., 2017a) when g is replaced by g+g12
2
. In the limit of ω ≪ Λ−, the spectral density
can be simplified to
J− (ω) = τ−ω3, (6.51)
where
τ− =
(2η)2
2π
(
mB
n (g + g12)
1/3
)3/2
, (6.52)
with η− =
gIB
g+g12
. Thus, for the the π-state equilibrium configuration one obtains a cubic
spectral density.
For the spin (+) branch (case 2 type of coupling), the inverse of the spectrum reads
as
kE+ (ω) =
√
mBng
g12
g
− 1− 4Ω
ng
+
√
1− 2g12
g
+
(
g12
g
)2
+
(
2ω
ng
)2 12 .
In this case, the spectral density is
J+ (ω) = τ˜+
G+ (ω)√
F+ (ω)
, (6.53)
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where
F+ (ω) = 1 +
(
ω
Λ+
)2
,
G+ (ω) = W (ω)
W (ω) + 1
2
− 1
2
√
1 +
(
Egap
Λ+
)21/2 ,
W (ω) = −1
2
+
√
F+ (ω)− 1
2
√
1 +
(
Egap
Λ+
)2
,
τ˜+ =
(2gIB)
2 nm
3/2
B
21/2π
√
Λ+, (6.54)
with Λ+ = n (g − g12) /2. We note that to interpret τ˜+ as a relaxation time, as is custom
to do, see (Lampo et al., 2017a), one has to impose g ≥ g12 to assure it remains a real
quantity. In other case, the spectral density will be imaginary (note G+(ω)√
F+(ω)
is independent
of the sign of g − g12).
Let us find how the spectral density in Eq. (6.53) simplifies in two limiting cases.
First, in the absence of coherent coupling, Ω = 0, the gap vanishes, Egap = 0. In this
case, Eq. (6.53) is equal to that of the density mode, upon the interchange Λ− → Λ+.
Therefore, on the long time limit ω ≪ Λ+ we obtain the same cubic behaviour of the
spectral density. We illustrate this case in Fig. 6.2. In panel (a) we show that the two
branches of the energy spectra have the same behaviour, that is, linear at low k and
parabolic for large k.
Second, we consider the case of finite Ω which implies Egap > 0. For any Ω that satisfies
(6.26), one finds that Egap > Λ+. In this scenario, to study the long-time behaviour of
the system, a first approach is to assume that it is determined by Λ+ , i.e. by ω ≪
Λ+. In such case, the resulting spectral density is imaginary, and for this reason we
exclude it. On the other hand, for ω ≪ Egap, the spectral density is also imaginary.
Furthermore, a requirement which we impose on the spectral density is that one cannot
consider frequencies lower than the gap energy Egap. Physically, one can interpret this as
follows: Since the energy spectrum of the bath is gapped, with a gap given by Eq. (6.32),
the spectral density cannot assign a weight at frequencies lower than this, because the
bath cannot excite the impurity with such frequencies since it is not part of its spectrum.
Then, we simplify the spectral density as
Ĵ+ (ω) = Θ (ω − Egap) J+ (ω) , (6.55)
with Θ(.) the step delta function.
Let us now comment on the frequency region right above the energy gap of our system.
To this end, we replace ω = Egap+ ǫ, where ǫ > 0. We use ǫ as the small value expansion
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Fig. 6.2 (a) Energy spectrum for a coherently coupled two component BEC. There are
two branches in the spectrum corresponding to the density (-) and spin modes (+). We
plot both for different values of the coherent coupling, Ω. First, this illustrates that the
gap opens for the spin mode (+); and second, it shows that, while for Ω = 0 both
branches behave similarly, i.e., linearly for low k and quadratically for large k, for finite
Ω the (+) mode behaves quadratically even at low k. This has direct implications on the
behaviour of the spectral density in case 2, plotted in (b). When the Ω = 0 (blue line)
the spectral density behaves as for the density mode (i.e. with a w3-behaviour). The
red and green lines (for Ω = 50π Hz, 100πHz, respectively) show instead a different
behaviour. The inset shows a zoom, where we checked that it fits the simplified
behaviour in Eq. (6.60), i.e. has a lower gap and behaves as
√
w initially. In these plots
we used g = g12 = 2.15x10
−37J ·m , n = 7(µm)−1 , gIB = 0.5x10−37J ·m, with BEC and
impurities made of Rb and K atoms, respectively.
parameter in our case, i.e. we consider the limit ǫ ≪ Egap, such that ω ≈ Egap. We
furthermore introduce an arbitrary cutoff Λ, for which it holds that ǫ ≪ Λ − Egap. The
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expressions in the spectral density will now read as
F+ (ǫ) = 1 +
(
Egap
Λ+
)2
, (6.56)
W (ǫ)=−1
2
+
1
2
√
1+
(
Egap
Λ+
)2
+
Egap
Λ+
(
E2gap + Λ
2
+
)− 1
2 ǫ,
such that
G+(ǫ)=
−1
2
+
1
2
√
1+
(
Egap
Λ+
)2(Egap
Λ+
) 1
2 (
E2gap+Λ
2
+
)−1
4 ǫ
1
2 . (6.57)
Hence the spectral density is
Ĵ+ (ǫ) = Θ (ǫ) τ̂+ǫ
1/2, (6.58)
with
τ+ = τ˜+
(
−1
2
+ 1
2
√
1 +
(
Egap
Λ+
)2)
(Egap)
1
2
(
1 +
(
Egap
Λ+
)2)1/4 . (6.59)
The final form of the spectral density, after introducing a cutoff Λ, to avoid the related
ultraviolet divergencies mentioned above, is
Ĵ+ (ω)=Θ (ω−Egap) τ+ (ω−Egap)1/2Θ(Λ+Egap−ω) . (6.60)
We introduced a hard cutoff to our spectral density as this better describes the physical
system we study. Such a spectral density, i.e. with an exponent on the frequencies less
than 1, is often associated to subdiffusive impurity dynamics. Note that in the results that
we present below, we assume g ≈ g12 as in (Nicklas, 2013), which significantly simplifies the
expression for the coefficient of the spectral density τ+ without changing its behaviour.
In particular in this case τ+ = (2gIB)
2 nm
3/2
B /2
1/2π. In Fig. 6.2(b), we show how the
approximate spectral density in Eq. (6.60), under the assumption ǫ ≪ Egap, compares
to the original spectral density. For vanishingly small values of Egap the spectral density
approaches the form of that of the density mode, i.e. it goes as ∝ ω3, as expected. In the
limit we are interested, that is, for finite Egap, the spectral density behaves approximately
as in Eq. (6.60) (see inset in panel Fig. 6.2(b)).
Such gapped spectral densities as in Eq. (6.60), have already been studied extensively
in the literature. In general, they are usually related to semiconductors (John and Quang,
1994, Tan et al., 2011, Prior et al., 2013) or photonic crystals (PC) (Kofman et al., 1994).
In particular, the simplified form of the spectral density, Eq. (6.60), is related in particular
with 3D photonic crystals. The latter, are artificial materials engineered with periodic
dielectric structures (P Bykov, 1972). If one considers an atom embedded in such a
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material, it is known that if the resonant frequency of the excited atom approaches the
band gap edge of the PC, strong localization of light, atom-photon bound states, inhibition
of spontaneous emission and fractionalized steady-state inversion appear (Yablonovitch,
1987, Lambropoulos et al., 2000, Woldeyohannes and John, 2003, Quang et al., 1997). The
rapidly varying distribution of field modes near the band gap (Kofman et al., 1994, Kofman
and Kurizki, 2004) requires a non-Markovian description (Breuer and Petruccione, 2007a)
of the reduced dynamics of quantum systems coupled to the radiation field of a PC
(Woldeyohannes and John, 2003, Quang et al., 1997, Rivas et al., 2010, de Vega et al.,
2005, 2008). This enhanced appearance of Non-Markovian effects is also confirmed by
a recent study based on exact diagonalization (Vasile et al., 2014). In this study it was
observed that for frequencies of the bath much larger than the band gap, energy transfer
between the system and the bath is allowed and therefore information and energy flow
irreversibly from system to bath appears leading to Markovian dynamics. On the other
hand, at the edges of the gaps, one observes the largest backflow of information where the
energy bounces between the system and bath leading to Non-Markovian evolution of the
system. Furthermore, deep within the band gap, less excitations and energy are exchanged
between the system and the bath, which is shown to lead to localized modes (Zhang et al.,
2012), expressed as dissipation-less oscillatory behaviour, plus non-exponential decays
(such as for example fractional relaxations (Giraldi and Petruccione, 2014)).
From the work in (Zhang et al., 2012), a relationship is suggested of such long-lived
oscillations that appear in the dynamics of a system coupled to a bath with a gapped
spectral density, with the fact that the Hamiltonian of the system might have thermo-
dynamic and dynamic instabilities. This is the case when the Hamiltonian is unbounded
from below, i.e. non-positive. Physically, this is the case for Hamiltonians that exhibit
breakdown of particle number conservation, as is our case of the QBM, and which can
induce dynamical instabilities in the long-time regime, where by long time limit, one im-
plies the regime ω ≪ Λ, meaning for frequencies deep inside the band. As in the spirit of
(Lampo et al., 2017a), one can show that the effect of the bath on the impurity is not only
to dissipate its energy, but as well to introduce an inverse parabolic potential in which the
impurity is diffusing (which would work as a renormalization of the trapping frequency
had we considered a harmonic trapping potential). This inverse parabolic potential is
understood to be a consequence of the unboundedness of the Hamiltonian, and is what
is resulting in the dynamical instability of the long time solution of the impurity dynam-
ics. Unfortunately, contrary to the case in (Lampo et al., 2017a), we will not consider a
harmonic trap for the impurity, and hence the positivity of the Hamiltonian is violated
irrespective of the strength of the coupling of the impurity to the bath. In practice one
would study the impurity constrained in a box of a certain size, which if included in the
modeling of the system, would result in a positively defined Hamiltonian, at the price of
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complicating significantly the analytical solution for the impurity’s dynamics. Hence we
proceed with the current description of our system, but we assume that we are looking
at timescales where the effect of the finite sized box are not manifested. Theoretically,
there are also a number of other ways to circumvent this problem, even without referring
to the presence of a box, such as taking into account bilinear terms in the impurity’s or
bath’s operators in the Hamiltonian as in (Bruderer et al., 2007, Rath and Schmidt, 2013,
Christensen et al., 2015a, Shchadilova et al., 2016d). In any case, we will show below
that for the regime of the transient effect that we are interested in, this will not change
qualitatively our results.
Following the approach sketched above, we take advantage of the simplicity of the
Fro¨hlich like Hamiltonian we are considering above. Furthermore, we remind that we
will look at the long time dynamics of the impurity, i.e. ω ≪ Λ, as was implied by the
above study on the spectral density’s form. In addition, one should take into account
the dissipationless oscillatory behaviour, which can also be expressed as an incomplete
decay of the Green function impurity propagator which we will study below. In fact by
identifying the equivalence of the appearance of these oscillations with the incomplete
decay of the Green function, this provides us with a very simple condition upon which
the long-live oscillations appear, that is that the Green function has at least one purely
imaginary pole, which can be shown to only be possible for frequencies within the band
gap (Kofman et al., 1994). We will study this in the next section.
Finally, an important point to note, is that from the above considerations, we conclude
also that our system could potentially be used to observe various phenomena traditionally
linked to particles immersed in electromagnetic fields in quantum-optical systems. This
idea goes in parallel to a previous attempt to simulate quantum optical phenomena with
cold atoms in optical lattices as in (Navarrete-Benlloch et al., 2011). It is yet important
to state that this set-up could as well be used in simulating Bose-Hubbard Hamiltonian
with extended hopping and Ising models with long-range interactions.
6.4 Heisenberg equations and their solution
In this section, we derive the equation of motion for the impurity, which will allow us
to study its diffusive behaviour under the various scenarios. To do so, we begin with the
Heisenberg equations of motion for both the impurity and the bath particles. The latter
set of equations can be solved, and we use this solution to obtain a Langevin like equation
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of motion for the impurity. The Heisenberg equations for the bath particles are
dbs,k (t)
dt
=
i
~
[H, bs,k (t)]=− i
~
Ωs,kbs,k (t)−
2∑
j=1
g
(j)
s,kx (t) ,
db†s,k (t)
dt
=
i
~
[
H, b†s,k (t)
]
=
i
~
Ωs,kb
†
s,k (t)−
2∑
j=1
g
(j)
s,kx (t) , (6.61)
and for the central particle
dx (t)
dt
=
i
~
[H, x (t)] =
p (t)
mI
, (6.62)
dp (t)
dt
=
i
~
[H, p (t)]=
i
~
[U(x),x (t)]−~
∑
k 6=0
j={1,2}
s={+,−}
g
(j)
s,kπs,k (t) .
Substituting the solutions of the equations of motion for the bath into that of the central
particle, one gets
x¨ (t) +
∂
∂t
∫
Γ (t− s) x (s) ds = B (t)
mI
, (6.63)
where
Γ (τ) =
1
mI
∫ ∞
0
∑
j={1,2}
s={+,−}
J
(j)
s (ω)
ω
cos (ωτ) dω, (6.64)
B (t) =
∑
k 6=0
i~
∑
j={1,2}
s={+,−}
g
(j)
s,k
(
b†s,k (t) e
iωkt − bs,k (t) e−iωkt
)
,
are the damping and noise terms, respectively. Note that in Eq. (6.63) we neglected a
term −Γ (0) x (t). This term may introduce dynamic instabilities in our system in the
long time regime. As in (Lampo et al., 2017a), we neglect it as these instabilities are
unphysical, that is, will not occur in a physical realization of the system and will only
occur in the long time behavior. To be more specific, for the coupling to the density mode
this term reads as,
Γ− (0) = τ−
Λ3−
3
. (6.65)
For the coupling to the spin mode this term reads as
Γ+ (0) = τ̂+
[
−πE1/2Gap + 2 (Λ + EGap)0.5 F2,1
(
−1
2
,−1
2
;
1
2
;
EGap
Λ + EGap
)]
.
As in (Lampo et al., 2017a), the solution of Eq. (6.63) takes the form
x(t)=G1(t)x(0) +G2(t)x˙(0) +
1
mI
∫ t
0
G2(t− s)B(s)ds, (6.66)
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with the corresponding Green functions given by
Lz [G1(t)] = z
z2 + zLz [Γ(t)] =
1
z + Lz [Γ(t)] , (6.67)
Lz [G2(t)] = 1
z2 + zLz [Γ(t)] . (6.68)
where Lz [·] represents the Laplace transform. To obtain an expression for G1(t) and
G2(t), one needs to consider the specific type of bath that is interested to study. For the
first scenario (coupling to the density mode), this was studied in (Lampo et al., 2017a),
where Γ(t) was found to be
Γ−(t) =
τ−
t3
[
2Λ−t cos (Λt)− 2
(
2− Λ2−t2
)
sin (Λ−t)
]
, (6.69)
and under the long time limit assumption of z ≪ Λ−
Lz [Γ−(t)] = τ−Λ−z +O
(
z2
)
. (6.70)
Then, one obtains
G1 (t) =
1
1 + τ−Λ−
(6.71)
and
Lz [G2(t)] = 1
(1 + Λ−τ−) z2
, (6.72)
which results in
G2(t) =
t
(1 + Λ−τ−)
, (6.73)
where we see that the Green functions have an identical form to that of (Lampo et al.,
2017a), which was shown to result in a ballistic diffusion. More importantly, this diverges
at t→∞, a consequence of the fact that an equilibrium state is not reached at this limit.
The second case (coupling to the spin mode) is slightly more involved. We consider
the scenario described in the previous section which results in the gapped spectral density
of Eq. (6.60). To proceed, we first need an expression for the Laplace transform Lz [Γ+(t)]
which can be shown to read as
Lz [Γ+(t)] =
∫ ∞
0
(∫ ∞
0
dω
Ĵ+ (ω)
ω
cos (ωt)
)
e−ztdt
= z
∫ ∞
0
dω
Ĵ+ (ω)
ω (ω2 + z2)
=
τ̂+
z
(
E3gap+Egapz
2
)Λ1.5 [−Egap
3
(Egap+iz)F2,1
(
1,
3
2
;
5
2
;− Λ
Egap−iz
)
− Egap
3
(Egap − iz)F2,1
(
1,
3
2
;
5
2
;− Λ
Egap + iz
)
+
2
3
(
E2gap + z
2
)
F2,1
(
1,
3
2
;
5
2
;− Λ
Egap
)]
,
(6.74)
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where F2,1 (α, β; γ; z) is the hypergeometric function
F2,1 (α, β; γ; z) =
∞∑
n=0
(α)n (β)n
(γ)n
zn
n!
, (6.75)
with (·)n being the Pochhammer symbol. Unfortunately, inverting the Laplace transform
in Eq. (6.68), given Eq. (6.74), is rather complicated. For this reason we restrain ourselves
to studying only the long-time limit, determined by z ≪ Λ. In this case the inverse Laplace
transform of the Green’s function in Eq. (6.68), reads as
G2(t) = At, (6.76)
A = E5gap
[
E5gap +
2
3
E2gapΛ
1.5τ̂+F2,1
(
1,
3
2
;
5
2
;− Λ
Egap
)
− 4
5
EgapΛ
2.5τ̂+F2,1
(
2,
5
2
;
7
2
;− Λ
Egap
)
+0.285714Λ3.5τ̂+F2,1
(
3,
7
2
;
9
2
;− Λ
Egap
)]−1
,
which has the same time dependence as in case 1 (coupling to the density mode). Unfor-
tunately this is as far as we can get analytically, as contrary to the coupling to the density
mode, even though we have the Green function at hand, using it to obtain an analytic
expression for the MSD of the impurity which is our ultimate goal is not possible.
Equation (6.73) as well as Eq. (6.74) have been both obtained at the long time
limit, which implied expanding the Laplace transform of the damping kernel Lz [Γ−(t)] ,
Lz [Γ+(t)] at the first order in z/Λ−, z/Λ. In general, one could have considered higher or-
ders of the aforementioned expansion, but should then be careful in inverting the Laplace
transform to obtain the Green function in defining the relevant Bromwich integral in the
complex plane in such a way as to not include the roots which correspond to divergent
runaway solutions (Lampo et al., 2017a). Even if one would do so, the result for the
Green function would not change much, and this can be proven by considering a numeri-
cal inversion of the Laplace transform for the Green function, where the long time limit
assumption is not made. For the coupling to the density mode this was shown using the
Zakian method in (Lampo et al., 2017a). For the spin mode, we checked this using the
same method. Moreover, we contrasted its results to two other methods for numerically
inverting a Laplace transform, in particular, the Fourier and the Stehfest methods (Wang
and Zhan, 2015). The Zakian method, gives the inverse of the Laplace transform of a
function F (z) in the following form
f (t) =
2
t
N∑
j=1
Re
[
kjF
(
βj
t
)]
, (6.77)
where kj and βj are real and complex constants given in (Wang and Zhan, 2015). With all
of these methods the Green function behaves linearly with time for the range of parameters
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we considered. In fact in the numerical results presented in the next section, the Zakian
method was used to obtain the Green function, such that our results are not restricted
just to the long time limit z ≪ Λ.
In addition, we are also now in a position to check the presence of the long-lived
oscillations in our system. As was mentioned before, this can only be the case if the
Green function exhibits a purely imaginary pole, which if it exists, should correspond to
a frequency within the bandgap. As is shown in (Lo et al., 2015), this will be the case,
for the frequency that is a solution of
ω2 + Γ (0)−∆(ω) = 0, (6.78)
where
∆ (ω) := P
∫ ∞
0
Ĵ+ (ω
′)
ω − ω′ dω
′
= −
2τ̂+Λ
1.5F2,1
(
1, 3
2
; 5
2
;− Λ
Egap−ω
)
3 (Egap − ω) , (6.79)
is the bath self energy correction, where P denotes the principal value. One can show that
the expression of Eq. (6.79) is always non-positive for ω < Egap and hence the condition
in Eq. (6.78) is never satisfied, such that we do not have to worry about these oscillations
in the transient dynamics that we will study in the next section.
Finally, one can evaluate the validity of the linearity assumption which allowed us
to consider a linear coupling between the BEC and the impurity (see Hamiltonian in
Eq. (6.38)) in terms of the physical parameters of the system. This assumption reads as
kx ≪ 1. In (Lampo et al., 2017a) it was shown that, as a function of the temperature,
there exist a maximum time for which the linear assumption holds. In the system dis-
cussed here, since an expression for the MSD cannot be found, for each set of parameters
one has to evaluate numerically the long-time behavior of the MDS and determine the
maximum time for which the assumption holds. To this end, on has to note that dif-
ferently to (Lampo et al., 2017a), for the coupling to the spin mode the momenta grows
parabolically with ω even for small k and there is an energy gap. Then, to evaluate the
criteria (kx ≪ 1), one has to use the expression for the energy, Eq. (6.28) together with
the numerically evaluated MSD. We checked this condition in the numerical examples
presented in next section.
6.5 Results
Mean square displacement With the Green propagator and the spectral density
at hand, we are now in a position to evaluate the MSD. This, as shown in (Lampo et al.,
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Fig. 6.3 MSD as a function of time for the case of coupling to the spin mode. A cutoff
of Λ = 10Ω¯ was used, where Ω¯ = 1000πHz. In (a) we plot it for different coherent
couplings Ω and in (b) for different couplings to the bath. The MSD shows three
regimes, where it behaves approximately as MSD (t) ∝ tα, and therefore linearly in
log-log pots, with a different slope given by the anomalous exponent α: (i) an initial
short time behavior, where α ≈ 2; (ii) a nontrivial transient subdiffusive behavior, where
α < 1. We plot a dashed orange line as a guide to the eye, to illustrate the different
slopes in this regime; (iii) a long time ballistic regime, with α = 2. In (a) we show that,
as Ω is reduced, the subdiffusive plateau enlarges and α gets smaller. In (b) we show
that increasing the couplings to the bath τ+, also enlarges the plateau and reduces α.
See main text for discussion of both effects. In both panels, we consider Rb and K
atoms for BEC and impurities, respectively. We use intra- and inter-species coupling
constant for the BEC g = g12 = 2.15x10
−37J ·m, density n = 7(µm)−1, and
impurity-BEC gIB = 0.5x10
−37J ·m; We take τ+ = 1 in (a) and Ω = 100πHz in (b).
2017a), is evaluated in the long time limit ω ≪ Λ−,Λ as
〈[x (t)− x (0)]2〉 =MSD (t) =G22(t)〈x˙2 (0)〉+
1
2
∫ t
0
ds
∫ t
0
dσG2(s)G2(σ)〈{B(s), B(σ)}〉ρB ,
(6.80)
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where we assumed that the impurity-bath are initially in a product state ρ (0) = ρB ⊗
ρS (0), where ρB is the thermal Gibbs state for the bath at temperature T . The initial
conditions of the impurity and bath oscillators are then uncorrelated. Then, averages of
the form 〈x˙ (0)B(s)〉 vanish. To treat the second term in Eq. (6.80), we note that
〈{B(s), B(σ)}〉ρB = 2ν (s− σ) , (6.81)
where ν (t) is defined as in Eq. (6.43).
In case 1 (coupling to density mode) the spectral density reads as in Eq. (6.51). Then,
the MSD behaves the same way as in (Lampo et al., 2017a), with the only difference of
replacing g → g + g12. Hence the impurity will again superdiffuse as
〈[x (t)− x (0)]2〉 =
[
〈x˙2 (0)〉+ τ−Λ
2
−
2
](
t
ζ
)2
, (6.82)
where ζ = 1 + τ−Λ−. Note that the superdiffusive behavior 〈x2 (t)〉 ∝ t2 appears for
both low temperature (coth (~ω/2kBT ) ≈ 1) and high temperature (coth (~ω/2kBT ) ≈
2kBT/~ω) limits. Hence from Eq. (6.82) we see that, effectively, the contribution of the
Bogoliubov modes to the MSD behavior in this case is just to modify the mass of the free
particle.
In case 2 (coupling to the spin mode), analytical expressions for the Eq. (6.80) cannot
be found. We remind again that we are interested in the transient effects attributed to the
bath frequencies right above the band gap, after making the assumption for ω = Egap+ ǫ
that ω ≈ Egap i.e. ǫ≪ Egap. In this case the Green function reads as in Eq. (6.60), while
the noise kernel at low temperatures, where coth
(
ω
2kBT
)
→ 1, can be shown to be equal
to
ν (t) =τ̂+(Λ−Egap)1.5
[
2
3
cos (Egapt)F1,2
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3
4
;
1
2
,
7
4
;−1
4
t2(Egap−Λ)2
)
+
2
5
t (Egap−Λ)cos (Egapt)F1,2
(
5
4
;
3
2
,
9
4
;−1
4
t2 (Egap−Λ)2
)]
, (6.83)
where
F1,2 (α; β, γ; z) =
∞∑
n=0
(α)n
(β)n (γ)n
zn
n!
. (6.84)
In this case, we were not able to obtain an analytic solution for the MSD, as the integral
in Eq. (6.80) is quite difficult to perform. We evaluate it numerically and present the
results below.
Numerical results for case 2 These numerical calculations are only valid for finite
Ω, as we used the simplified version of the spectral density, Eq. (6.60). In all calculations
we checked that all assumptions made are fulfilled. We numerically find three regimes of
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behavior for the MSD, and in each regime it behaves as MSD (t) ∝ tα, where α, which is
known as the anomalous exponent, is different at each regime. In regime (i), there is an
initial short time behavior where, as expected, the MSD grows more or less ballistically
with time. So here, α ≈ 2; In regime (ii), there is a plateau where α < 1. This is a
transient subdiffusive behavior; Finally, in regime (iii), which is the long time behavior,
where the impurity superdiffuses with α = 2. We interpret this behavior as follows: the
impurity performs free motion initially. Then after interacting with the large frequencies
of the bath, the impurity begins to perform a subdiffusive motion since it screens the part
of the spectral density that depends on the square root of the bath modes frequencies. At
long times, and after undergoing dissipation for some time, the impurity again effectively
only interacts with the lower frequencies of the bath which has zero effect on the motion
of the impurity and hence the impurity performs a ballistic motion.
In Fig. 6.3 we show the numerically evaluated MSD as a function of time according
to Eq. (6.80) and different Rabi frequencies and interaction strengths. We remind that
initially, 〈x˙2 (0)〉 = 0. In Fig. 6.3 (a) we show how decreasing Ω both enlarges the
duration of the subdiffusive plateau and reduces the anomalous exponent α. We should
note that the results are valid only for finite Ω: since we use the simplifies spectral
density, Eq. (6.60), we are never able to describe the smooth transition to the cubic
spectral density, which will show an smooth change to ballistic behavior for the whole
range. Then, the effect of reducing Ω is merely to reduce the gap, not to change the form
of the spectral density. As a consequence, the plateau is enlarged. In Fig. 6.3 (b) we
show how the MSD varies as a function of the coupling strength of the impurity to the
BECs. Here, we observe that increasing the coupling strength results in more subdiffusive
motion and an increase in the time length of the subdiffusive plateau. Finally, note that,
in Fig. 6.3, time is measured in units of Ω¯ = 1000πs and hence the transient subdiffusive
phenomenon appears in time of the order of ms. Last but not least, in such a study
one should be careful to avoid the phenomenon called initial jolts, a consequence of the
initially uncorrelated state of the impurity and the bath (Hu et al., 1992). In (Lombardo
and Villar, 2007, Paavola et al., 2009, Paavola and Maniscalco, 2010), is shown that for
subdiffusive system, the initial jolts appear for times t ≪ Λ−1. In our studies, we used
Λ = 10Ω¯, which implies that the results presented in Fig. 6.3, should be free of this issue.
6.6 Summary
In this work, we again studied BM in BEC but the environment we considered in
this case was rather more complicated. In particular, we studied the scenario where the
bath is composed of two condensed clouds of ultracold atoms of different types, where
this means that they can either be of different species, or even of the same species but of
different hyperfine states. On top of the usual inter-bosons interactions of each species,
we also consider interspecies interactions. In addition, the two species can also interact
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through a coherent coupling, possibly a laser, that allows atoms of one type to convert to
atoms of the other. The main findings of our studies are the following:
❼ We used as our starting point, the physical Hamiltonian describing the coupling
of an impurity to a coherently coupled two-component BEC, through a contact
interaction. We then performed a so-called generalized Bogoliubov transformation
to diagonalize the purely bath dependent Hamiltonian, which led to the appearance
of two modes of this composite bath, the density mode and the bath mode.
❼ The energy spectrum of the density mode is of the same form as that of a single
BEC. However the energy spectrum of the spin mode is fundamentally different,
since this is a gapped spectrum. In addition the two spectra behave differently at
low frequencies. While the density spectrum behaves linearly for low frequencies
and quadratically for higher frequencies, the spin spectrum behaves quadratically
in both regimes. We note that in our studies we take into account the orthogonality
of the wavefunctions corresponding to these modes.
❼ The total Hamiltonian again has the form of a Frohlich type Hamiltonian, but the
impurity now couples to two distinct baths. Hence under the dipole approximation,
we again obtain a Caldeira-Leggett type Hamiltonian.
❼ We show that depending on how the impurity couples to the two original types
of atoms, it sees a distinct spectral density for the bath. Namely, if the impurity
is coupled in the same way tot he two type of atoms, i.e. if it couples to both
of them attractively or to both of them repulsively, the impurity couples to the
density mode of the diagonalized Hamiltonian. If on the other hand the impurity
couples oppositely to the two types of atoms, namely attractively with one of them
and repulsively with the other, then the impurity couples to the spin mode of the
diagonalized energy spectrum. This is the main result of this work.
❼ We study the form of the spectral densities, in the same way as in A.1.2, and we
find that while in the density case the spectral density remains cubic, but with a
slightly modified relaxation time, in the spin case, the spectral density is gapped,
with a gap equal to the gap in the energy spectrum. This is understood hence to
be a direct consequence of the form of the energy spectrum, namely it means that
when the impurity couples to the spin mode, it only receives energy from the bath
in the form of excitations of energy larger than the gap. We furthermore determine
the form of the spectral density close to the band gap, and we find it to increase as
the square root of the bath frequencies.
❼ We then proceed to solve the equations of motion in the standard way of utilizing
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Laplace transforms, assuming a free impurity.
❼ We focus then on the study of the MSD. For the cubic spectral density the MSD
can be obtained analytically as before and the impurity is found to behave superdif-
fusively as before. On the other hand, the gapped spectral density was not possible
to treat it analytically, and we obtained numerical results concerning the MSD be-
havior as a function of the parameters of the system. Namely we found that the
impurity had a transiently subdiffusive behavior at short times, and a superdif-
fusive behavior at later times. In particular at long times, the impurity diffuses
quadratically with time, which is expected since from the Tauberian theorem, we
know that the low frequency part of the spectral density determines the motion at
the long time. For this gapped spectral density then, one naturally expects that at
long time the bath should not affect the motion, and the impurity should continue
moving freely/ ballistically. For the transient part at short times, as a function of
the parameters of the system, we find that:
– The impurity behaves more subdiffusively when a larger coherent coupling is
assumed.
– The impurity behaves more subdiffusively when it couples stronger to the two
types of atoms.
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CHAPTER 7
USING BOSE POLARONS AS QUANTUM
BROWNIAN PROBES FOR QUANTUM
THERMOMETRY
In this chapter, we examine the possibility to use Bose polarons as probes in order to
measure the temperature of a given BEC sample. As in previous works, we treat the Bose
polaron within an open quantum system framework. Once again we make the dipole
approximation that translates the Bose polaron system into a QBP. To make the chapter
self consistent, we first make an overview of the necessary background material. We
begin in Sec. 7.1 with a short presentation of the general framework and assumptions
one makes in modern day quantum thermometry, and in particular what insights to this
field has quantum estimation theory introduced. Then, in Sec. 7.2, we proceed with the
main technical tools that are needed in order to be able to understand our work, namely
a definition of the quantum Fisher information, a proof of the Quantum Cramer Rao
bound as well as the introduction of the symmetric logarithmic derivative. The classical
analogues of these are presented in parallel since they offer a better intuition about the
physical meaning of these quantities. In Sec. 7.3, we continue with a short overview of
the goals and limitations of quantum thermometry in equilibrium, just to understand the
importance of the structure of the specific energy spectrum of the Hamiltonian. This
is even more true in out of equilibrium quantum thermometry, which demonstrates the
importance of studying quantum thermometry for a case by case model. We then comment
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on the main results of a theoretical study (Correa et al., 2017) of a quantum thermometry
protocol with the probe-system being described by the Caldeira-Leggett Hamiltonian.
There, having this concrete model at hand enabled the authors to elucidate the effect of
the strength of the coupling between the probe and the system on the efficiency of this
system as a thermometer. In Sec. 7.4, we present our results, where instead of referring
to an arbitrary model of a quantum Brownian probe, we consider as our probe a concrete
physical system, a Bose polaron, which is indeed described within the QBM framework
as in (Lampo et al., 2018). Finally in Sec. 7.5, we summarize the contents of the chapter.
The material presented in this chapter was published in (Mehboudi et al., 2019b).
7.1 Quantum thermometry and quantum
estimation theory
7.1.1 Quantum thermometry
In the recent years, quantum technologies have attracted an ever increasing interest,
both for the practical applications they may bring, as well as for the fact that they can
allow us to study fundamental questions about nature, as for example in the study of
quantum thermodynamics (Kosloff, 2013, Kosloff and Levy, 2014). In addition, exploit-
ing the quantum nature of physical systems provides a remarkable advantage in enhancing
the accuracy of estimation problems, and the resolution in the estimation of fundamental
constants of nature. Exploring this possibility plays a pivotal role in the current swift
development of quantum technology (Caves, 1981, Huelga et al., 1997, Giovannetti et al.,
2006, To´th and Apellaniz, 2014, Szczykulska et al., 2016, Pezze` et al., 2018). This quan-
tum advantage, resides on the fact that, quantum estimation of parameters with a strategy
that uses multiple resources simultaneously, provides better precision over individual es-
timation strategies with equivalent resources (Humphreys et al., 2013, Baumgratz and
Datta, 2016). However, for any quantum effects to be observed, systems have to be con-
trolled down to very small scales, whether this is in terms of size or temperature or other
quantities. For this reason, the relevant instruments of very high accuracy to monitor
these systems have also to be constructed. Generally, identifying strategies for improving
the measurement precision by means of quantum resources is the purpose of the field of
quantum metrology (Paris, 2009, Giovannetti et al., 2011), which as of now, has found
applications in numerous fields, ranging from fundamental physics, (Udem et al., 2002,
Katori, 2011, Aspachs et al., 2010, Ahmadi et al., 2014, Schnabel et al., 2010, Aasi et al.,
2013), to applied physics, such as thermometry (Correa et al., 2015, De Pasquale et al.,
2016), spectroscopy (Schmitt et al., 2017, Boss et al., 2017), imaging (Tsang et al., 2016,
Nair and Tsang, 2016), magnetic field detection (Lupo and Pirandola, 2016, Taylor and
Bowen, 2016) navigation (Bonato et al., 2016, Cai and Barthel, 2013) and remote sensing
(Komar et al., 2014, Dowling and Seshadreesan, 2015) or sensing of biological systems
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(Boto et al., 2000, Wynands and Weyers, 2005, Lombardi et al., 2001).
Quantum thermometry is the sub-field of quantum metrology where the quantity that
one seeks to estimate is temperature. In doing so, knowledge and results are drawn from
a number of fields, such as open quantum systems and many-body systems. From a the-
oretical point of view, the interest is focused on identifying bounds and scaling laws that
restrict the precision of temperature estimation for both equilibrium and non-equilibrium
systems. In terms of practical applications, quantum thermometry deals with the proposal
of precise thermometric protocols for physically relevant experimental set-ups. In general,
it is also the goal of quantum thermometry to reveal the role of quantum features, such as
entanglement and coherence, in the achievable resolution of the aforementioned thermo-
metric protocols with the aim of showing possible quantum enhancements. Thermometry
is possible, thanks to the zeroth and second law of thermodynamics (McKeown, 1927),
which guarantee, the former that for a given thermal equilibrium state corresponds a cer-
tain constant temperature, and the latter that, no absolute thermometric scale is needed
to measure temperature differences. Quantum thermodynamics (Binder et al., 2018) is
precisely concerned with the challenge of consistently redefining the usual thermodynamic
variables (Esposito et al., 2010, Campisi et al., 2011, Perarnau-Llobet et al., 2017), among
which is temperature, or even reformulating the laws of thermodynamics (Branda˜o et al.,
2015, Uzdin and Rahav, 2018, Kola´rˇ et al., 2012, Levy et al., 2012, Freitas and Paz, 2017,
Masanes and Oppenheim, 2017, Bera et al., 2019) to make them applicable to systems
which are not macroscopic, but fully quantum.
Ultracold atomic gases are one of the key platforms for quantum technologies due to
their potential for quantum simulation (Lewenstein et al., 2012). Such promise has been
reinforced by several breakthroughs which include, among others, the celebrated Mott
insulator to superfluid quantum phase transition for bosons (Greiner et al., 2002), as well
as recent simulations of antiferromagnetic spin chains with both, bosonic (Simon et al.,
2011) and fermionic (Tarruell et al., 2012) ultracold atomic gases. Nonetheless, operating
a quantum simulator requires very precise tuning of the parameters of the experiment,
so as to ensure that the simulated system behaves as intended. In particular, a precise
temperature control is essential, for instance, for the reconstruction of the equation of
state of the system (Greiner et al., 2002). Hence recently, there has been an increasing
interest both at the theoretical and experimental level, in obtaining accurate temperature
readings with nanometric spatial resolution in such a context (Neumann et al., 2013,
Kucsko et al., 2013, Toyli et al., 2013). Beyond this, the development of such ultraprecise
thermometric protocols, could in the long run also pave the way towards many ground-
breaking applications in medicine, biology or material science. Motivated by the above,
we set off to propose a thermometric protocol to measure the temperature of a BEC at
sub-nK temperatures.
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7.1.2 Quantum estimation theory
It is often the case, that important physical quantities can not be directly measured,
either in principle or due to some technical obstructions, such that one can only infer their
values from indirect measurements. One such case is also temperature. This is because it
is a non-linear function of the density matrix, so it is not a (quantum) observable of the
system. In addition if one seeks to study quantum effects in the precision of temperature
measurements, i.e. where one needs to resort to quantum thermodynamics, then they
encounter the additional difficulty of the fact that relevant quantities like entanglement
and purity are nonlinear functions of the density matrix and cannot, even in principle,
correspond to proper quantum observables. Furthermore, in high-precision measurements,
and in the quantum regime, it is important to include also a proper accounting of the
measurement process and apparatus. For all the above reasons, in these situations one
should resort to indirect measurements, inferring the value of the quantity of interest by
inspecting a set of data coming from the measurement of a different observable, or a set
of observables. To do so one needs to introduce an ancillary physical system, the probe,
over which a high degree of control is assumed.
The idea of the aforementioned probe is the following. Through the interactions of
the system and the probe, information about the system parameter of interest λ is passed
into the state of the probe. A measurement of the probe can be performed then, in order
to infer the parameter λ. This can be summarized in the following protocol:
1. Initialization of the probe: the probing system is prepared in an assigned state ρ0.
2. Evolution of the probe: the probe interacts with the system, and evolves according
to a λ-dependent process described by a superoperator Eλ, so as to imprint onto the
probe state, via ρλ = Eλ (ρ0).
3. Readout of the probe: a (quantum) measurement is performed on ρλ, followed by
classical data processing on the outcomes. This is what is properly defined as the
’estimation step’.
This is repeated for N independent probes, where all of them are initialized in the same
initial state ρ0.
Hence, to properly address the problem of precise temperature measurements at the
quantum level, as well as to place bounds on the precision of a given temperature-sensing
protocol, one has to make use of the framework of quantum estimation theory (QET) (Hel-
strom, 1976, Holevo, 2003). This, provides analytical tools to find the optimal measure-
ment according to some given criterion (Braunstein and Caves, 1994, Barndorff-Nielsen
and Gill, 2000). From a fundamental perspective, it provides a gold standard upon which
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to asses distinguishability of quantum states. Moreover, one can also single out which
temperature dependent quantity is the most sensitive to thermal fluctuations and thus,
produces the most accurate temperature estimates. In case that this aforementioned
quantity is not measurable in practice, due to technological limitations, quantum ther-
mometry can assist in identifying accessible (sub-optimal) alternatives which approximate
the fundamental precision limits closely (Campbell et al., 2017, Cavina et al., 2018).
7.2 Preliminaries and Relevant quantities for
Quantum thermometry from quantum
estimation theory
We begin by a general overview of the traditional methods and tools employed in
Quantum thermometry and quantum metrology in general in order to estimate the rele-
vant parameters.
7.2.1 Classical parameter estimation toolbox
The solution of a parameter estimation problem amounts to find an estimator, i.e a
mapping λ = λ (x1, x2, ...) from the set x of measurement outcomes into the space of
parameters M . Optimal estimators in classical estimation theory are those saturating the
Cramer-Rao inequality (Crame´r, 1999)
V (λ) ≥ 1
NF (λ)
(7.1)
(for a proof see App. C.1) which establishes a lower bound on the mean square error
V (λ) = Eλ
[
(λ (x)− λmean)2
]
of any estimator of the parameter λ. The constant factor
just follows from the central limit theorem, where N is the number of measurements.
F (λ) is the so-called Fisher Information (FI)
F (λ) =
∫
dxp (x | λ)
(
∂ ln p (x | λ)
∂λ
)2
=
∫
dx
1
p (x | λ)
(
∂p (x | λ)
∂λ
)2
(7.2)
where p (x | λ) denotes the conditional probability of obtaining the value x when the
parameter has the value λ. An interesting property of this quantity is that it is additive
when the systems are independent. Equivalently, one can show that FI derives from
the Fisher-Rao distance between probability distributions differing by an infinitesimal
increment in λ, namely p (x | λ) and p (x | λ+ δλ). The role of the Fisher information
becomes clearer by considering its relation with the fidelity. The fidelity between two
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probability distributions quantifies their closeness, and is defined as follows
Fid (p, q) =
∑
x
√
qxpx (7.3)
It is easy to see that 0 ≤ Fid (p, q) ≤ 1, with the equality to one holding iff px = qx,
while equality to zero happens iff the two distributions have no common support, i.e.,
px 6= 0 ⇒ qx = 0 , and qx 6= 0 ⇒ px = 0. Note that the appearance of the factor M in
the CRB is due to the additivity of the Fisher Information for independent measurements
as the ones we assume here. On the one hand, the probability distribution p (x | λ) (and
thus its sensitivity to small variations of the parameter of interest ) depends on the chosen
measurement: optimal measurements are those with conditional probability maximizing
the Fisher Information. On the other hand, for any fixed measurement, an efficient
estimator is the one that saturates the Cramer-Rao inequality. In our work, we will be
interested in estimating the temperature of some system, and we will assume we have
no information about this temperature. In this case, one assumes an unbiased estimator,
for which the mean square error is equal to the variance V ar (T ) = 〈T 2〉pT − 〈T 〉
2
pT
.
Furthermore, if the data sample is sufficiently large, it results that an efficient estimator
is provided by the maximum-likelihood principle,based on the intuition that the observed
data have been measured since they hold the highest probability to be obtained. This is a
typical example of an asymptotically efficient estimator. There also exist special families
of probability distributions allowing for the construction of an estimator with only a finite
number of measurements.
Finally, let us comment on the scaling of the accuracy of the measurement protocol
with the number of repetitions or the number of probes. If a large number of independent
experiments is carried out one can define an estimate of the temperature T of the system
just by taking the average of the measurements. Then, as a result of the central limit
theorem, the corresponding statistical error δT =
〈
(T − 〈T 〉)2〉 in the estimation decreases
as δT ∼ 1√
N
(Giovannetti et al., 2004), where N is the number of repetitions (which
equivalently can be seen as the number of uncorrelated and independent probes used in the
estimation). This type of scaling is often referred-to as shot noise (usually when associated
with classical systems) or standard quantum limit SQL (when associated with quantum
systems) (Crame´r, 1999). In optical experiments, the SQL manifests as a significant
technical noise floor (e.g. in homodyne or heterodyne field measurements), and is a
consequence of quantum shot noise, associated to the Poissonian arrival times of quantised
photons in a coherent state.
7.2.2 Quantum metrology toolbox
While the fundamental objects in classical Fisher information are parameter-dependent
probability-distribution of the data, the fundamental objects involved in the quantum es-
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timation problem are the density matrices ρ (λ) labeled by λ ∈ M . These ρ (λ) is a family
of quantum states defined on a given Hilbert space H and labeled by a parameter λ liv-
ing on a d-dimensional manifold M , with the mapping λ→ ρ (λ) providing a coordinate
system. This is sometimes referred to as a quantum statistical model. The parameter λ
does not, in general, correspond to a quantum observable and our aim is to estimate its
values through the measurement of some observable on λ. In turn, a quantum estimator
O (λ) for λ is a self-adjoint operator, which describe a quantum measurement followed
by any classical data processing performed on the outcomes. The indirect procedure of
parameter estimation implies an additional uncertainty for the measured value, that can-
not be avoided even in optimal conditions. The aim of quantum estimation theory is to
optimize the inference procedure by minimizing this additional uncertainty.
In quantum mechanics, according to the Born rule we have p (x | λ) = Tr [Πxρλ] where
{Πx}x ,
∫
dxΠx = I, are the elements of a positive operator-valued measure (POVM) and λ
is the density operator parametrized by the quantity we want to estimate. Note that x is a
quantum operator, but for the sake of simplicity of notation from now on we omit the hat.
To proceed with constructing a quantum analogue of the Fisher information presented
above which will allow us to obtain a quantum Cramer theorem and hence identify the
bounds in precision of measurements in the quantum regime one needs to introduce the
Symmetric Logarithmic Derivative (SLD) Lλ. This is the self-adjoint operator satisfying
the (Lyapunov) equation
Lλρλ + ρλLλ
2
=
∂ρλ
∂λ
(7.4)
for which we have that ∂λp (x | λ) = Tr [∂λρλΠx] = Re (Tr [ρλΠxLλ]). The Fisher Infor-
mation (7.2) is then rewritten as
F (λ) =
∫
dx
Re (Tr [ρλΠxLλ])
2
Tr [ρλΠx]
(7.5)
For a given quantum measurement, i.e. a POVM {Πx}x∈R, the equations above establish
the classical bound on precision, which may be achieved by a proper data processing, e.g.
by maximum likelihood, which is known to provide an asymptotically efficient estimator.
On the other hand, in order to evaluate the ultimate bounds to precision we have now
to maximize the Fisher information over the quantum measurements. One can show that
the Fisher information F (λ) of any quantum measurement is bounded by the so-called
Quantum Fisher Information (QFI)
F (λ) ≤ H (λ) ≡ Tr [ρλL2λ] = Tr [∂λρλLλ] (7.6)
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(see App. C.1 and App. C.2) leading the quantum Cramer-Rao bound (QCRB)
V ar (λ) ≥ 1
NH (λ)
(7.7)
to the variance of any estimator. The quantum version of the Cramer-Rao theorem pro-
vides an ultimate bound: it does depend on the geometrical structure of the quantum
statistical model and does not depend on the measurement. Optimal quantum measure-
ments for the estimation of λ thus correspond to POVM with a Fisher information equal
to the quantum Fisher information. Furthermore, notice that taking the trace on both
sides of the Lyapunov equation above, one can see that 〈Lλ〉 = 0. Therefore, the QFI is
actually the variance of SLD operator, i.e.,
F (λ) =
〈
∆2Lλ
〉
ρλ
(7.8)
where ∆2Lλ ≡
(
Lλ − 〈Lλ〉ρλ
)2
.
From the above, we see that SLD is of fundamental importance for quantum estimation
theory, for this reason it has been studied for years (Paris, 2009, To´th and Apellaniz,
2014, Braunstein and Caves, 1994). It is important mainly for two reasons. First, it is
obvious that the QFI can be directly obtained when the SLD operator is known. Second,
the achievement of quantum Cramer-Rao bound strongly depends on the measurement,
namely, it can only be achieved for some optimal measurements. The eigenvectors of
SLD operator are such theoretical optimal measurements (To´th and Apellaniz, 2014,
Braunstein and Caves, 1994). Thus, the study of SLD operator could help us to construct
or find optimal measurements for the achievement of the highest precision. Unfortunately,
the SLD projections can be highly nonlocal and hence, very hard to implement, especially
on large multipartite probes. Even finding Lλ analytically is sometimes a challenging task
(Demkowicz-Dobrzan´ski et al., 2012, Escher et al., 2011). For example when the space of
the density matrix is infinitely large, the diagonalization could be very tricky. Therefore, in
practice, one must consider more manageable sub-optimal estimators, which nonetheless
allow for a comparatively small error. For some cases, Lyapunov representation could
be used as an alternative method to obtain the SLD operator and has indeed applied in
many scenarios (Paris, 2009). The defining equation of the SLD is actually a special form
of Lyapunov equation, indicating that SLD operator is a corresponding solution.
Alternatively, the QFI can be given a geometric interpretation through the Bures
metric. In the context of temperature estimation, the QFI can be interpreted as the
infinitesimal distance, according to the Bures metric, between a thermal state at tem-
perature T , and a thermal state at temperature T + δ (Braunstein and Caves, 1994).
Intuitively, the more such a distance, the more the initial probe state is sensitive to a
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small variation of temperature. Formally,
F (ρT ) = −2 lim
δ→0
∂2F (ρT , ρT+δ)
∂δ2
(7.9)
where F (ρ1, ρ2) ≡
(
Tr
√√
ρ1ρ2
√
ρ1
)2
is the Uhlmann fidelity between states ρ1 and ρ2,
which defines their respective Bures distance via dBures (ρ1, ρ2) = 2
(
1−√F (ρ1, ρ2))
(Braunstein and Caves, 1994).
Further to the intuitive meaning of the QFI, we note that there exists an optimal
estimator (i.e., an optimal measurement procedure on the final thermalized state) for
which the bound in the QCRB becomes tight for an asymptotically large number of
measurements, and can be indeed saturated by means of adaptive metrological schemes
(Giovannetti et al., 2011). We note here that it is known that the bound is achievable
through estimation strategies exploiting only local operations and classical communication
(Masahito, 2005). Therefore, the inverse of the QFI equivalently defines the minimum
achievable variance in the estimation of T . We will then refer to F (ρT ) as “thermal
sensitivity”, and take its maximization as synonym of optimality in the following analysis
(Sab´ın et al., 2014, Brunelli et al., 2011). By using the definition of the thermal sensitivity,
we withdraw the statistical dependence on the number of times the sample is probed.
The advantage of using a quantum probe, can be seen once we study the scaling of the
accuracy of the measurement with the number of repetitions (or equivalently the number
of probes). In general, it can be shown that quantum states with particles exhibiting
quantum correlations, or more precisely, quantum entanglement (Horodecki et al., 2009b,
Gu¨hne and To´th, 2009), provide a higher precision than an ensemble of uncorrelated
particles. Hence, if the probes are prepared in an entangled state before locally interacting
with the parameter, it can be shown that the statistical uncertainty can decrease, at
most, as δT ∼ 1
N
, which is customarily termed Heisenberg scaling (Giovannetti et al.,
2006). A qualitative argument for this is given in (De Pasquale et al., 2016) where the
temperature of a bath of M identical two-level atoms, is estimated through a proxy
observable, namely the number of excited atoms m through 〈m〉 = M e−βǫ
1+e−βǫ
. This is
in turn estimated by converting this counting problem into a phase estimation problem.
Alternatively, this advantage in precision for entangled quantum states can be equivalently
understood as changing the measurement protocol to use a total of nN probes, in which
we entangle blocks of N probes, and repeat n times (De Pasquale et al., 2016). Note
that if the Hamiltonian of the dynamics has interaction terms then even better scaling
is possible (see, e.g., (Luis, 2004, Napolitano et al., 2011, Boixo et al., 2007)). From
various theoretical results (Roy and Braunstein, 2008, Rivas et al., 2010), regarding for
example k-body interactions or even nonclassicality, there are good reasons to believe
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that properties of quantum systems can be employed as a useful “resource” for quantum
metrology. Numerous experiments have indeed demonstrated conceivability of sub-shot
noise limit error by using aspects of quantum mechanics; see, e.g., Refs. (Leibfried et al.,
2004, Brida et al., 2010).
Finally, let us comment on the application of quantum estimation theory in an open
quantum system setting. In open quantum systems, as it was indicated above, due to
interaction with an environment, the underlying dynamics can become “noisy”. As a
result, formulation and analysis of quantum estimation also becomes more involved (Es-
cher et al., 2011, Watanabe et al., 2010). In general, dynamics of an open system can
be described as ρS (t) = TrE
[
USE (t, t0) ρSE (t0)U
†
SE (t, t0)
]
, where ρSE is the state of
the systems and environment (SE), and USE (t, t0) is the corresponding unitary evolution
(Alicki and Lendi, 2007, Breuer et al., 2002). Thereby one can argue that in general there
may exist a ow of information between the system and the environment (Lu et al., 2010).
Under some conditions, this dynamics can feature quantum Markovian or non-Markovian
properties (Rivas et al., 2010, Modi et al., 2012, Fleming and Hu, 2012). The former
case typically appears when the environment has a small decoherence time during which
correlations disappear, whereas in the latter correlations (both classical and/or quantum
(Pernice et al., 2012)) with the environment would form and persist. Such correlations are
in practice inevitable, which necessitates investigation of noisy quantum metrology (Gio-
vannetti et al., 2011, Demkowicz-Dobrzan´ski et al., 2012, Chin et al., 2012, Escher et al.,
2011, Adesso et al., 2009), and may in turn offer new resources for enhancing estimation
tasks. However, developing relatively general frameworks for open-system metrology is
still needed and is of fundamental and practical importance. In our work, we focus on a
specific case of an open system metrological protocol for the estimation of the temperature
of a BEC bath, namely one where the dynamics of the probe are described by a QBM
Hamiltonian. We consider a quantum Langevin equation description of the dynamics,
which allows for non-Markovian evolution of the probe.
7.3 Quantum thermometry in and out of thermal
equilibrium
7.3.1 Quantum thermometry in thermal equilibrium
From the quantum Cramer-Rao bound for the specific case of a temperature estima-
tion, one can relate the ultimate limit on the precision of the temperature measurement
of a thermal state to the probe’s heat capacity CV (Zanardi et al., 2008) since the QFI
can be shown to be equal to (proof in App. C.3)
F (ρT ) =
∆H2
T 4
=
CV
kBT 2
(7.10)
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where ∆H2 =
(
Tr (ρβH
2)− (Tr (ρβH))2
)
= 〈H2〉ρβ − 〈H〉
2
ρβ
with β = (kBT )
−1. In other
words, the ultimate limit to the precision at which the temperature of a thermal state can
be determined by the variance of an energy measure on ρβ. Note that the averages that
will appear from now on, are also with respect to ρβ but we omit explicit reference to it.
The above equality builds a first significant bridge between two apparently independent
theoretical frameworks: quantum thermodynamics and quantum estimation theory. In
particular, from the above expression, one can relate the amount of information in a state
or the sensitivity of the measuring procedure based on the heat capacity of the probe.
This simple picture will not hold in the nonequilibrium case, and a detailed description of
the system will be needed, as we will see. From Eq. (7.10), for temperature estimation on
a Gibbs state, maximizing the quantum Fisher information is equivalent to maximizing
the variance of the Hamiltonian. Introducing the thermal energy as kBT , it is possible to
express the quantum Cramer-Rao bound in the form of an uncertainty relation (Correa
et al., 2015, Zanardi et al., 2008), that for a single shot reads
∆H
∆T
T 2
≥ 1 (7.11)
The proof essentially lies on the QCRB, the fact that the QFI is the variance of SLD
and that the SLD is related to the Hamiltonian as in Eq. (C.9) in App. C.3. This
provides a very useful insight to understand how the thermal energy, the energy spectrum
of the Hamiltonian and the error on the temperature determination come into play. The
main message here, is that, indeed, according to the the inequality above and Eq. (7.10),
quantum states having a larger QFI can be estimated with a smaller error. In general,
finding the corresponding QFI of a system is a very difficult task, and different bounds
on the QFI that are easier to evaluate, as suggested in (Escher et al., 2011, Alipour et al.,
2014). In the temperature estimation of a strongly correlated thermal state, the difficulty
arises in the calculation of its intricate energy spectrum, and, in general, it is usually
not possible to derive a closed expression for the QFI. It is important to note that, due
to the Gibbs form of the state , the probability distribution resulting from projective
measurements in the energy basis belongs to the exponential family and, therefore, it
allows for the saturation of the CRB at finite N (Kolodynski, 2014) (even at N = 1).
Harmonic and finite-dimensional thermometers
From the discussion above, it is clear that the energy-level structure of H plays a
central role in limiting thermometric precision (Correa et al., 2015, Campbell et al., 2017).
This is also confirmed from the study in (Miller and Anders, 2018) where the scenario
where the equilibrium properties of the probe depend on the interaction energy (i.e. for
arbitrary coupling strength), giving rise to an effective internal energy of the probe, was
considered. There, the authors also obtained an upper bound on the optimal signal-
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to-noise ratio depending on the heat capacity of the probe as well as on a dissipative
term depending on the effective internal energy. With their results it is made clear that
to obtain a better understanding of how the QFI scales at low temperatures for strong
couplings, one needs to study the properties of this effective internal energy. This is
done so in this work for a damped harmonic oscillator with a Drude-Ullesma spectrum
for the coupling constants and the reservoir frequencies are assumed to be equidistant
and the continuum frequency limit is considered. This allows for analytical results to be
obtained, but this is not the case for any form of the spectrum of the coupling constants,
in particular it will not be for the system that we will study. Two cases of probes where
analytical forms of the QFI can be obtained are the two-level system and a harmonic
oscillator. The QFI for the two is briefly discussed in App. C.5. The most important
points to note is that from these QFI, one can show that
1. the harmonic thermometer performs efficiently in a wider temperature range than
any finite-dimensional probe, hence including the two-level system,
2. the harmonic thermometer and the two-level thermometer converge towards the
same sensitivity as T → 0. This is to be expected, since, at low-enough tempera-
tures, a thermal oscillator can be reliably truncated to its first two energy levels.
7.3.2 Quantum thermometry out of thermal equilibrium
In quantum estimation theory, the value of a variable is obtained indirectly as it was
mentioned above, and this is done so by performing measurements on a given probe at-
tached to the system of interest. This probe is usually assumed to be weakly coupled
to the system whose temperature we want to measure. As a result of this weak-coupling
constraint and the comparatively large ’thermal mass’ of the system, the probe eventually
thermalizes at the system temperature T without disturbing it. Hence probe and system
end up being uncorrelated, and knowledge about the internal structure of the sample,
and the probe-sample coupling scheme are not so relevant. In this conventional picture
of implementing thermometry, the Einstein theory of Fluctuations can be used to charac-
terize the sensitivity of the procedure in terms of the heat capacity of S which represents
its thermal susceptibility to the perturbation imposed by the bath. Since the latter is an
equilibrium property, one should not expect it to hold in nonequilibrium regimes.
One additional issue that one might run into within the standard quantum thermom-
etry at equilibrium is the following. One will only obtain a local measurement of only
a small part of the equilibrium system, and the temperature would then have to be ob-
tained by the marginal of the density operator, i.e. from its projection on the accessible
subspace. Importantly, this marginal is not generally of the simple Gibbs form but will
rather depend on the specific details of the internal interactions of the system-bath. This
becomes distinguishably evident once the following observations are made. The QFI for
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a single-mode finite dimensional non-degenerate equilibrium thermometer (note that at
sufficiently low temperature even a harmonic oscillator can be approximated by a two
level /single mode system) decays exponentially at low T (for T/Ω≪ 1), as was shown in
the previous section. This is not specific to harmonic probes, but generally applicable to,
e.g., optimized finite-dimensional equilibrium thermometers (Correa et al., 2015), as was
explained above. That is, even an estimate based on the most informative measurements
on an optimized equilibrium probe has an exponentially vanishing precision as T/Ω→ 0.
This low temperature behaviour is quite general for gapped systems, and is attributed
to the monotonicity of the QFI under partial tracing (can be shown to hold even at the
thermodynamic limit, see (Hovhannisyan and Correa, 2018)). However this is not the
case for gapless systems, where the thermal sensitivity can be shown to decay polyno-
mially (Hovhannisyan and Correa, 2018). This last point, can be proven by considering
a concrete model as is explained in (Mehboudi et al., 2019c). The conclusion here, is
that before one uses the toolbox of quantum metrology for making statements about the
accuracy of temperature estimates, one should determine a suitable description for the
state of the temperature probe, which will in general depend on the particular problem at
hand, hence an accurate description of the probe system interaction might be necessary.
In fact, indeed such a simple picture as the one described above runs into trouble if the
sample is too cold, especially when using an individual quantum thermometer. The seem-
ingly natural assumption of the probe reaching equilibrium at the sample temperature
might break down at low T . In this limit, the two parties can build up enough correla-
tions to eventually keep the probe from thermalizing (Nieuwenhuizen and Allahverdyan,
2002, Gogolin and Eisert, 2016). In addition, if the probe is too small, boundary effects
become relevant and need to be taken into account to properly describe equilibration and
thermalization (Gogolin and Eisert, 2016, Kliesch et al., 2014). As a result, thermometry
with nonequilibrium quantum probes inescapably demands some knowledge about the
internal structure of the sample, and the probe-sample coupling scheme. Nevertheless,
one could still assume thermalization in the standard sense, owing to a vanishing probe-
sample coupling. However, in this limit, the thermal sensitivity of the probe, which is
proportional to its heat capacity (Landau and Lifshitz, 1938, Mandelbrot, 1956), drops
quickly as the temperature decreases (Debye, 1912) this is an inherent problem of low-
temperature thermometry (De Pasquale et al., 2016). A paradigmatic system where high
precision measurements of temperature are of paramount importance for its near-future
applications to be possible, are cold atomic gases. These, can presently be cooled down
to the lowest temperatures in the Universe even below the nanokelvin regime which de-
mands measurement protocols capable of high precision at very low temperatures. Hence
one understands that the conventional weak coupling approach can not be employed to
measure the temperature in such a set-up.
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Insights in strong coupling quantum thermometry from the quantum
Brownian motion model
An important attempt to quantitatively assess the impact of strong interactions on the
achievable thermometric precision across different temperature regimes (and in particular
at the low temperature regime) was made in (Correa et al., 2017). In this work, quantum
thermometry was extended to the strong coupling regime, by adopting a fully rigorous
description of the probe’s dynamics. To that end, the Caldeira-Leggett Hamiltonian
was employed, which is one of the most common dissipation models (see, e.g., (Weiss,
2012). The equilibrium sample was hence represented by a bosonic reservoir (Caldeira and
Leggett, 1983a) which was dissipatively coupled to a single harmonic oscillator, playing the
role of the thermometer. Since the Hamiltonian of the Caldeira-Leggett model is quadratic
in positions and momenta, the steady state of the probe is necessarily Gaussian (Grabert
et al., 1984) and hence, fully determined by the stationary second order moments σx = 〈x2〉
, σp = 〈p2〉 and σxp = 〈xp〉 (the first moments vanish). In turn, these can be explicitly
evaluated, as was explained in Chapter 3 without making any approximations beyond
our assumption of an initially uncorrelated probe-system state. Hence before presenting
any results obtained from this study, we briefly review the temperature estimation task
in a Gaussian probe setting. Note that, to enable thermometry in the study that follows,
the system whose temperature is to be measured, corresponds to a large Hamiltonian
quantum system whose heat capacity is much larger than that of the probe, such that
its energy follows a Boltzmann-Gibbs distribution with some well-defined temperature T .
We will make the same assumption in our work that will be presented in the next section.
Temperature estimation in Gaussian systems
The simplicity and power of the Gaussian state formalism can bring enormous ana-
lytic advantage to the study of precision protocols in metrology (Weedbrook et al., 2012).
Gaussian state formalism has already proven its success and serves as an invaluable tool
in describing quantum states of light and atomic ensembles, as well as providing useful
insight and intuition. On the other hand, in quantum estimation theory, the nontrivial
equations defining central objects of it, often forces to numerical methods (Adesso et al.,
2009, Dorner et al., 2009) for computing precision bounds and determining optimal mea-
surements, and these difficulties are only aggravated by the infinite-dimensional nature of
bosonic systems. Nevertheless, in (Monras, 2013), a fully general phase-space formulation
of the central quantities in quantum estimation theory, namely, the symmetric logarithmic
derivative (SLD), and the SLD quantum Fisher information (which will presented in the
next section), with focus on general Gaussian states, was given, allowing for the analytical
results obtained later on in (Correa et al., 2017), that also enabled the analytical results
of our work.
Note that from above, we know already that the QFI is nothing but the variance of the
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SLD (see App. C.4). Owing to the simple quadratic form of the Hamiltonian of Caldeira-
Leggett, we can obtain an analytic form of the SLD and hence the QFI for temperature
estimation solely in terms of the variances 〈x2〉 and 〈p2〉 (Monras, 2013), i.e.,
LT = Cx (x
2 − 〈x2〉) + Cp (p2 − 〈p2〉)
F (ρT ) = 2C
2
x 〈x2〉2 + 2C2p 〈p2〉2 − ~2CxCp
(7.12)
where the coefficients Cx are given by
Cx ≡ 4 〈p
2〉2 ∂T 〈x2〉+ ~2∂T 〈p2〉
8 〈x2〉2 〈p2〉2 − ~4
2
(7.13)
where Cp can be obtained by simply exchanging x↔ p . The proof of this can be found
in App. C.6.
Probe-system interactions as a thermometric resource and a determining
factor of the behaviour of the low temperature QFI
In this work above, by calculating the steady state of the probe exactly and ana-
lytically, it was possible to show that its low-T sensitivity is significantly enhanced by
increasing the coupling strength. In this study in particular, an ohmic spectral density
was considered, such that from the resulting equations of motion, one can perform a to-
tally unrestricted analysis of the thermal sensitivity of the probe, including arbitrarily low
temperatures and strong probe-system interactions. The resulting QFI is given as above.
By studying the QFI as a function of the coupling between the probe and the system,
it can be shown, that increasing the interactions can result in a significant enhancement
of F (T ). In fact, in the limit T/Ω ≪ 1 the dissipation-driven thermometric advantage
grows monotonically with the dissipation strength γ (Correa et al., 2017) (where is the
relaxation time or constant of proportionality in the Ohmic spectral density). It is also
important to note that from the studies in (Correa et al., 2017) the variance of the po-
sition quadrature, not only is experimentally feasible to measure (Poyatos et al., 1996),
but also outperforms the local energy measurements. The underlying physical mecha-
nism responsible for this dissipation-driven enhancement can be understood by looking
at the normal modes of the global probe-system composite. For the central Brownian
thermometer (Correa et al., 2017), it can be shown that the normal-mode frequencies
below Ω decrease monotonically with γ; the corresponding collective degrees of freedom
thus become more sensitive to small thermal fluctuations. Furthermore, an analysis of
the residual spectrum of the system allows us to understand the observation in App. C.5,
namely that the QFI of a system with a gapped spectrum decays exponentially while
the QFI for a gapless system polynomially. In particular, this is because when the chain
features a finite gap, a non-zero minimal frequency emerges in the residual spectrum of
the system that is, the probe can no longer couple to arbitrarily low-frequency system
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modes, which are the most informative ones at low T . This explains the switching between
polynomial and exponential scaling of the performance of low-temperature thermometry
in gapped many-body systems (Hovhannisyan and Correa, 2018).
Relative error of low-temperature estimates The reference to a concrete model
such as that of the Caldeira- Leggett model above, can help us to gain insights on the
relative error of low-temperature estimates. In practice, the low-T scaling of the relative
error (multiplied by the length of the data set for convenience)
∆T
T
√
N
≥ 1
T
√
NF (T )
(7.14)
may be more relevant than that of ∆T alone. For instance, even under the benign
scaling F (T ) ∼ T 2 , the relative error still diverges as 1/T 2 when T → 0. As argued in
(Hofer et al., 2017) one can make use of the relation in Eq. (7.10) for the global thermal
sensitivity, and invoke the third law of thermodynamics to require limT→0CV = 0 and
thus (∆T/T ) → ∞, which would also hold for local estimates. Hence, measuring ultra-
cold temperatures precisely seems to be an impossible task. Luckily, one might bypass
this impediment in practice by choosing, e.g., a Brownian probe with ’sufficiently low’
frequency Ω. Assuming an Ohmic spectrum, it can be rigorously proven from the exact
steady-state solution of this model that
F (T → 0) ∼ 1/T 2 , Ω→ 0 (7.15)
so that the relative error
√
N (∆T/T ) converges to a constant in the low-T regime (Hov-
hannisyan and Correa, 2018). A small but finite Ω would allow for a constant relative
error down to arbitrarily low temperatures, so long as Ω/T remains small. As Ω/T grows,
however, the usual power law-like divergence should be expected to take over.
In the light of these observations above, that clearly demonstrate the numerous ad-
vantages of studying quantum thermometry questions in a concrete model such as the
Caldeira-Leggett model, we highlight some recent results of some works exhibiting how
one could study concrete physical systems such as impurities in BEC, as instances of
quantum Brownian particles described by the aforementioned Caldeira-Leggett Hamilto-
nian. In particular, this was done in the works in (Lampo et al., 2017a) for an impurity
in a homogeneous BEC and in (Lampo et al., 2018) for an impurity in a harmonically
trapped BEC. By taking advantage of these studies as well as the aforementioned exten-
sion of quantum thermometry in the strong coupling regime, in this work we study these
impurities as thermometers for BEC. However, we clarify here that in our work, we will
not work in this regime of T/Ω → 0, such that the aforementioned results of (Correa
et al., 2017) do not apply.
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7.4 Quantum thermometry using Bose Polarons
7.4.1 Motivation
In current experimental set-ups, the main thermometric techniques to measure the
temperature of a BEC are based on time-of-flight measurements (via the study of noise
correlations (Fo¨lling et al., 2005)) or in-situ imaging that are applied directly on the BEC
(Leanhardt et al., 2003). In these cases, information about quantum phases and tempera-
ture is usually obtained from momentum and density distributions or from density-density
(or spin- spin) correlations. When time-of-flight techniques are applied directly on the
BEC, temperatures of few nK, or even sub-nK might be estimated efficiently, although at
the price of destroying the BEC. Alternatively, in-situ imaging can be implemented using
single site addressability (Sherson et al., 2010). Despite their huge relevance, these meth-
ods might suffer limitations in certain occasions, due to their destructive character. For
instance, in order to study spin-spin correlations in currently available set-ups for single
site imaging, one needs to remove all particles from one of the two spin components. In
this sense, quantum non demolition (QND) methods can provide clear advantages (Eck-
ert et al., 2008). Lately, proposals have been made to perform such measurements by
introducing impurities in the BEC (Olf et al., 2015) and obtain information about the
BEC through measurements on them. Such protocols are less destructive, albeit efficient
at relatively large temperatures of ∼ 100nK. Recent proposals have discussed minimally
disturbing interferometric set-ups in which the temperature is mapped onto a relative
phase on a probe (Sab´ın et al., 2014), however, the underlying models are very simple.
An effective non-demolition thermometric technique in the sub-nK regime is thus still
missing. Furthermore, when dealing with Bose Einstein Condensates at low T , one can
come upon another problem, namely that the seemingly natural assumption of the probe
reaching equilibrium at the sample temperature might break down, as was discussed in
the introduction. As a result, thermometry with nonequilibrium quantum probes in-
escapably demands some knowledge about the internal structure of the sample, and the
probe-sample coupling scheme. Any such strategy should be build upon a comprehen-
sive theoretical description and be capable of informing the choice of the most sensitive
temperature-dependent quantities to be measured.
Here, we propose what is, to the best of our knowledge, the first experimentally feasible
quantum non-demolition technique to measure the temperature of a BEC in the sub-nK
domain. It is based on the Bose polaron problem, i.e., interrogation of an impurity that
is embedded in the condensate, while causing minimal disturbance to the cold atomic
gas. The impurity problem has been intensively studied in the context of polaron physics
in strongly interacting Fermi (Schirotzek et al., 2009b, Kohstall et al., 2012b, P lodzien´
et al., 2018) or Bose gases (Lampo et al., 2017a, 2018, Rath and Schmidt, 2013, Guenther
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et al., 2018b), as well as in solid state physics (Devreese and Alexandrov, 2009a), and
mathematical physics (Lieb and Thomas, 1997b, Anapolitanos and Landon, 2013b). In the
work presented here, we specifically avoid any unjustified simplifications such as complete
thermalization of the impurities at the BEC temperature and investigate the problem in its
full generality. The usefulness of our proposed technique is finally illustrated with typical
experimental parameters. Note that in our work we use as a probe a harmonic oscillator,
which even though it can be shown to be less sensitive probe since it has equispaced
energy spectrum, it features a wider operation range. In our analysis, we benefit from the
toolbox of the emergent field of quantum thermometry (Mehboudi et al., 2019c). This
will allow us to compare the ultimate precision bounds on temperature estimation with
the thermal sensitivity of concrete experimentally feasible measurements. It is important
also to stress that we are not limited by any of the simplifying assumptions usually
adopted when dealing with open quantum systems, such as the Born-Markov or secular
approximations, nor rely on perturbative expansions in the dissipation strength (Lieb
and Thomas, 1997b). In fact, our methods are totally general and thus, not limited to a
specific probe-sample coupling scheme. Finally, since the specific way we use to treat the
Bose polaron problem through open quantum systems techniques, namely by employing
the Quantum Brownian motion model for an impurity trapped in a harmonically trapped
bath of harmonic oscillators described in Chapter [], the Hamiltonian of our system is
linear, and hence the covariance matrix elements, in particular the steady-state variances
in position x and momentum p, are enough to describe the state of our system, since
we can assume 〈x〉 = 〈p〉 = 0. This gives us a great advantage in utilizing the quantum
thermometry toolbox in order to devise a protocol to measure the temperature of the
BEC, since we can write the SLD and the QFI for temperature estimation solely in terms
of these variances as we will show later on.
7.4.2 Results
First let us make explicit that the Hamiltonian in this case is given as in (Lampo et al.,
2018), and hence also the spectral density as well as the position and momentum variances,
〈x2〉 and 〈p2〉. Furthermore, even though in order to give some concrete numerical results
in our studies we worked with a BEC of K atoms containing Yb impurities, the qualitative
picture would remain essentially unaltered regardless of the atomic species considered.
Furthermore, before presenting our results, we should introduce a very important quantity,
namely the static temperature susceptibility
χT (O) ≡ ∂TTr (ρTO) = 1
2
〈OLT + LTO〉 − 〈O〉 〈LT 〉 (7.16)
where for O = x this is equivalent to χT (x) ≡ ∂T 〈x2〉 and analogously for p. That is,
by repeatedly measuring the observable LT on the impurity, the temperature of the BEC
can be estimated with the minimum possible uncertainty. We are now in the position
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to plug in realistic numbers into the exact steady-state marginal for the probe and ex-
plore the thermal sensitivity of our non-demolition thermometric protocol at ultra-low
temperatures.
Fig. 7.1 (color online) (black) Optimal relative error (δT )min /T (N = 1) as a function
of the temperature of the BEC in a logarithmic scale. Specifically, we work with
impurities of Yb in a sea of ultracold K. The temperature range for the BEC is
200pK ≤ T ≤ 2nK. The trapping frequency of the gas (with Natoms = 5000 atoms) was
set to ωB = 2π100Hz, while Ω = 2π10Hz (grmB = 3× 10−39Jm). Different
probe-sample coupling ratios η = gIB/gB were considered, namely (solid) η = 1,
(dashed) η = 3, and (dotted) η = 6. For comparison, we also depicted the relative error
of a fully thermalized impurity (i.e., η → 0) (dot-dashed red). Note that, for η = 1, the
relative error can be kept below 14% from only 100 measurements. This is quantitatively
close to state-of-the-art destructive experimental techniques. See text for discussion.
In Fig. 7.1, we plot the optimal relative error
√
N (δT )min /T = (TF (T ))
−1 for various
probe-sample coupling strengths and temperatures ranging from 200pK to 2nK. Here
(δT )min ≡ infÔ δT (O) where
δT (O) ≡ ∆O√
Nχ2T (O)
(7.17)
with ∆2O = 〈O2〉 − 〈O〉2. At this point we remind of the inequality Eq. (C.6), which
implies that (δT )min can be obtained by the variance of SLD. We find that, keeping the
interatomic and interspecies couplings comparable (i.e., η = 1) would allow to achieve a
relative error below 14% from as few as 100 measurement outcomes. That is, polaron
thermometry outperforms the interferometric technique proposed in Ref. (Sab´ın et al.,
2014) by an order of magnitude. More importantly, unlike state-of-the-art experimental
methods (e.g., (Leanhardt et al., 2003, Olf et al., 2015)), ours provides a non-demolition
measurement. We note, however, that the stronger the probe sample interaction, the
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worse the estimation. Likewise, it can be clearly seen that, for strong dissipation, the
impurity deviates significantly from a thermal state at the temperature of the sample. The
first observation seems to be in striking contradiction with the main results of (Correa
et al., 2017), where a substantial dissipation driven enhancement was reported at low
temperatures. Note however, that the temperature range considered in Fig. 7.1 does not
qualify as low, according to the criteria of Ref. (Correa et al., 2017), namely T ≪ ~ωB/kB
(here T ∼ ~ωB/kB). When it comes to the second observation, it is worth highlighting
that the divergence between the exact steady state of the impurity and a fully thermalised
probe can be sizeable in the pK range. This only comes to reinforce the idea that simple
dissipation models, such as a Gorini-Kossakowski-Lindblad-Sudarshan master equation
(Lindblad, 1976) are not suitable for this type of analysis. Recall that the above discussion
assumes that the optimal measurement of LT can be implemented. In practice, however,
such a mixture of covariances with temperature dependent coefficients might be difficult
to realize; the bare quadratures 〈x2〉 or 〈p2〉 being easier to measure.
Fig. 7.2 (color online) (dashed blue) Relative error for the position quadrature
δT (x
2) /T and (dotted red) the momentum quadrature δT (p
2) /T as a function of T for
(left panel) η = 1 and (right panel) η = 6. All parameters are the same as in Fig. 7.1.
The minimum relative error (solid black) is superimposed for reference. Even though
both measurement schemes are sub-optimal, they still might allow to draw estimates
with relative errors as low as 18% for 400. Note that for T ≥ 5nK and by using the
same data size N = 400, one can achieve a relative error below 10%.
The relative error of estimates based on these is benchmarked against the ultimate
lower bound in Figs. 7.2. Note that, at η = 1, 〈x2〉 and 〈p2〉 perform similarly, while
at stronger coupling, the position quadrature becomes a significantly better temperature
estimator. Also, under stronger dissipation, 〈x2〉 gets closer to the optimal setting. Im-
portantly, our approach remains practically useful regardless of the strict sub-optimality
of x2 temperature estimates with δT (x
2) /T < 18% (or in the domain T ≥ 0.5nK, with
δT (x
2) /T < 10% can still be constructed from relatively small datasets of 400.
174
7. Using Bose Polarons as Quantum Brownian probes for Quantum thermometry
7.5 Summary
In this chapter, we investigated how impurities immersed in a BEC can be exploited
as temperature sensors for the BEC. The main points discussed are summarized in the
following:
❼ A short introduction was given in quantum metrology, quantum thermometry and
quantum estimation theory to set up the framework within which we worked and to
motivate the studies we undertook. In particular, the main paradigm in quantum
thermometry is the usage of a probe in order to measure the temperature of a bath
considered to be of infinite heat capacity. The measurements on this probe are then
analyzed through quantum estimation theory.
❼ We then presented the main tools from classical/quantum estimation theory that are
usually used in this task. Namely, we presented the quantum Fisher information,
the Quantum Cramer-Rao bound and the symmetric logarithmic derivative. We
initially discussed their classical analogues in order to obtain an intuition for these
quantities.
❼ We discussed about quantum thermometry in thermal equilibrium. Even though the
case we studied does not fall into this category, it served us to show the importance
of the structure of the energy spectrum of the Hamiltonian on the accuracy on the
temperature measurement one can achieve.
❼ The scenario of out of equilibrium quantum thermometry was discussed, where we
discussed the importance of having a concrete model in order to understand the
achievable bounds on the temperature measurements, and we saw how in some
works the QBM served as this concrete model. We commented on the importance
of interactions between the probe and system on the temperature measurements.
❼ We finally presented our studies on temperature measurements on a harmonically
trapped BEC confined in 1D, using as a probe an impurity treated as a QBP as
in (Lampo et al., 2018). We obtained the exact stationary state of the impurity
from the corresponding quantum Langevin equation and, using standard tools from
quantum estimation theory, we could eventually calculate the minimum possible
statistical uncertainty for a temperature measurement. The key features of the
thermometric scheme proposed are that
– the temperature is estimated by monitoring the impurity atoms only. The BEC
itself does not need to be measured destructively,
– it can compete with state-of-the-art thermometric techniques in the sub-nK
175
7. Using Bose Polarons as Quantum Brownian probes for Quantum thermometry
range,
– the underlying analysis does not assume thermalization of the impurity at
the temperature of the BEC, but rather takes fully into account the strong
correlations built up between probe and sample.
❼ Owing to our analysis being exact, we could verify that the usual assumption of full
thermalization for the impurity at the temperature of the sample overestimates the
performance of the scheme for typical parameters in the pK − nK range.
❼ Furthermore, we showed that, with only 100 measurements, the relative error can
be kept below 14% for temperatures as low as 200pK. Importantly, we could also
show that feasible sub-optimal quadrature measurements specifically, x̂2 allow for
similar performances with limited resources (i.e., datasets of just few hundreds of
independent measurements).
❼ Interestingly, we found that increasing the probe-sample coupling does not improve
the sensitivity of the protocol in the temperature range under study due to the
comparatively low typical trapping frequencies (60− 70Hz).
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CHAPTER 8
HEAT CURRENT CONTROL IN
TRAPPED BOSE-EINSTEIN
CONDENSATES
The primary aim of the work presented in (Charalambous et al., 2019b) is to design a
method to transfer heat between two Bose-Einstein condensates (BECs)—with a compre-
hensive analytical description. The BECs are confined in independent one-dimensional
parabolic traps, and kept at a certain distance such that the two BECs do not spatially
overlap. Our second aim is to create thermal devices in our platform, specifically a heat
rectifier. In our platform, the working medium is constructed with two impurities, each
of them immersed in one of these BECs. The two impurities interact through long-range
dipolar interactions (see Fig. 8.1 for a schematic of the system considered). Heat trans-
fer through dipolar interactions has been also proposed recently in two parallel layers of
dipolar ultracold Fermi gases (Renklioglu et al., 2016). We first show that the Hamil-
tonian of the impurities in their corresponding harmonically trapped BECs can be cast
as that of two bilinearly coupled Quantum Brownian particles interacting bilinearly with
the Bogoliubov excitations of each BEC—which play the role of heat baths for the corre-
sponding impurities. We analytically derive the spectral density (SD) of the system and
construct the quantum Langevin equations describing the out-of-equilibrium dynamics of
the coupled impurities (Lampo et al., 2019). We emphasize that, following this procedure
we avoid approximations involved in an alternative conventional approach based on Lind-
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blad master equations, such as the Born-Markov approximation and the rotating wave
approximation. We solve the quantum Langevin equations and find the covariance matrix
of the impurities. We henceforth focus on our two main aims. Firstly, we find exactly the
steady state heat current between the BECs, and study how it can be manipulated by
controlling relevant parameters, such as the trapping frequencies, dissipation strengths,
and the physical distance of the BECs. Secondly, we introduce a periodic driving on the
trapping frequency of one impurity and show that our setup can be used as a thermal
rectifier. The setup that we present here can be used for implementing other thermal
devices as well.
The paper is structured as follows: In section 2, we introduce the Hamiltonian of
our system, present the main assumptions involved, and rewrite the Hamiltonian in a
form analogous to that of two coupled Brownian particles. In section 3 we derive the
Generalized Langevin equations of motion for the two impurities and study their solution
in both static and periodically driven scenarios. In section 4 we present the relevant
quantities of interest and in section 5 we present our main results, both for heat transfer
and rectification. Finally we summarize the results and conclude in section 6.
TL TR
Fig. 8.1 Schematic of the system. The red and blue shaded profiles (and circles)
represent the hot and cold Bose-Einstein condensates, respectively kept at TL and TR.
The green profiles (and circles) represent the two impurities trapped in their
corresponding parabolic potentials, plotted as blue lines – we omit the representation of
the trap for the BECs. The spring-like blue line represents the long-range dipolar
interaction among the impurities.
8.1 The Model
We consider a system composed of two interacting impurities of the same mass m.
Each one of these impurities is embedded in a different BEC, which we label as L or R
because they are trapped in parabolic potentials of frequencies ΩB,L and ΩB,R, respectively,
but one trapping potential is centered around a minimum located in dL and the other
around dR, with certain distance among them. Each BEC has, respectively, NL and NR
178
8. Heat current control in trapped Bose-Einstein Condensates
interacting atoms of the same species with mass mB. The two impurities are also trapped
in a parabolic potential of frequencies ΩL and ΩR located around the same minimum as
their corresponding BEC. We allow for the scenario of these impurities being driven by an
external periodic force. The two BECs do not overlap among themselves (we will specify
later the condition over the distance between the minima of the trapping potential). With
this, the Hamiltonian describing this setting is
HTot = HS +
∑
j∈{L,R}
(HB,j +HBB,j) +
∑
j∈{L,R}
HInt.,j +HDrive (t) , (8.1)
where
HS =
∑
i, j ∈ {L,R} ,
i 6= j
p2j
2m
+Vj (xj) +Hint., (8.2)
HB,j =
∫
Ψ†j (xB)
[
q2j
2mB
+V
(j)
B (xB)
]
Ψj (xB) dxB, (8.3)
HBB,j = g
(j)
B
∫
Ψ†j (xB)Ψ
†
j (xB)Ψj (xB)Ψj (xB) dxB, (8.4)
HInt.,j = g
(j)
IB
∫
Ψ†j (xB)Ψj (xB) δ (xj − xB) dxB,
= g
(j)
IBΨ
†
j (xj)Ψj (xj) ,
(8.5)
where x and xB are the three-dimensional position operators of the impurity and the
bosons respectively. We assume contact interactions among the bosons and between the
impurity and the bosons, with strength given by the coupling constants g
(j)
B and g
(j)
IB re-
spectively. Here, Hint. denotes the interaction Hamiltonian between the two impurities,
which we will specify later. For the rest of the paper we assume that the trapping fre-
quencies in two directions are much larger than in the third one. Therefore, the dynamics
in those directions is effectively frozen and we can study the system in one dimension.
From here on we assume that the minima of the potential are located at dL = −d/2 and
dR = d/2. We comment here that from the form of the Hamiltonian, one can see that
since there is no direct interaction between the two BECs, any relative phase between
them should not play any role in the dynamics of the system. It would be interesting
to study the effects of allowing such an interaction, e.g. by introducing a coherent cou-
pling between the two BECs or by studying heat transport in the experimental setting of
homogeneous BEC in (Brantut et al., 2013), but this goes beyond the scope of our work.
We next recast our initial Hamiltonian (8.1), in such a way as to describe the motion
of two interacting Quantum Brownian particles in two separate BECs. The procedure,
which is the same as that presented (Lampo et al., 2018) for the case of a single impurity
embedded in a harmonically trapped BEC, can be summarized as follows: (i) we make
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the BEC assumption, i.e. that the condensate density greatly exceeds that of the above-
condensate particles, which results to only quadratic terms in the Hamiltonian; (ii) we
perform the Bogoliubov transformation appropriate for the case of a harmonically trapped
BEC; (iii) we solve the relevant Bogoliubov-de-Gennes equations, in the limit of a one
dimensional BEC that yields a Thomas-Fermi parabolic density profile, as in (D.S. Petrov
et al., 2004); (iv) we finally assume that the oscillations xj of each one of the impurities
are much smaller than the corresponding Thomas-Fermi radius Rj,
xj ≪ Rj, (8.6)
which physically implies that we study the dynamics of the impurities in the middle of
their corresponding bath traps, which allows us to obtain a bilinear interaction of the
position of the impurities and the positions of their corresponding baths.
These steps bring the Hamiltonian in the form
HTot = HS (t) +
∑
j∈{L,R}
H˜B,j +
∑
j∈{L,R}
H˜Int.,j, (8.7)
where
H˜B,j =
∑
q
E(j)q b
†
j,qbj,q, (8.8)
H˜Int.,j =
∑
q
~g(j)q xj
(
bj,q + b
†
j,q
)
, (8.9)
with
E(j)q = ~ΩB,j
√
q (q + 1), (8.10)
and
g(j)q =
g
(j)
IB µj
~π3/2
[
1 + 2q
~ΩB,jg
(j)
B R
3
j
]1/2
Γ
[
1
2
(1− q)]Γ [1
2
(1 + q)
]
sin (πq)
[q (q + 1)]1/4
. (8.11)
The chemical potential µj of the j
th bath is
µj =
(
3
4
√
2
g
(j)
B NjΩB,j
√
mB
)2/3
, (8.12)
and the Thomas-Fermi radius Rj of the j
th bath is
Rj =
√
2µj
mB (ΩB,j)
2 . (8.13)
At this point, it is important to note that Hamiltonian in Eq. (8.7), which is indeed
in the form of a Hamiltonian describing two coupled quantum Brownian particles, was
derived from the physical initial Hamiltonian. Therefore, this Hamiltonian lacks the
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renormalization term that guarantees that no “runaway” solutions appear in the system,
which is often included in conventional open quantum system approaches (Coleman and
Norton, 1962b). We are not going to introduce such a term in order to guarantee the
positivity of the Hamiltonian and cast the system in the form of a minimal coupling
theory with U (1) gauge symmetry. Instead, we are going to determine in the next section
a condition on the allowed parameters of the system that will guarantee this.
We assume dipole-dipole interactions among the two impurities. From (Lahaye et al.,
2009) we know that the form of dipole-dipole interaction is the following:
Hint. = A
1
r3
, (8.14)
where A =
Cdd(1−3(cos θ)2)
4π
, with
Cdd = µ
2µ0, (8.15)
and µ0 = 4π10
−7 J
A2m
being the vacuum permeability, while µ is the magnetic moment of
the dipole. The angle θ is that formed between the axis of the two dipoles and it can
determined in experiments. Furthermore, in Eq. (8.14), r = |(dR + xR)− (dL + xL)| is
the distance between the two oscillators, with dL and dR being the centers of the trapping
potentials of the two oscillators. We then rewrite Eq. (8.14) as
Hint. = Ad
−3
∣∣∣∣1 + (xL − xR)d
∣∣∣∣−3 , (8.16)
and we assume that the distance between the two oscillators centers d is much larger than
the fluctuations xL, xR and hence the fluctuations difference xL − xR, i.e. xL, xR ≪ d.
Importantly, let us emphasize that this is not an additional assumption, because we as-
sumed right from the beginning that the two baths should not overlap. This indeed means
that the sum of the Thomas-Fermi radius have to be smaller than the distance between
the impurities, RL + RR < d. With the additional assumption we made before, namely
that the impurities oscillations are much smaller than their corresponding Thomas-Fermi
radius, Eq. (8.6), then one concludes that xL, xR ≪ d. One could also tackle the problem
of interacting baths, by making use of the work in (Li et al., 2012a) where one needs to
consider the surface Green functions, and in this case then the assumption xL, xR ≪ d
should be made explicitly.
Finally, after expanding the binomial series, Eq. (8.16) is rewritten as
Hint. = Ad
−3
(
1− 3(xL − xR)
d
+ 6
(xL − xR)2
d2
)
. (8.17)
One can show that the first two terms in the parenthesis will not contribute to the dy-
namics of the impurities, since they are linear in the displacement operators xL, xR and
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hence they will appear only as constants in the equations of motion that we will study
later on, which will be obtained from the Heisenberg equations of motion. The third term
then is expanded as
Ĥint. = 6Ad
−5 (x2L − 2xLxR + x2R) , (8.18)
and we absorb the terms with x2L and x
2
R in the non-interacting part of the Hamiltonian
by redefining the frequencies as
Hnon−inter.S =
p2L
2m
+
p2R
2m
+
m
2
Ωˆ2Lx
2
L +
m
2
Ωˆ2Rx
2
R, (8.19)
where
Ωˆ2L = Ω
2
L + 6Ad
−5,
Ωˆ2R = Ω
2
R + 6Ad
−5.
(8.20)
From here on we omit the tilde in the frequencies to avoid unnecessary complications in
the nomenclature. Therefore we can rewrite the interaction as
H˜int. = κx1x2, (8.21)
which models a spring-like interaction among the two impurities with
κ =
12Cdd
(
1− 3 (cos θ)2)
4πd5
. (8.22)
The angle θ can be experimentally controlled as was recently shown in (Tang et al.,
2018). This is possible thanks to a rotating magnetic field Brot in the x-y plane that
causes the dipoles to rotate at an angle θ with respect to a static magnetic field Bz along
the z axis. The rotation angle is related to the magnitude of the two components by
tan θ = Brot/Bz. In practice, to achieve this in the experiment, the angle θ is controlled by
using a calibration procedure that corrects for the effect of eddy currents. This allowed the
authors to determine the amplitude of the ac current required to produce a given rotation
angle θ. For this reason, to simplify our system, we considered the scenario where the
angle is fixed. However, it is important to note here that the results that we present
in this paper are valid even if the angle between the dipoles can not be experimentally
controlled, but rather an average over the angle is considered. The constants in the
interacting Hamiltonian as well as the power dependence on the relative distance will be
different, but in the limit we consider, i.e. when xL, xR ≪ d, qualitatively the results will
be the same, with the difference being that the distance at which the oscillators should be
kept will change (Reifenberger, 2016). This can be understood by considering the work
by Keesom in (Keesom, 1921), where the angle-averaged interaction between two dipoles
was evaluated. In this case, the initial expression for the distance dependent potential
would depend on r−6, but effectively the same procedure could be followed, that would
just result in a modified expression for the spring constant k. We also note that, in most
ultracold dipolar gases, the dipolar interaction is present together with the short range
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interactions arising from low angular momentum scattering (Lahaye et al., 2009, Giorgini
et al., 2008). Usually the latter is dominant and a Feshbach resonance is needed to probe
the regimes where dipolar effects are prominent. However in the setting that we will
consider in this work, as we maintain the two BEC baths spatially separated, the effect of
the short range interactions is negligible, such that dipole interaction is the main process
through which current is transferred.
Finally, there are a number of ways to drive our system, either by driving degrees of
freedom of the central system, or degrees of freedom of the environment, or their coupling.
In this work we focus on the first case. There are basically two types of driving that one
could consider and would maintain the quadratic form of the Hamiltonian such that an
analytic solution to the resulting equations of motion can be obtained. First we could
consider applying a periodically driven ramp potential on the central particles degrees of
freedom only, of the form HDrive (t) = Θ (t− t0) fT (t)X (t) where X (t) = (x1 (t) , x1 (t))⊺
and f (t) is some periodic function, e.g. f (t) = f0e
−iωdt+c.c. with t0 the time at which the
driving begins, Ωd the driving frequency and f0 a complex valued constant column vector,
f0 = (f0,L, f0,R)
⊺. This type of driving was considered in (Agarwalla et al., 2011), and can
represent the force exerted on the system by a time dependent electromagnetic field. For
this kind of driving however, it was shown in (Marathe et al., 2007) that with the setup we
assume above, neither a heat engine nor a heat pump can be constructed. Furthermore,
our goal is to construct a phononic diode with our setup which means that the driving
should be able to induce a unidirectional flow of heat current, and this is not the case for
this type of driving. Therefore, in our work we consider the only other possible type of
driving on our system that maintains our Hamiltonian in a quadratic form, i.e.
HDrive (t) = Θ (t− t0) 1
2
XT ·V (t)X, (8.23)
where the driving is either on the trapping frequency of the central oscillators or on their
in-between coupling. It was recently shown in (Riera-Campeny et al., 2019) that in such
scenario one can observe the appearance of phenomenon of heat rectification, and also
there is the potential to construct a heat engine as it was shown in (Hofer et al., 2017),
by introducing a coherently driven coupling between the two oscillators. We also assume
the driving to be periodic, V (t+ τ) = V (t) with τ being the time period, such that it
can be Fourier expanded as
V (t) =
∑
k
Vke
ikΩdt, (8.24)
where Ωd = 1/τ being the driving frequency. This type of coupling could also be imple-
mented by a laser.
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8.2 Quantum Langevin equations
Let us now derive the equations of motion for the two impurities. First we write the
Heisenberg equations of motion for the bath
dbk,j (t)
dt
= i
~
[
HTot, b
†
k,j (t)
]
= −iωk,jbk,j (t)− gk,jxj (t) ,
db†k,j (t)
dt
= i
~
[HTot, bk,j (t)] = iωk,jb
†
k,j (t) + gk,jxj (t) , (8.25)
and impurity particles
dxj (t)
dt
=
i
~
[HTot, xj (t)] =
pj (t)
m
, (8.26)
dpj
dt
(t) =
i
~
[HTot, pj (t)] (8.27)
= −m(Ω2j +
∑
k
Vk,jje
ikωdt)xj (t) (8.28)
−(κ+
∑
k
Vk,jje
ikωdt)xq (t)− ~
∑
k
gk,j
(
bk,j (t) + b
†
k,j (t)
)
,
where j, q ∈ {L,R} and j 6= q. We first solve the bath particles equations of motion
bkj (t) = bkj (0) e
−iωkt +
∫ t
0
gk,j
2
eiωk(t−s)xj (s) ds, (8.29)
b†kj (t) = bkj (0) e
iωkt +
∫ t
0
gk,j
2
e−iωk(t−s)xj (s) ds, (8.30)
and we replace these in the impurities equations of motion (8.26)–(8.27), to obtain
x¨j + (Ω
2
j +
∑
k
Vk,jje
ikωdt)xj + (κ+
∑
k
Vk,jqe
ikωdt)xq −
∫ t
0
λj (t− s) xj (s) ds = 1
m
Bj (t) ,
(8.31)
where Bj (t) plays the role of the stochastic force and reads as
Bj (t) =
∑
k
~gk,j
(
b†kje
−iωkt + bkjeiωkt
)
. (8.32)
Here λj (t) is called the susceptibility or noise kernel. In this setting it can also be identified
as the self-energy contributions coming from the bath, and it reads as
λj (t) =
1
m
∑
k
~g2k,j sin (ωkt) =
1
m
∫ ∞
0
Jj (ω) sin (ωt) dω, (8.33)
with
Jj (ω) =
∑
k
~g2k,jδ (ω − ωk) , (8.34)
being the spectral density. Eq. (8.31) has the form of a Generalized Langevin equation
which describes the evolution of a system with memory and under the influence of a
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stochastic force. These terms, Bj (t) and γj (t), contain all the relevant information about
the baths. Furthermore, let us assume the Feynman-Vermon initial state assumption, i.e.
that the initial conditions of the impurities and the bath oscillators are uncorrelated,
ρ (0) = ρS (0)⊗ ρB, (8.35)
where ρ (0) is the total density state, ρS (0) is the initial density state of the system and
ρB is the density state of the bath which is assumed to be thermal and hence is a Gibbs
state. Then, it can be shown that the Fourier transform of Bj (t) obeys the fluctuation
dissipation relation
1
2
〈{Bj (ω) , Bq (ω′)}〉 = δjqIm [λj (ω)] coth
(
~ω
2kBT
)
δ (ω − ω′) , (8.36)
where λj (ω) is the Fourier transform of λj (t) and obeys (Valido et al., 2013b)
Im [λj (ω)] = −~ (Θ (ω)−Θ(−ω)) Jj (ω) . (8.37)
Hence one concludes that, upon determination of the spectral density Jj (ω), one deter-
mines the influence of the baths on the impurities. In (Lampo et al., 2018), it was shown
that in the continuous frequency limit, the spectral density takes the following form
Jj (ω) = mτj
ω4
Λ3j
Θ(ω − Λj) , (8.38)
where
τj =
2g
(j)
B
mΩ̂B,jR3j
(
ηjµj
~Ω̂B,j
)2
, ηj =
g
(j)
IB
g
(j)
B
, Λj = Ω̂B,j. (8.39)
Note that the ultraviolet cutoff, that is usually introduced to regularize the spectrum in
the conventional QBM model, is now given in terms of a physical quantity, the trapping
frequency of the potential well of the jth bath. Here
τj
Λ3j
plays the role of a relaxation
time. Heat transport with a superohmic spectral density was considered for example in
the energy transport in the phenomenon of photosynthesis (Qin et al., 2017). Note that
Eq. (8.31) can be rewritten in terms of the damping kernel γj (t) which is related to the
susceptibility by 1
m
λj (t) = − ∂∂tγj (t) (Dhar and Dandekar, 2015), as
x¨j + Ω˜
2
jxj − γj (0) xj + κ˜qxq +
∂
∂t
∫ t
0
γj (t− s) xj (s) ds = 1
m
Bj (t) , (8.40)
with Ω˜2j = Ω
2
j +
∑
k Vk,jje
ikωdt and κ˜q = κ +
∑
k Vk,jqe
ikωdt, where the Leibniz rule was
used as in (Charalambous et al., 2019a). Moreover, in (Lampo et al., 2018), it was also
shown that the form of the damping kernel for such a spectral density reads as
γj (t) = (8.41)
τj
(
6 + 3
((
Ω̂B,j
)2
t2 − 2
)
cos
(
Ω̂B,jt
))
t4
(
Ω̂B,j
)3 + τjΩ̂B,j
((
Ω̂B,j
)2
t2 − 6
)
sin
(
Ω̂B,jt
)
t3
(
Ω̂B,j
)3 .
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In the limit t→ 0 this damping kernel becomes
γj (0) = lim
t→0
γj (t) =
Ω̂B,jτj
4
. (8.42)
In vector form the two coupled equations in (8.31) read as
X¨ (t) +K ·X (t) + ∂
∂t
∫ t
0
D (t− s) ·X (s) ds = 1
m
BT (t) I, (8.43)
where I is the identity matrix and
X (t) =
(
xL (t)
xR (t)
)
,
K =
(
Ω2L +
∑
k Vk,LLe
ikΩdt − γL (0) κ+
∑
k Vk,LRe
ikΩdt
κ+
∑
k Vk,RLe
ikΩdt Ω2R +
∑
k Vk,RRe
ikΩdt − γR (0)
)
,
D (t) =
(
γL (t) 0
0 γR (t)
)
, and B (t) =
(
BL (t)
BR (t)
)
.
Static case. From the system of coupled equations (8.31), one can now identify the
condition that guarantees the positivity of the Hamiltonian in the static case, where
HDrive (t) = 0 . To this end one first diagonalizes the Hamiltonian, and then requires that
the normal mode frequencies are positive. We diagonalize the Hamiltonian by making the
transformation Q = O ·X, that brings Eq. (8.43) into
Q¨ (t) +KD ·Q (t) + ∂
∂t
∫ t
0
DD (t− s) ·Q (s) ds = 1
m
BTD (t) I, (8.44)
whereDD (t) = O·D (t)·OT , BTD (t) = O·BT (t), and the frequency matrix is diagonalized
as
KD = O ·K ·OT =
(
ΩDL 0
0 ΩDR
)
. (8.45)
The positivity of the Hamiltonian condition is then guaranteed by requiring that {ΩDL ,ΩDR} >
0 which in terms of the original frequencies reads as
1
2
[
γL (0) + γR (0)− Ω2L − Ω2R +
[
(γL (0) + γR (0)− Ω2L − Ω2R)2 (8.46)
−4 (γL (0) γR (0)− κ2 − γL (0) Ω2R − γR (0) Ω2L + Ω2RΩ2L)
]1/2]
<0.
This condition guarantees that we do not have negative renormalized normal frequencies
in the system and hence stability of the solution is guaranteed in the long-time limit.
With this satisfied, we are in a position to safely neglect the effects of γL (0) and γR (0)
in the dynamics of the system.
186
8. Heat current control in trapped Bose-Einstein Condensates
Upon rewriting the coupled equations of motion for the static case in a vector form as
above, and considering it expressed in terms of the susceptibilities λL (t) , λR (t), one can
obtain its solution by taking the Fourier transform of both sides
X (ω) = G (ω)
B (ω)
m
, (8.47)
where
G (ω) =
(−ω2I+K− L (ω))−1 , (8.48)
which is understood to play the role of a phonon Green function, and L (ω) is the Fourier
transform of L (t) =
(
λL (t) 0
0 λR (t)
)
, with diagonal elements
λj (ω) = Re[λj (ω)] + iIm[λj (ω)] (8.49)
=
τj
(
Λ4j+2Λ
2
jω
2+2ω4
(
iπ+log
(
−1+Λ
2
j
ω2
)))
π2
− i(~ (Θ (ω)−Θ(−ω)) Jj (ω)),
where the real part of the susceptibility was obtained through the Kramers-Kronig relation
Re[λj (ω
′)] = H[Im[λj (ω)]] (ω′) = 1πP
∫∞
−∞
Im[λj(ω)]
ω−ω′ dω. Here H[·] (ω′) denotes the Hilbert
transform and P the principal value. In general, for the parameters we consider in our
results, it will always hold that Ω2j ≫ Re[λj (ω)] such that we safely neglect the effect of
Re[λL (ω)] and Re[λR (ω)].
In terms of this solution of the static equations of motion, the positivity condition
(8.46), can be interpreted in a different way: it guarantees that the phonon propagator,
i.e. the Green function G (ω), has no poles in the lower half plane of the complex plane.
This implies that there are no divergencies in the integrals that will be performed later
on and will involve these Green functions (Rzaz˙ewski and Z˙akowicz, 1980).
Driven case. Now we consider the case where a driving is applied on the central
system. In particular we assume that the driving is either on the oscillators’ frequen-
cies or on their in-between coupling, as in (Riera-Campeny et al., 2019). The analytic
treatment of this case is slightly more involved than the static one. We are now deal-
ing with a periodic differential equation, and the analysis of the stability of the long-
time steady state solution of the equations of motion is not straightforward. To be
able to perform the stability analysis, what one usually does is to convert the peri-
odic differential equation to a linear one by resorting to Floquet theory. This is done
by converting first all the terms in the equation of motion into periodic ones, and then
study the stability of the Floquet-Fourier components of the resulting Green function.
The basic assumption that enables us to employ the Floquet formalism is that even
though some function f (t) might not be periodic, another function defined based on
this one as W (t, ω) =
∫
R
dt′f (t− t′) eiω(t−t′) will indeed be periodic. Furthermore,
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such periodic function can always be expressed in terms of its Fourier components as
W (t, ω) =
∑
kBk (ω) e
ikΩdt. By performing these two transformations on the equations
of motion, i.e.
∫
R
dt′eiω(t−t
′) and Fourier expanding, one obtains a set of equations for the
Fourier coefficients Ak (ω) of P (t, ω) =
∫
R
dt′G (t− t′) eiω(t−t′) = ∑kAk (ω) eikΩdt that
can be self-consistently solved. By following this procedure, in (Riera-Campeny et al.,
2019) the authors were able to obtain expressions for these coefficients
A0 (ω) = G (ω) +
∑
j 6=0G (ω) ·Vj ·G (ω + jΩd) ·V−j ·G (ω) +O
(
V4j
)
, (8.50)
Ak (ω) = −G (ω − kΩd) ·Vk ·G (ω) +O
(
V3j
)
, (8.51)
where V (t) =
∑
kVke
ikΩdt. Note that we will assume that the driving strength coefficient
is sufficiently small such that we can ignore terms of the order of O (V3j) or higher.
Furthermore, since the Fourier coefficients Ak (ω) are related to the Green function, one
can interpret them as describing the fundamental processes responsible for the phonon
and hence heat transport. These coefficients tell us that the driving is responsible for
a sudden change of the propagation frequency ω of the phonon by an amount of kΩd.
Finally, the solution of the equations of motion in this case would read as
X (t) =
∑
k
∫ ∞
−∞
e−i(ω−kΩd)tAk (ω)
B (ω)
m
. (8.52)
Uncertainty relation. Finally, we comment that we check that the uncertainty relation
holds for both cases that we consider, static and driven. This is simply expressed by the
condition
ν− ≥ 1
2
, (8.53)
where ν− is the minimum standard eigenvalue of C˜ (0) (~ is assumed to be equal to 1 in
this case). In the above expression, C˜ (0) = iW · C (0) with W the symplectic matrix
and C (0) the covariance matrix, that both are defined in the appendix. Note that the
covariance matrix can be expressed in terms of the Green’s function and the spectral
density, for both static and driven cases as is shown in the appendix.
8.3 Heat current control between the BECs
Here we present the thermodynamics quantities of interest, in order to evaluate the
performance of our system as a heat current control platform and as a thermal diode.
These quantities cannot be expressed in terms of analytically known functions, due to the
non-ohmic spectral density that describes the baths. As such, the results in next section
are obtained by numerically evaluating the integrals.
8.3.1 Static case
We begin with the static scenario with HDrive (t) = 0, and we study the behaviour of
heat current and the current-current correlations.
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The heat current. When studying a heat engine, a key quantity is the average current
JL going from the left reservoir (assuming it to be the hot reservoir) to the left oscillator
(Dhar, 2008, Lepri, 2016) (by conservation of current JL = −JR), or equivalently the
average rate at which the left bath does work on the left particle (power). In general,
there are two ways to define the heat current. The first one is derived from considerations
of energy conservation on the system,
JL =
d 〈HS〉
dt
−
〈
∂
∂t
HS
〉
=
〈
i
~
[
H˜Int.,L, H
′
L
]〉
ρ
, (8.54)
where H ′L =
p2L
2m
+ VL (xL) + κxLxR and the average is over the total density state ρ. The
second definition is expressed in terms of the rate of decrease of the bath energy (Kato
and Tanimura, 2016)
ĴL = −
d〈HB,L〉
ρ
dt
=
〈
i
~
[HB,L, HTot]
〉
ρ
(8.55)
=
〈
i
~
[
H˜Int.,L, H
′
L
]〉
ρ
+
d〈H˜Int.,L〉
ρ
dt
+
〈[
H˜Int.,L, H˜Int.,R
]〉
ρ
.
The second term vanishes under steady state conditions and weak system-bath coupling,
where weak is understood in the sense of assumption (8.35) (and not of Markovian dynam-
ics for the impurity), which is the case in our study. We are further considering that the
correlations among the system bath interactions is negligible, i.e.
〈[
H˜Int.,L, H˜Int.,R
]〉
ρB
=
0, since we assume that each system interacts only with its own reservoir. Under these
criteria the two definitions of heat current are equivalent. In other words, in our model,
the rate at which the bath looses/gains energy is equal to the energy that the system
gains/looses. The more general scenario of strong coupling and hence non-separability
of the system-bath was considered for a spin-boson model in (Gelbwaser-Klimovsky and
Aspuru-Guzik, 2015), while the case of interactions among the baths was studied in (Li
et al., 2012a). Therefore the heat current considered here is
JL =
〈
i
~
[
H˜Int.,L, H
′
L
]〉
ρB
=
〈
ηL (t)
pL (t)
m
〉
ρB
, (8.56)
where the second equality is valid in steady state with ηL (t) =
∫ t
0
λL (t− s) xL (s) ds +
1
m
BL (t), and it is obtained after solving the bath particles equations of motion. Note that
in (8.56) the current is a scalar, which is the average current, and it is averaged under
steady state condition i.e. at the long time limit which is independent of the initial state
of the system. In (Dhar, 2008, Lepri, 2016, Dhar and Sriram Shastry, 2003), by using a
direct solution of the equations of motion for a non-interacting system of bath particles,
the average current is proven to be equal to
〈JL〉ρB =
1
4π
∫ ∞
−∞
dωT (ω) ~ω [f (ω, TL)− f (ω, TR)] = −〈JR〉 ≡ 〈J〉 , (8.57)
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with f (ω, Tj) = [e
~ω
kBTj − 1]−1, the phonon occupation number for the respective thermal
reservoir and
T (ω) = 4Tr [G (ω) Im [LL (ω)]G† (ω) Im [LR (ω)]] , (8.58)
LL (ω) =
(
λL (ω) 0
0 0
)
, LR (ω) =
(
0 0
0 λR (ω)
)
, (8.59)
being the transmission coefficient for phonons at frequency ω. You can find a proof of
this in App. D.2. This is called the Landauer formula. Note that T (ω) can be related to
the transmittance of plane waves of frequency ω across the system as in (Das and Dhar,
2012). The transmission coefficient, interestingly, depends on all the parameters of the
system. That is, it depends on the parameters of the baths (apart from temperature) as
well as the parameters of the coupling between the system and the baths.
Eq. (8.57) describes the situation where the central region is small in comparison with
the coherent length of the waves, which is the assumption we also abide to, so that it
is treated as purely elastic scattering without energy loss. The dissipation resides solely
in the heat baths. This implies ballistic thermal transport, which corresponds to direct
point-to-point propagation of energy, contrary to the transport in bulk and disordered
structures which is referred to as diffusive transport. Indeed, within the framework of
modeling thermal baths by means of quantum Langevin equations, ballistic transport has
been observed for chains of quantum harmonic oscillators (Zu¨rcher and Talkner, 1990),
and hence this is also our case. Furthermore, note that the Landauer formula can also
capture phonon tunneling, i.e. the case when phonons off-resonance with the systems
vibrations cross the “junction”, showing features of quantum tunneling (Segal et al.,
2003). Finally, it is worth commenting on an implicit assumption we made. We assumed
here that a unique steady state was reached, or equivalently that there are no bound
states in our system, i.e., that no modes outside the bath spectrum are generated for
the combined model of system and baths. The problem is that these modes are localized
near the system and any initial excitation of the mode is unable to decay (Dhar and Sen,
2006).
It is interesting to comment on two limits of Eq. (8.57), namely the linear limit
∆T := TL − TR ≪ T where T = TL+TR2 and the classical limit, ~ωkBT → 0 where ω refers to
the bath frequencies. In the first limit, the current reduces to
〈J〉 = ∆T
2π
∫ ∞
0
dωT (ω) ~ω∂f (ω, T )
∂T
, (8.60)
such that once the two baths are at the same temperature there is no current flow. In the
second limit, it becomes
〈J〉 = kB∆T
2π
∫ ∞
0
dωT (ω) , (8.61)
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where the current is independent of the temperature of the baths TL, TR but it only
depends on their difference ∆T .
We conclude with one last comment regarding our system and the role that entangle-
ment could play on the amount of heat current transported from one BEC to the other.
From (Riera-Campeny et al., 2019), it is known that the static current can also be ex-
pressed in terms of the off-diagonal elements of the covariance matrix. This, might lead
one to consider that entanglement, the presence of which is understood to be related to
these off-diagonal elements might play a role in the amount of heat current transported.
However, it was shown in (Liu and Goan, 2007, Vasile et al., 2010a) that in a system of
two harmonic oscillators coupled to distinct baths, as is our case, there is no long-time
entanglement present.
Current-Current correlations. Next, we focus on the current-current correlations
which is an easily accessible quantity from an experimental point of view. This is because
these correlations are related to noise, which can be experimentally measured. They con-
tain valuable information on the nature of the fundamental processes responsible for the
heat transport. Furthermore, from the current-current correlation many other quantities
can be obtained, such as the thermal conductance (Dhar, 2008, Lepri, 2016) and the local
effective temperature of driven systems (Caso et al., 2012).
The current-current time correlations JJLL (t, t
′), which is sometimes referred to as
current fluctuations in time or current noise, is defined as the symmetrized correlation
function of the current, that is
JJαβ (t, t
′) =
1
2
〈[
Jα (t)− 〈Jα (t)〉ρB , Jβ (t′)− 〈Jβ (t′)〉ρB
]〉
ρB
. (8.62)
We are interested in the steady state correlations, for which an expression for this can
be obtained using the non-equilibrium Green’s functions as was mentioned above. Hence
the correlation function of interest is a function only of the time difference, JJ (t, t′) =
JJ (t− t′). Therefore, the noise strength is characterized by the zero frequency com-
ponent JJαβ =
∫∞
−∞ JJαβ (t) dt, which obeys JJαβ ≥ 0 according to Wiener-Khinchine
theorem. It is current conserving, i.e. the sum of currents entering the system from all
reservoirs is equal to zero at each instant of time, and gauge invariant and hence physi-
cally meaningful (Blanter and Bu¨ttiker, 2000, Kohler et al., 2005). Current conservation
implies JJLL = JJRR.
One way to obtain such an expression is by first deriving the cumulant generating
function χ (µ), employing the non-equilibrium Green’s functions technique within the
Keldysh formalism, and noting that JJαβ :=
∂2χ(µ)
∂µ2
|µ=0 (see e.g., (Dhar, 2008, Lepri,
2016, Saito and Dhar, 2007)). In this case, one can show that the current fluctuations
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read as (Blanter and Bu¨ttiker, 2000, Kohler et al., 2005)
〈JJLL〉ρB=
∫ ∞
0
dω
~
2ω2
2π
{
T (ω) [f (ω,TR) (1 + f (ω,TR)) + f (ω,TL) (1 + f (ω,TL))]
−T (ω) (1− T (ω)) [f (ω, TL)− f (ω, TR)]2
}
. (8.63)
The first two terms of this expression correspond to the equilibrium noise, while the third
corresponds to the non-equilibrium noise, also referred to as shot noise. At high energies,
the latter is negligible. Note that the shot noise is negative and hence contributes to
diminish the noise power in comparison with having the equilibrium noise alone. The
expression above Eq. (8.63) is true only under the assumption of independence of the two
baths.
Finally let us address the linear and the classical limits of the correlations. In the first
limit, the current-current correlations read as
〈JJLL〉ρB =
∫ ∞
0
dω
~
2ω2
2π
{[
T 2 (ω)
(
∆T
∂f (ω,T)
∂T
)2
+
2T2T (ω)
ω
∂f (ω,T)
∂T
]}
. (8.64)
In the classical limit it becomes
〈JJLL〉ρB =
k2B
2π
∫ ∞
0
dωTr
[T 2 (ω) (∆T)2 + 2T (ω) TLTR] . (8.65)
Note that Eq. (8.64), contrary to the expression for the current Eq. (8.60) at the same
limit, does not vanish when ∆T → 0, which results in non-zero fluctuations of the current
even in the scenario that no average current flows in the system.
We comment here on the experimental feasibility of the measurements of the two
proposed quantities above, namely the heat current and the current variance. As is proven
in detail in (Riera-Campeny et al., 2019) in Appendix C, the heat current depends on
the covariance matrix element CXP (0) defined in Appendix D.1 of our paper, where the
nonzero elements of this matrix are 〈xipj〉 with i 6= j. Hence one needs to measure
simultaneously the position of one particle and the momentum of the other. It should
be experimentally feasible to make this measurements almost instantaneously. For the
former type of measurement, that of position, there are already experiments in which
one is able to evaluate them (Catani et al., 2012a). The idea is that, one measures the
position of the particle using a time-of-flight experiment, by implementing a resonant
in-situ absorption imaging technique, in a system with a two species ultracold gas, in
which one of the species is much more dilute - dilute enough as to consider its atoms as
impurities immersed in a much bigger BEC. A much more recent technique could be used
to make measurements of both the position and the momentum. In particular, a quantum
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gas microscope (Sherson et al., 2010, Bakr et al., 2009) may be an option. This technique
uses optical imaging systems to collect the fluorescence light of atoms, and it has been
used in the study of atoms in optical lattices, achieving much better spatial resolution
(Sherson et al., 2010, Bakr et al., 2009), and avoiding the aforementioned problem with
time-of-flight experiments. In the past such a technique has been used to study spatial
entanglement between itinerant particles, by means of quantum interference of many
body twins, which enables the direct measurement of quantum purity (Islam et al.,
2015). Finally, having these measurements at hand, one can evaluate the CXP (0). The
current-current correlation then is the variance of the current, which could be obtained
by the data collected. This would be the protocol to follow in order to measure the heat
current. Nevertheless, we can only give an idea of a measurement protocol, leaving open
for future research the question of whether the resolution when measuring the correlations
in current experimental set-ups would be enough as to infer the heat current.
8.3.2 The dynamic case
For the driven case, the steady-state averaged heat current is given by (Riera-Campeny
et al., 2019)
J
(D)
j = −
∫
R
dωT̂j (ω)
(
fj (ω) +
1
2
)
+
∑
q 6=j
∫
R
dω
[
T˜qj (ω)
(
fj (ω) +
1
2
)
− T˜jq (ω)
(
fq (ω) +
1
2
)]
, (8.66)
where the new transmission coefficient reads as
T˜jq (ω) =
∑
k
~ (ω − kΩd) tr
[
Im [Lj (ω − kΩd)]Ak (ω) Im [Lq (ω)]A†k (ω)
]
, (8.67)
and
T̂j (ω) =
∑
β
T˜jq (ω) . (8.68)
A proof of this is given in App. D.3.This expression was also obtained in (Kohler et al.,
2005, Freitas and Paz, 2017, Camalet et al., 2003, 2004), while in (Lehmann et al., 2003)
a similar expression was obtained for transport through quantum dots. Unlike the static
case, these transmission coefficients are not symmetric, i.e., T˜jq (ω) 6= T˜qj (ω). Crucially,
this symmetry breaking, attributed to the driving that is now expressed in the form
of the transmission coefficients, is responsible for the appearance of heat rectification as
addressed in (Riera-Campeny et al., 2019). To observe and quantify rectification, it is
useful to evaluate the rectification coefficient
R :=
∣∣∣J (D)j + J (D)j,r ∣∣∣
max
(∣∣∣J (D)j ∣∣∣ , ∣∣∣J (D)j,r ∣∣∣) , (8.69)
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Left BEC and impurity Right BEC and impurity Other parameters
TL = 75nK TR = 7.5nK d = 9.5aho
NL = 7.5× 104 NR = 7× 104 aho = 0.7µm
ηL = 0.5 ηR = 0.5 Ω = 200πHz
g
(L)
B = 2.5× 10−40J ·m g(R)B = 2× 10−40J ·m
ΩL = Ω ΩR = Ω
Ω̂B,L = 3Ω Ω̂B,R = 3Ω
Table 8.1 List of default parameters—unless otherwise mentioned—used in the static
case, corresponding to Figures. 8.2 and 8.3.
where J
(D)
j,r is the value of the current, once the temperature gradient is reversed, i.e.
when the two baths’ temperatures are interchanged. Notice that this coefficient takes
values between 0 and 2, namely, R = 0 when J
(D)
j = −J (D)j,r , with the current being
symmetric under reversing the temperature gradient. The upper bound is achieved when
the current remains unaffected by reversing the temperature gradient. When either of the
two currents is blocked, the coefficient is equal to one.
8.4 Main Results
Before presenting our main results, let us summarize the major assumptions we made
for our system, and the restrictions that these impose on the parameter regimes that we
can consider:
1. Linearization of the impurity-bath coupling, which is achieved by assuming that the
impurity is in the middle of its corresponding trap (see Eq. (8.6)). This in practice
imposes a restriction on the maximum temperature we can consider (Lampo et al.,
2018)
Tj ≪ Tmaxj =
mΩ2jR
2
j
kB
. (8.70)
Note that in the scenario when the impurity is driven, the frequency term Ω2j is
replaced by mint
(
Ω2j +
∑
k Vk,jje
ikΩdt
)
.
2. BEC independence condition RL +RR < d
3. Positivity condition, Eq. (8.46).
In our analysis below we consider the BECs of Rubidium (Rb) atoms. The impurities are
Dysprosium (Dy) atoms, which are the atoms with the largest magnetic moment known
at present, µ = 10µB, where µB is the Bohr magneton.
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8.4.1 Static system
Heat current
In Fig. 8.2 (a) we plot the heat current with the temperature difference ∆T = TL−TR,
where we keep fixed the temperature of the left reservoir TL. As expected, the heat
current increases with increasing temperature difference, while it is zero when there is
no temperature gradient. We see that the current depends linearly on the temperature
gradient. This is in accordance to the linear limit for the heat current in Eq. (8.60).
In addition, we studied heat current in the scenario where the temperature difference
between the two baths was fixed to some value, in particular ∆T = 10nK, with TL = T
and TR = T +∆T , and we considered the simultaneous variation of the temperatures of
both baths, in the temperature regime T = 10nK− 100nK. In this case we saw that the
heat current remained constant as a function of T and hence we conclude that the regime
in which we could study the system was that of the classical limit Eq. (8.61). A figure for
this case is omitted since the current was just constant as a function of T . From Fig. 8.2
(a) we also observe that increasing the distance of the two impurities results in decreasing
the heat current flow (red vs blue curves), while increasing the impurity-BEC couplings
results in an increase of the current (red vs green curves).
Figure 8.2 (b) depicts the heat current against the trapping frequencies of the BECs.
In particular we fix one of the trapping frequencies and vary the other. Firstly, we
observe that the heat current is reaches a maximum when the trapping frequencies of
the two impurities match, i.e., ΩR = ΩL. This is understood as follows. The current
density, which we define as Jden. :=
1
4π
T (ω) ~ω [f (ω, TL)− f (ω, TR)] is maximized when
the denominator of T (ω), given by (−ω2I+K− L (ω))−1
(
(−ω2I+K− L (−ω))T
)−1
is minimized. In the regime we are looking,
τj
Ω̂3j
come out to be of the order of 10−4,
while the values of κ that are allowed, are of the order of 10−5. These are much smaller
than the trapping frequencies Ω2L, Ω
2
R, such that the denominator is minimized whenever
(ω2 − Ω2L)2 + (ω2 − Ω2R)2 is minimized. This happens when ω = ΩL = ΩR. Secondly—for
the specific parameters that we choose—contrary to Fig. 8.2 (a), increasing the impurity-
BEC coupling strength results in reducing the current.
We study the dependence on the impurity-BEC coupling strength in Fig. 8.2 (c),
where we see current reaches a maximum at some optimal coupling. Keeping the coupling
constant of the left impurity fixed and varying that of the right impurity, we find that if
the impurity is weakly coupled to the BECs, then current can not be carried from one
BEC to the other through the vibrations of these impurities. If on the other hand, this
is coupled too strongly, the effect of the noise induced by the baths (BECs) reduces the
current that can be transmitted This is in agreement with the findings in Fig. 8.2 (a) and
(b).
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In Fig. 8.2 (d) we see how the heat current varies as a function of the distance be-
tween the two impurities. As expected, we see that increasing the distance between the
impurities reduces the heat current. In particular, we find 〈J〉 ∝ κ2—in the parameter
regime that we study. It is possible that, at shorter distances, another resonance effect
occurs between the value of the spring constant, which depends inversely on the distance
between the impurities and the trapping frequencies of the impurities. Anyhow, we do
not study the system at such small distances because the approximation of independence
of the BECs breaks down.
Finally we remark here that one could also consider studying homogeneous gases
instead of harmonically trapped ones and the induced heat current could be examined for
this case, by studying the system in the spirit of (Lampo et al., 2017a). Experimentally,
homogeneous gases could be created as in (Gaunt et al., 2013). From our studies, we
observe that as expected one can still have current in this case, but since the spectral
density is different in this case, even though still superohmic, there is a quantitative
difference in the amount of current. Nevertheless we focused on the harmonically trapped
case which is more conventionally implemented experimentally. From (Lampo et al., 2018)
it is known that the two spectral densities result in a different degree of non-markovianity,
and it would be interesting in the future to study the effect of non-markovianity on the
heat current. This however exits the scope of this paper.
Current-Current correlations.
In Fig. 8.3 (a) the behavior of the current-current correlations is illustrated as a func-
tion of temperature T while keeping the temperature difference ∆T constant. From the
figure, we see that, for small ∆T , such that the first term of Eq. (8.65) prevailed, the
current-current correlations are proportional to T 2. On the contrary when ∆T is large,
and for relatively small T , the current-current correlations depended linearly on the tem-
perature T . Nevertheless the behavior seems to be independent of ∆T as the temperature
increases, and appears to depend on the square of T as expected in the classical limit.
In Fig. 8.3 (b) we study the dependence of current-current correlations on the tem-
perature difference ∆T . At large temperature difference, i.e. beyond the linear limit
considered in (8.64), the correlations depend linearly on ∆T . We comment here that this
is not directly evident from the LogLog plot, but we checked that this is indeed the case
of a linear relation from the corresponding current-current correlation versus temperature
difference plot before taking the logarithms. For small ∆T , where (8.63) is well approx-
imated by Eq. (8.64), indeed we find the saturation on the correlations predicted by the
second term of Eq. (8.63). This implies that even as ∆T → 0—in which case current
is zero— the fluctuations are still present. One might expect quantum effects to appear
in this regime then, but we studied the entanglement in this system, by means of the
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Fig. 8.2 (a) Heat current J against the temperature difference of the two baths ∆T ,
with fixed TR. As expected current increases linearly with ∆T . Furthermore, the current
decreases with increasing distance, and increases with increasing the coupling strength
of the impurities to the bath. (b) Current as a function of the trapping frequency ΩR
of the right impurity. We observe resonance at ΩR = ΩL. Furthermore, for ΩR larger
than the trapping frequency of the bath—which is also the cutoff for the spectral
density—the current vanishes quickly. Moreover, current decreases with distance as
before. In this regime, current decreases as the impurities couple stronger to their
respective baths (note that the coupling strengths are different from panel (a)). (c)
Current as a function of the coupling strength of the right impurity. Current reaches a
maximum in the range studied. (d) Current as a function of the distance between the
impurities |d1 − d2|. Current decreases linearly with increasing distance in the regime we
were allowed to study, that is under the restriction that is imposed on the lower distance
in order to maintain the two BECs spatially independent. Current is found to scale as
κ2. See Table 8.1 for the parameters that we use here.
logarithmic negativity as in (Charalambous et al., 2019a), and no entanglement could be
detected in this regime.
8.4.2 Driven case: Heat rectification
Heat rectification is quantified by the heat rectification, Eq. (8.69). We use the par-
ticular form of driving
V (t) = 2v cos(ωdt)
(
1 0
0 0
)
, (8.71)
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Fig. 8.3 (a) Current-current correlations against temperature T at constant ∆T . Here
we observe that for small ∆T and at large temperatures T as expected from Eq. (8.65),
current-current correlations scale as ∝ T 2. At sufficiently large T this is expected to
happen for large ∆T as well, however we were restricted on the range of maximum
temperatures we could consider. (b) Current-current correlations as a function of the
temperature difference of the two baths ∆T . For small values of ∆T , i.e., in the linear
regime, the correlations have a nonzero value as predicted in Eq. (8.64). This implies
that even as ∆T → 0, where current also vanishes, correlations still persist. For large
enough values of ∆T the correlations increase linearly with ∆T . See Table 8.1 for the
parameters that we use here.
Left BEC and impurity Right BEC and impurity Other parameters
TL = 15nK TR = 1nK d = 35aho
NL = 7.5× 104 NR = 7× 104 aho = 0.7µm
ηL = 0.5 ηR = 0.5 Ω = 200πHz
g
(L)
B = 5× 10−39J ·m g(R)B = 4.5× 10−39J ·m v = 0.1Ω
ΩL = 2Ω ΩR = 2Ω
ΩB,L = 2.5Ω ΩB,R = 2.5Ω
Table 8.2 List of default parameters—unless otherwise mentioned—used in the
dynamic case, corresponding to Fig. 8.4
i.e. we drive the frequency of the first oscillator. The parameters that we use are given
in Table 8.2. The temperatures we choose are upper bounded by {TL, TR} < 103nK.
In Fig. 8.4 we depict the heat rectification coefficient R as a function of Ωd, the driving
frequency. We find that it shows two maxima for two values of the driving frequency
Ωd ∈ {Ω, 3Ω}. Note that, as shown in (Riera-Campeny et al., 2019), heat rectification
should be maximum at the following frequencies
Ωd = |νj ± νi| . (8.72)
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Here {i, j} ∈ {L,R} with i 6= j and νi’s are the normal modes of the coupled impurities
ν2L,R = Ω
2
L + κ+
∆
2
∓
(
κ2 +
∆2
4
)1/2
, (8.73)
with ∆ = Ω2R − Ω2L. In our case, Eq. (8.72) indeed suggests that rectification should be
maximum at Ωd ∈ {Ω, 3Ω} which explains the results in Fig. 8.4. Note that we also studied
dependence of the rectification coefficient on the other parameters of the system, apart
from the driving frequency. In particular, we find that in the regime of parameters we
study, maximum rectification decreases when the impurities couple more strongly to their
respective baths. On the contrary, decreasing the number of atoms significantly increases
R, in fact reaching R > 1. What is more, rectification could also be optimized with respect
to the detuning between the trapping frequencies of the impurities as in (Riera-Campeny
et al., 2019).
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Fig. 8.4 Rectification coefficient against the driving frequency. As predicted
analytically, we observe non-zero rectification at the vicinity of frequencies Ωd = {Ω, 3Ω}
corresponding to |νj ± νi|. Furthermore, we see that rectification decreases with
increasing coupling to the baths in this regime of parameters. See Table 8.2 for the
parameters that we use here.
8.5 Summary
Here, we have applied once again the approach of treating impurities in BEC as QBP,
and we used these impurities to establish a heat current between two BEC kept at different
temperatures. We did so by making use of a dipole-dipole coupling between the two
impurities. We also introduced a periodic driving on the trapping frequencies of the
impurities, which allowed us to construct a thermal diode. The results were presented in
(Charalambous et al., 2019b). The main results of this study are the following:
❼ We begun with the standard physical Hamiltonian describing two harmonically
trapped impurities coupled each one to its respective BEC through a contact in-
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teraction. Following the treatment in (Lampo et al., 2018), one can show how these
can be treated as two QBP. However, we also introduced a dipole-dipole interaction
between the two. We assumed the two impurities to be far enough, namely much
farther than the Thomas-Fermi radii of the two BEC so that these can be assumed
independent, and can be kept in two different temperatures.
❼ However we show that the advantage of the aforementioned assumption is two-fold,
since it also permits us to approximate the interaction by a spring-like interaction
which is bilinear on the variables of the impurities. This maintains the overall
Hamiltonian quadratic and as a result the state of the system at any later point
Gaussian, and permits us to solve the eom that will be derived.
❼ We derive the Langevin eom, from the Heisenberg equations, which describe two
coupled oscillators, and we solve them through the Laplace transform technique.
❼ The above setup, is understood to enable a heat current to pass from the hot BEC to
the cold one, in the form of phonons, mediated through the vibrations of the impuri-
ties. We then proceeded in evaluating the heat current and the current correlations
as a function of the various parameters of the system. We find that:
– The heat current increases as a function of the temperature gradient, but the
dependence is linear on the temperature difference, a sign that we are working
in the classical regime. As expected when there is no temperature gradient,
the heat current is zero.
– The heat current increases quadratically when we keep the temperature differ-
ence constant but increase temperature for both of the baths.
– Heat current exhibits a non-monotonic behaviour with the coupling constant
between the impurities and the bath. In particular, while increasing the cou-
pling appears to increase the current for small values of the coupling constant,
beyond a certain value, further increase, which implies also more noise, seems
to have a negative effect on the current. In other words, we identify an optimal
coupling constant.
– Heat current is maximized when the trapping frequencies of the two impurities
match, i.e. when the frequencies of the phonons emitted and received match.
– The correlations of the current behave in a rather similar way, with the only
difference being that even when the temperature gradient is zero, current fluc-
tuations can still be finite.
❼ We then introduced a periodic driving on the trapping frequencies of the two im-
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purities. By taking advantage of the theoretical results of (Riera-Campeny et al.,
2019), we showed how one can obtain a thermal diode in a real physical system. We
studied then the ability of this device to unidirectionally direct the heat current as
a function of the parameters of the system.
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CHAPTER 9
CONCLUSIONS
In this thesis, we presented a number of projects regarding both applications as well as
proof of concept ideas related to Bose polarons in 1D BEC. These Bose polarons were
treated as quantum Brownian particles as in (Lampo et al., 2017a). The main conclusions
of each project are summarized at the end of each one of the relevant Chapters. Here we
present a brief review of all of them.
9.1 Two distinguishable impurities in BEC:
squeezing and entanglement of two Bose
polarons
In this paper, we studied the emergent entanglement between two distinguishable po-
larons due to their common coupling to a BEC bath. To this end, we formulated the
problem of two different kinds of impurities immersed in a BEC as a quantum Brownian
motion model. The BEC is assumed to be confined in one dimension and homogeneous.
The impurities do not interact among themselves, but only with the BEC. By means of
a Bogoliubov transformation we diagonalize the part describing the BEC in the Hamilto-
nian. This brings the total Hamiltonian into a form in which one can identify the BEC
part as a collection of oscillators with different frequencies, thus resembling a bath Hamil-
tonian. Also, we identify the impurities part of the Hamiltonian as the system Hamil-
tonian, in the usual terminology from open quantum systems. Finally, under the same
physical constraints discussed in (Lampo et al., 2017b) for the Bose polaron problem, we
linearise the interaction Hamiltonian, which brings the Hamiltonian into a conventional
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Caldeira-Leggett-like Hamiltonian, i.e., a quantum Brownian motion model.
We henceforth solve the associated coupled quantum Langevin equations system of
motion, which encode the bath as a damping and a noise kernel. The damping kernel
includes a non-diagonal term, often called hydrodynamic term in the context of Brownian
particles, as it encodes the effect of the particles on one another. We find that the spectral
density characterizing the bath is superohmic in 1D. We emphasize that in our work the
properties of the bath, and particularly the spectral density, are not arbitrarily assumed
but derived from physical considerations of the BEC. We solve these equations both for
the case of untrapped and trapped impurities. We do not add artificial terms to the
Hamiltonian as to make it non-negative. Instead we find a condition on the parameters
of the system, for which the energy spectrum of the Hamiltonian is positive.
For the untrapped case we were able to solve the equations of motion analytically.
Hence, we studied the MSD and the diffusive properties of the impurities, which are found
to perform a super diffusive motion. In addition, we studied the momentum variance
of the impurities, observing an energy back-flow from the bath, attributed to its non-
Markovian nature. Moreover, we obtained the covariance matrix explicitly. By using
the covariance matrix, we quantified entanglement between the two types of impurities
using the logarithmic negativity. This is found to decrease linearly as a function of time.
What is more, the relative distance and center of mass coordinates were considered for
the case of identical impurities. The former becomes decoupled from the bath, such
that it no more performs a superdiffusive motion, hence the variance of the distance
between the impurities stays on average constant. Yet, we can detect a linearly decreasing
with time entanglement between the two types of impurities, so we conjecture that the
decrease of entanglement is attributed to their interaction with the bath rather than them
running away from each other. This conjecture is further enhanced from our studies of
the entanglement dependence on the rest of the parameters of the system, i.e. the density
of the bosons n0 in the BEC and their interaction strength gB. In particular, we found
that for any fixed finite time, and fixed n0 (g0), entanglement reaches a maximum value at
some optimal g0 (n0). Increasing this value beyond the optimal reduces the entanglement
until it vanishes.
For the trapped case, we obtained the covariance matrix elements numerically. We
saw that the coherence correlations (off-diagonal terms of the covariance matrix) were
linearly increasing with temperature, unless the parameters of the impurities were the
same. Nevertheless, entanglement decreases as a function of temperature, which means
that these correlations are not quantum. In the case of trapped impurities, entanglement
was studied in detail as a function of the rest of the parameters of the system. It was found
to decrease with increasing distance between the centers of the two trapping potentials.
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Furthermore, entanglement was found to increase and then decrease as a function of both
n0 and gB. Moreover, entanglement is maximized at resonance of the frequencies of the
two trapping potentials as was seen in previous similar studies as well (Correa et al.,
2012).
Beyond entanglement, for all of these parameters the dependence of the critical tem-
perature was also studied. In Appendix B.4 a rough estimate of the critical temperature
is made, using the effective form of the Hamiltonian in the thermalized regime. The
estimate is of the same order of magnitude as the critical temperature observed in our
studies. Squeezing was also examined in this case as a function of all the parameters of
the system, found to behave qualitatively the same as entanglement. In particular, it is
seen that entanglement always appears if there is squeezing but the converse is not always
true.
In summary, we have studied the emergence of entanglement of two types of im-
purities embedded in the same bath, starting from a Hamiltonian justified on physical
grounds. We examined analytically the case of two untrapped impurities, and gave nu-
merical results in the scenario of harmonically trapped impurities. The dependence of
entanglement, squeezing as well as the critical temperature, i.e. the temperature beyond
which entanglement vanishes, were studied as functions of the physical parameters of the
system. The parameters of the system used were within current experimental settings and
we believe that our results can be experimentally verified. These results on squeezing and
entanglement in these setups are particularly interesting as the two phenomena represent
resources for quantum information processing.
9.2 Control of anomalous diffusion of a Bose
Polaron in a coherently coupled two-component
Bose-Einstein condensate
In this work, we studied the diffusive behavior of an impurity immersed in a coherently
coupled two-component BEC, that interacts with both of them through contact interac-
tions. We showed how starting from the standard Hamiltonian that would describe such
a scenario, one can recast the problem under certain assumptions and conditions into that
of a quantum Brownian particle diffusing in a bath composed of the Bogoliubov modes of
the two-component BEC. We found that the main difference of this scenario compared to
that of the impurity being coupled to a single BEC studied in (Lampo et al., 2017a), is
that for the scenario of the impurity being coupled differently to the two BECs, namely
coupled attractively to one of them and repulsively to the other but with the same mag-
nitude, results in the impurity being coupled to the spin mode of the coherently coupled
two-component BEC. This implies that its dynamics is determined by a qualitatively dif-
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ferent spectral density. In particular this new spectral density is gapped and subohmic
close to the gap. We demonstrate numerically, that such a spectral density can lead to
a transient subdiffusive behavior. Furthermore, we show that this transient effect can be
controlled by the magnitude of the Rabi frequency, as well as by the strength with which
the impurity couples to the two BECs. These can control the duration of the time for
which this subdiffusive behavior appears. A mechanism for inducing a transient controlled
subdiffusion in Brownian motion has been also proposed in (Spiechowicz et al., 2016), but
with a completely different way for achieving it and most importantly not considering
the system from a microscopic perspective. Moreover, we comment that the setup we
studied, thanks to the appearance of this gapped subohmic spectral density, could also
serve for simulating quantum-optical phenomena, phenomena that could be seen in pho-
tonic crystals, with cold atoms, as was proposed also in (Navarrete-Benlloch et al., 2011)
for the case of optical lattices. In addition, we note that our studies could be extended
to the scenario of having two impurities in the coherently coupled two-component BEC,
and study as in (Charalambous et al., 2019a), the effects that the coupling to the spin
mode could have on the bath-induced entanglement between the two impurities. Finally,
we could also study the effect that this new gapped spectral density could have on the
functioning of the impurity as a probe to measure the temperature of the two-component
BEC, as in (Mehboudi et al., 2019b).
9.3 Using polarons for sub-nK quantum
nondemolition thermometry in a Bose-Einstein
condensate
We have shown that impurities immersed in a BEC can be exploited as temperature
sensors. The key features of such thermometric scheme are that (i) the temperature is
estimated by monitoring the impurity atoms only-the BEC itself does not need to be
measured destructively, (ii) it can compete with state-of-the-art thermometric techniques
in the sub-nK range, and (iii) the underlying analysis does not assume thermalization
of the impurity at the temperature of the BEC, but rather takes fully into account the
strong correlations built up between probe and sample.
In particular, we considered a cold atomic gas and an impurity both harmonically con-
fined in 1D at different trapping frequencies. Assuming that the impurity remains localised
around the minimum of the potential, allowed us to ”linearize” the model. We obtained
the exact stationary state of the impurity from the corresponding quantum Langevin
equation and, using standard tools from quantum estimation theory, we could eventually
calculate the minimum possible statistical uncertainty for a temperature measurement. In
particular, owing to our analysis being exact, we could verify that the usual assumption
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of full thermalization for the impurity at the temperature of the sample overestimates the
performance of the scheme for typical parameters in the pK–nK range.
We showed that, with only 100 measurements, the relative error can be kept below
14% for temperatures as low as 200nK. Importantly, we could also show that feasible
sub-optimal quadrature measurements—specifically, xˆ2—allow for similar performances
with limited resources (i.e., datasets of just few hundreds of independent measurements).
Interestingly, we found that increasing the probe-sample coupling does not improve the
sensitivity of the protocol in the temperature range under study due to the comparatively
low typical trapping frequencies (60–70Hz).
Even though we illustrate our results with Yb impurities in a cold gas of K atoms, our
approach is completely general and could be straightforwardly applied without limitations
to other atomic species and temperature ranges. Similar results are also expected in the
2D and 3D cases. In particular, such an extension is straightforward for homogeneous
BECs, the same position squeezing effects giving rise to the enhanced sensitivity of xˆ2 are
known to occur (Lampo et al., 2017b); the main difference would be a larger degree of
Ohmicity in the spectral density.
In order to bring these promising quantum non-demolition thermometers a step closer
to experimental demonstrations, it would be interesting to study how the unavoidable
non-linearities could affect our results. Exploring whether the entanglement between two
impurities embedded in the BEC—recently studied in (Charalambous et al., 2019a)—can
be used to boost thermometric performance also remains an open challenge.
9.4 Heat current control in trapped BEC
In this work, we studied in detail the heat transport control and heat current rec-
tification among two Bose Einstein Condensates (BEC). To this aim, we took an open
quantum system approach, and focused on experimentally realistic conditions and param-
eter regimes. In particular we considered a system composed of two harmonically trapped
interacting impurities immersed in two independent harmonically trapped 1D BECs kept
at different temperatures. The impurities interact through a long range interaction, in
particular a dipole-dipole coupling—that under suitable conditions we were able to treat
as a spring-like interaction. In this work we considered the particular case of a fixed angle,
motivated by the results in (Tang et al., 2018), but the results should also hold under
an angle-averaged scenario, by taking advantage of the results in (Keesom, 1921). We
showed the dynamics of these impurities can be described within the framework of quan-
tum Brownian motion, where the excitation modes of the gas play the role of the bath.
In this analogy, the spectral density of the bath is not postulated, but it is rather derived
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exactly from the Hamiltonian of the BEC, which turns out to be superohmic. By solving
the relevant generalized Langevin equations, we find the steady state covariance matrix
of the impurities, which contains all the information describing our Gaussian system. In
particular, we use such information to study the heat currents and current-current cor-
relations and their dependence on the controllable parameters of the system. We find
that, the heat current scales linearly with temperature difference among the two BECs.
Furthermore, we observe that heat current is maximum when the trapping frequencies of
the impurities are at resonance. Finally, we showed the existence of an optimal coupling
strength of the impurities on their respective baths.
What is more, by periodically driving one of the impurities, we can conduct heat
asymmetrically, i.e., we achieve heat rectification—which is in full agreement with the
recent proposal of (Riera-Campeny et al., 2019). In particular, we see that one can
achieve heat rectification at the driving frequencies predicted in (Renklioglu et al., 2016),
even though our bath is superohmic.
Motivated by recent developments on the usage of BECs as platforms for quantum
information processing, as e.g. in (Charalambous et al., 2019a), our work offers an al-
ternative possibility to use this versatile setting for information transfer and processing,
within the context of phononics. The possibility of quantum advantages using many-body
impurities in our platform remains an interesting open question (see (Jaramillo et al.,
2016) too). Another future direction is to study heat control in 2D and 3D BECs. In prin-
ciple this gives rise to a different spectral density, which opens a new window for further
manipulation of heat current. Finally, it is desirable to investigate scenarios where the
system is nonlinear, which raises difficulties in solving the problem analytically, nonethe-
less, it offers the opportunity to rectify heat even without periodic derivation. Moreover,
motivated by the results in (Mehboudi et al., 2019a,d) where the squeezing in position of
a single impurity embedded in a BEC was used to measure the temperature of the BEC
in the sub-nano-Kelvin regime, one may study if the present two-particle set-up can be
used for applications in quantum thermometry.
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CHAPTER 3
A.1 Mathematical tools
A.1.1 Linear Response function
The goal of response theory is to figure out how a system reacts to outside time-
dependent influences, e.g. applied electric and magnetic fields, or applied pressure, or an
applied driving force. The main assumption in linear response theory is that the source
is a small perturbation of the original system, such that the Hamiltonian reads as
H → H + δH (t) = H +
∑
j
φj (t
′)Oj (t) (A.1)
where Oi (t) is a set of observables of the system, φj (t′) are some source fields of the
perturbing forces. This has as a consequence that the change in the expectation value of
any operator is linear in the perturbing source
δ 〈Oi (t)〉 =
∫
dt′χij (t, t′)φj (t′) (A.2)
where χij (t, t
′) is known as the response function, given by the Kubo formula.
Kubo formula The response function, within linear response theory, can be expressed
in terms of the observables of the system. This is the main result of linear response theory
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first derived by Kubo Kubo (1966). To obtain this result, we first need to consider the
time evolved state of the system
ρ (t) = U (t) ρ (0)U † (t) (A.3)
Then by taking the expectation value of some operator of the system 〈Oi (t)〉 in the
presence of a set of source field {φj (t′)}j, and only considering terms up to first order in
perturbation theory, one obtains that
δ 〈Oi (t)〉 = 〈Oi (t)〉φ − 〈Oi (t)〉φ=0
= i
∫ t
−∞ dt
′ 〈[Oi (t) ,Oj (t′)]〉φj (t′)
= i
∫∞
−∞ dt
′Θ(t− t′) 〈[Oi (t) ,Oj (t′)]〉φj (t′)
(A.4)
such that
χji (t, t
′) = iΘ(t− t′) 〈[Oi (t) ,Oj (t′)]〉 , (A.5)
where we have used the step function to extend the range of the time integration to +∞.
The response function In our work, we’ll assume that the systems we will treat are
invariant under time translations. In this case, we have χij (t, t
′) = χij (t− t′) and it is
also useful to perform a Fourier transform to work in frequency space. Taking the Fourier
transform of Eq. (A.2) gives
δ 〈Oi (ω)〉 = χij (ω)φj (ω) (A.6)
Hence we learn that the response is “local” in frequency space: if you shake something at
frequency ω, it responds at frequency ω. Anything beyond this lies within the domain of
nonlinear response.
If we work with a real source φ and a Hermitian operator O (which means a real
expectation value 〈O〉 then χ (t) must also be real. Let’s see what this means for the
Fourier transform χ(ω). It’s useful to introduce some new notation for the real and
imaginary parts, χ(ω) = Re [χ(ω)] + iIm [χ(ω)] ≡ χ′(ω) + iχ′′(ω).
❼ Imaginary Part: We can write the imaginary piece as
χ
′′
(ω) = − i
2
[χ(ω)− χ†(ω)]
= − i
2
∫∞
0
dtχ (t) [eiωt − e−iωt]
= − i
2
∫∞
0
dteiωt[χ (t)− χ (−t)]
(A.7)
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We see that the imaginary part of χ(ω) is due to the part of the response function that
is not invariant under time reversal t → −t. In other words, χ′′(ω) knows about the
arrow of time. Since microscopic systems are typically invariant under time reversal, the
imaginary part χ′′(ω) must be arising due to dissipative processes. χ′′(ω) is called the
dissipative or absorptive part of the response function. It is also known as the spectral
function. It will turn out to contain information about the density of states in the system
that take part in absorptive processes. Finally, notice that χ′′(ω) is an odd function,
χ′′(−ω) = −χ′′(ω) .
❼ Real Part: The same analysis as above shows that
χ
′′
(ω) =
1
2
∫ ∞
0
dteiωt[χ (t)+χ (−t)]. (A.8)
The real part does not care about the arrow of time. It is called the reactive part of the
response function. It is an even function, χ′(−ω) = +χ′(ω).
Causality This statement of causality means that any response function must satisfy
χ(t) = 0 for all t < 0 For this reason, χ is often referred to as the causal Green’s function
or retarded Green’s function for the susceptibility χ is related to the propagator/ Green
function from the solution of the QGLE in Eq. (3.48). Let’s see what this simple causality
requirement means for the Fourier expansion of χ. When t < 0, we can perform the
integral of the Fourier transform by completing the contour in the upper-half place (so
that the exponent becomes −iω(−i|t|)→ −∞). The answer has to be zero. Of course, the
integral is given by the sum of the residues inside the contour. So if we want the response
function to vanish for all t < 0, it must be that χ(ω) has no poles in the upper-half plane.
In other words, causality requires: χ(ω) is analytic for Im [ω] > 0.
Kramers-Kronig relation The fact that χ is analytic in the upper-half plane means
that there is a relationship between the real and imaginary parts, χ′ and χ′′. This is
called the Kramers-Kronig relation.
First define a new function f(ω) by the integral,
f(ω) =
1
iπ
∫ b
a
ρ (ω′)
ω′ − ωdω
′ (A.9)
where ρ(ω′) is a meromorphic function, which we will later identify as our linear response
function from above, i.e. the susceptibility. To avoid the singularity ω′ = ω , we can simply
deform the contour of the integral into the complex plane, either running just above the
singularity along ω′+iǫ or just below the singularity along ω′−iǫ. The difference between
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the two answers is given by Cauchy’s residue theorem,
1
2
[f(ω + iǫ)− f(ω − iǫ)] = ρ (ǫ) . (A.10)
We can also define the average of the two functions either side of the discontinuity. This
is usually called the principal value, and is denoted by adding the symbol P before the
integral,
1
2
[f(ω + iǫ) + f(ω − iǫ)] = 1
iπ
P
∫ b
a
ρ (ω′)
ω′ − ωdω
′. (A.11)
For a more intuitive explanation of the principal value look in King (2009). In our case,
we’ll be interested in the particular case of the integral being a complex plane integral
over the susceptibility
f̂ (ω) =
1
iπ
∮
C
χ (ω′)
ω′ − ωdω
′ ω ∈ R (A.12)
where the contour C skims just above the real axis, before closing at infinity in the upper-
half plane. We’ll need to make one additional assumption: that χ(ω) falls off faster than
1/|ω| at infinity. From the above discussion, we know that f̂ (ω) = f(ω− iǫ) with ρ→ χ,
such that by applying Eq. (A.10) and Eq. (A.11) we have
f̂ (ω) = f(ω − iǫ) = 1
iπ
[
P
∫ ∞
−∞
χ (ω′)
ω′ − ωdω
′
]
− χ (ω) . (A.13)
But we know the integral in Eq. (A.12) has to be zero since χ(ω) has no poles in the
upper-half plane. This means that f(ω − iǫ) = 0, which leads to
Re [χ (ω)] = 1
π
P ∫∞−∞ Im[χ(ω′)]ω′−ω dω′
Im [χ (ω)] = 1
π
P ∫∞−∞ Re[χ(ω′)]ω′−ω dω′ (A.14)
These are the Kramers-Kronig relations.
Relation of the response function to the Green function The fluctuation-dissipation
theorem holds for a general system in thermal equilibrium and for any Heisenberg picture
observable. We focus here on the coordinate x(t) of a Brownian particle in a harmonic
potential. Since the commutator [x(t), x(0)] is a c-number we can immediately determine
the response function with the help of the exact solution of the Heisenberg equation of
motion,
χ (t) =
i
~
Θ(t) [x(t), x(0)] =
i
~
Θ(t)G2 (t) [x˙(0), x(0)] =
i
~
Θ(t)G2 (t) (A.15)
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where Θ (t), the Heaviside theta function is introduced to guarantee that there is no in-
fluence in the motion from times before the initial time t = 0. Alternatively the above
equivalency can be obtained by observing that adding the perturbation −xF (t) to the to-
tal Hamiltonian of the system amounts to replacing B(t) by B(t)+F (t) in the equation of
motion, Eq. (3.33). This replacement yields the additional term,
∫ t
0
dsG2 (t− s)F (s) /m
on the right-hand side of Eq. (3.48), which shows that the response function is in fact re-
lated to the fundamental solution G2 (t). Expressing the Fourier transform of the response
function in terms of its Laplace transform we therefore obtain
χ (ω) =
1
m
∫ ∞
0
dteiωtG2 (t) =
1
m
Ĝ2 (−iω) (A.16)
A.1.2 Continuum limit of spectral density
In our work, we will assume that the environment of harmonic oscillators is so big
that we can safely assume a continuous distribution of harmonic oscillator frequencies in
the frequency domain, such that
∑
k
→
∫
V
(2π)d
ddk (A.17)
with d the dimension of the bath and V the finite volume within which the Brownian
motion takes place.
Then we make use of the following relation regarding the composition of a smooth
function g (x) with the delta function
∫
R
δ (g (k)) f (g (k))
∣∣∣∣∂g (k)∂k
∣∣∣∣ dk = ∫
g(R)
δ (u) f (u) du (A.18)
where it is assumed that f is a compactly supported test function, and that g (x) is a
continuously differentiable function with ∂g (x) /∂x nowhere 0. If g is nowhere 0 then
δ (g (x)) = 0, but if g (x) has a real root at x0 then it should hold that
δ (g (k)) =
δ (k − k0)∣∣∣∂g(k)∂k |k=k0∣∣∣ (A.19)
In our case, where we are trying to evaluate the integral in Eq. (3.25), we will consider f
as the function Y (k) = π(c(k))
2
2mω(k)
in the continuum limit of modes k, where for the sake of
simplicity we assumed all the bosons of the bath to have the same mass m, and the delta
function reads as δ (ω − ω (k)) in the continuum limit. Hence in this case g (k) ≡ ω−ω (k),
i.e. is related to the dispersion relation of the energy spectrum of the bath. Note also
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that we are only allowed to use this relation once we introduce the cutoff, since if not, the
function f is not compactly supported. So the relation in Eq. (A.19) reads as
δ (ω − ω (k)) = δ (k − k (ω))∣∣∣∂ω(k)∂k |k=k(ω)∣∣∣ (A.20)
where k (ω) is the inverse of the dispersion relation ω (k).
The last thing we need to have in mind in order to evaluate the integral in Eq. (3.25)
is that an integral in d-dimensions can be rewritten in d-dimensional hyperspherical co-
ordinates as
∫
ddk → Sd
∫
dkkd−1 (A.21)
where Sd is the surface area of a unit d-sphere in the momentum space. Hence finally, the
relation for the spectral density is given by
J (ω) =
V
(2π)d
Sd
∫
dkkd−1Y (k)
δ (k − k (ω))∣∣∣∂ω(k)∂k |k=k(ω)∣∣∣ (A.22)
We will only focus on the 1D case where S1 = 1.
A.1.3 Fluctuation dissipation theorem
The Quantum Fluctuation-Dissipation Theorem (QFDT) is an essential characteristic
of quantum equilibrium states. It has been recognized since a long time that the QFDT
is the key requirement for a stationary state being a quantum equilibrium state, in or-
der to be consistent with the second fundamental theorem of quantum thermodynamics
(Ford, 2017, Hanggi et al., 2005). Indeed, recently, the conditions for which QFDT holds
have been identified in (Aron et al., 2018, Sieberer et al., 2015). Moving away from the
quantum equilibrium state will break this symmetry and the QFDT will cease to be valid.
Therefore, the confirmation of the QFDT serves to distinguish quantum equilibrium states
from any other type of stationary state.
The intuition behind the existence of such a theorem is the following. We have seen
above that the imaginary part of the response function governs the dissipation in a system.
Yet, the Kubo formula Eq. (A.5) tells us that the response formula can be written in
terms of a two-point correlation function in the quantum theory. And we know that such
two-point functions provide a measure of the variance, or fluctuations, in the system. This
is the essence of the fluctuation-dissipation theorem which we’ll now make more precise.
Let us give a brief derivation of QFDT in order to get a better grasp of the theorem.
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For this, it is convenient to define the simplest possible two point correlation function
Sij (t) := 〈Oi (t)Oj (0)〉 (A.23)
where we have used time translational invariance to set the time at which Oj is evaluated
to zero. Then, we know from Eq. (A.7) that
χ′′ij (t) = − i2 [χij (t)− χji (−t)]
= −1
2
Θ(t) [〈Oi (t)Oj (0)〉 − 〈Oj (0)Oi (t)〉] + 12Θ(−t) [〈Oj (−t)Oi (0)〉 − 〈Oi (0)Oj (−t)〉]
= 1
2
(〈Oj (−t)Oi (0)〉 − 〈Oi (t)Oj (0)〉)
(A.24)
where in the second line we made use of the Kubo formula Eq. (A.5), and in the third
line we applied time translation invariance. We are now going to re-order the operators in
the first term of the last line. To do this, we need to be sitting in the canonical ensemble,
so that the expectation value is computed with respect to the Boltzmann density matrix.
We then have
〈Oj (−t)Oi (0)〉 = Tr
[
e−βHOj (−t)Oi (0)
]
= Tr
[
e−βHOj (−t) eβHe−βHOi (0)
]
= Tr
[
e−βHOi (0)Oj (−t+ iβ)
]
= 〈Oi (0)Oj (−t+ iβ)〉
(A.25)
where we have treated the density matrix e−βH as a time evolution operator, but one
which evolves the operator in the imaginary time direction. Then by taking the Fourier
transform of χ′′ij (t) we get
χ′′ij (ω) = −
1
2
[
1− e−βω]Sij (ω) = −1
2
[1 + nB (ω)]Sij (ω) = (coth (βω))
−1 Sij (ω) (A.26)
where nB (ω) =
(
eβω − 1)−1 is the Bose-Einstein distribution function. This is the
fluctuation-dissipation theorem, relating the fluctuations in frequency space, captured by
S(ω), to the dissipation, captured by χ′′(ω). Indeed, a similar relationship holds already
in classical physics; the most famous example is the Einstein relation that we saw in the
previous chapter. To see this one needs to consider the limit βω≪1 where n(ω)≈kBT/ω,
and also assume an ohmic spectral density. Finally, we notice that Sij (ω) = Sij (−ω),
such that its Fourier transform reads as
Sij (t) =
∫ ∞
−∞
dω
2π
~ cos (ωt)Sij (ω) . (A.27)
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Fluctuation-dissipation relation for QBM First, we compute 1
2
〈{B (ω) , B (ω′)}〉 =
Re 〈B (ω)B (ω′)〉 from Eq. (3.24), where B (ω) is the Fourier transform of B (t). Taking
into account that
〈xk (0) xk′ (0)〉 = δkk′ (2mkωk)−1 [1 + 2nk] ,
〈pk (0) pk′ (0)〉 = δkk′mkωk [1 + 2nk] /2,
〈xk (0) pk′ (0)〉 = 〈pk′ (0) xk (0)〉∗ = iδkk′/2,
where nk = (coth (ωk/2T )− 1) /2 one has
1
2
〈{B (t) , B (t′)}〉 = 1
π
∑
k
πc2k
2mkωk
[1 + 2nk] [cos (ωkt) cos (ωkt
′) + sin (ωkt) sin (ωkt′)]
=
1
π
∫ ∞
0
dωJ (ω) coth (ω/2T ) cos (ω (t− t′)) (A.28)
Taking the Fourier transform of both sides
1
2
〈{B (ω),B (ω′)}〉=2π
∫ ∞
−∞
dt
2π
eiωt
∫ ∞
−∞
dt′
2π
eiω
′t′
∫ ∞
0
dω′′J (ω′′) coth
(
ω′′
2T
)(
eiω
′′(t−t′)+e−iω
′′(t−t′)
)
= 2π
∫ ∞
−∞
dt
2π
∫ ∞
−∞
dt′
2π
∫ ∞
0
dω′′J (ω′′) coth
(
ω′′
2T
)(
eit(ω
′′+ω)eit
′(ω′−ω′′) + eit(ω−ω
′′)eit
′(ω′+ω′′)
)
= 2π
∫ ∞
0
dω′′J (ω′′) coth
(
ω′′
2T
)
[δ (ω′′ + ω) δ (ω′ − ω′′) + δ (ω − ω′′) δ (ω′ + ω′′)]
= 2πδ (ω + ω′) coth
( ω
2T
)
[J (ω)Θ (ω)− J (−ω)Θ (−ω)] (A.29)
where we have used the identity
∫∞
−∞ dte
iωt = 2πδ (ω). It is also possible to show that
Im [χ (ω)] = Im
∑
k
c2
k
mkωk
∫∞
−∞ dte
iωtΘ(t) sinωkt
= −1
4
∑
k
c2
k
mkωk
∫∞
0
dt
[
ei(ω+ωk)t − ei(ω−ωk)t − ei(−ω+ωk)t + e−i(ω+ωk)t]
= −1
4
∑
k
c2
k
mkωk
(∫∞
−∞ dte
i(ω+ωk)t − ∫∞−∞ dtei(ω−ωk)t)
= π
2
∑
k
c2
k
mkωk
(δ (ω − ωk)− δ (ω + ωk))
=
∫∞
0
dω′J (ω′) [δ (ω − ω′)− δ (ω + ω′)]
= J (ω)Θ (ω)− J (−ω)Θ (−ω)
(A.30)
which proves relation in Eq. (3.28).
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B.1 Spectral density
In this appendix we briefly present the derivation of the spectral density for a contin-
uous spectrum of Bogoliubov modes, given in Eq. (5.51), following the work in (Lampo
et al., 2017b). In particular, the sum in Eq. (5.42) is turned into the integral∑
k 6=0
→
∫
V
(2π)d
ddk,
and using the relation
δ (ω − ωk) = 1
∂kωk |k=kω
δ (k− kω) ,
we obtain
Jjq (ω) =
n0g
(j)
IB g
(q)
IB Sd
~ (2π)d
∫
dkkd+1
√
(ξk)2
(ξk)2 + 2
cos (kR12)
∂kωk |k=kω
δ (k− kω) .
For a 1D environment S1 = 2, so that the continuous form of the spectral density (5.51)
is obtained.
B.2 Susceptibility
Here we evaluate the form of the susceptibility for the spectral density, given in
Eq. (5.53). The imaginary part of the susceptibility is simply given by
Im [λjq (ω)] = −~ (Θ (ω)−Θ(−ω)) Jjq (ω) ,
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while the real part is given by
Re [λjq (ω
′)] = H [Im [λjq (ω)]] (ω′)
=
1
π
P
∫ ∞
−∞
Im [λjq (ω)]
ω − ω′ dω
= −~
π
P
∫ ∞
−∞
(Θ (ω)−Θ(−ω)) Jjq (ω)
ω − ω′ dω
=−~τ˜jq
π
P
∫ ∞
−∞
(Θ (ω)−Θ(−ω))ω3 cos (ω
c
Rjq
)
e−
ω
Λ
ω − ω′ dω
=−~τ˜jq
π
P
∫ ∞
0
ω3cos
(ω
c
Rjq
)( 1
ω−ω′ +
1
ω + ω′
)
dω,
where H represents the Hilbert transform, Θ is the Heaviside step function and P is the
principal number. We first find
P
∫ ∞
0
ω3
e−
ω
Λ cos
(
ω
c
Rjq
)
ω − ω′ dω,
as we can evaluate it with the property of the Hilbert transform
H [ωf (ω)] = ωH [f (ω)] + 1
π
∫ ∞
−∞
f (ω) dω.
We apply this property three times to obtain
P
∫ ∞
0
ω3
e−
ω
Λ cos
(
ω
c
Rjq
)
ω − ω′ dω = ω
′3P
∫ ∞
0
e−
ω
Λ cos
(
ω
c
Rjq
)
ω − ω′ dω + ω
′2 Λ
1 +
(
Λ
Rjq
c
)2
+ ω′
1
Λ2
− R
2
jq
c2(
1
Λ2
+
R2jq
c2
)2 + 2
(
1
Λ3
− 3R
2
jq
Λc2
)
(
1
Λ2
+
R2jq
c2
)3 . (B.1)
We can then also show that:
P
∫ ∞
0
e−
ω
Λ
+iω
c
Rjq
ω − ω′ dω =
e−
ω′
Λ
+iω
′
c
Rjq
(
Γ
[
0,−ω′
Λ
+ iω
′
c
Rjq
]
+ iπ
)
e−
ω′
Λ
+iω
′
c
RjqΓ
[
0,−ω′
Λ
+ iω
′
c
Rjq
] ,
where the top case corresponds to ω′ ∈ (0,∞) and the bottom to the complementary
interval ω′ ∈ (−∞, 0). Here Γ [α, z] = ∫∞
z
tα−1e−tdt denotes the upper incomplete gamma
function. After introducing (B.2) in the expression for the real part of the susceptibility
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above, we obtain that
Re [λjq (ω
′)] =
− ~τ˜jq
π
{
ω′3Re [g (ω′)− g (−ω′)] + πω′3Im
[
Θ(ω′) e−
ω′
Λ
+iω
′
c
Rjq + (ω′ → −ω′)
]
+ 2ω′2
Λ
1 +
(
Λ
Rjq
c
)2 + 4
(
1
Λ3
− 3R
2
jq
Λc2
)
(
1
Λ2
+
R2jq
c2
)3
}
(B.2)
where (ω′ → −ω′) stands for Θ (−ω′) eω′Λ −iω′c Rjq and
g (ω′) = e−
ω′
Λ
+iω
′
c
RjqΓ
[
0,−ω
′
Λ
+ i
ω′
c
Rjq
]
.
With this, the susceptibility takes the form in Eq. (5.73).
B.3 Study of an exact expression for the covariance
matrix elements
In the particular case of R12 = 0, it can be shown that the integral in Eq. (5.59) takes
the following form:
∫ +∞
−∞
g6(ω)
h6(ω)h6(−ω)dω, (B.3)
where h6 (ω) is a 6th order polynomial, and g6(ω) is a 7th order polynomial. An integral
of this form was also obtained in (Correa et al., 2012), for an ohmic spectral density.
The criterion to use this formula, is that the roots of h6 (ω) lie in the upper half plane.
Finding the roots of this polynomial requires finding expressions for 12 variables, 6 real
and 6 imaginary. In our case one can show that the polynomial h6 (ω) can be written as
h6 (ω) =
6∑
j=0
Aj (2πiω)
6−j , (B.4)
with the coefficients Aj being all real, which implies that the roots of h6 (ω) are sym-
metrically located about the imaginary axis. This reduces the problem in finding just 6
variables, 3 real and 3 imaginary. Furthermore, by making use of the Vieta relations, one
can show that
Im[z1]
|z1|2 +
Im[z2]
|z2|2 +
Im[z3]
|z3|2 = 0. (B.5)
This implies that not all roots of the polynomial can lie in the upper half plane. The reason
for this can be traced back to the fact that there is no linear term in the polynomial h6 (ω),
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which is an artifact of considering a super-ohmic spectral density as can be understood
by comparing to the case in (Correa et al., 2012). The issue of not all roots being in the
upper half plane, can be resolved in the following way. The roots of h6 (ω) that are in the
lower half plane, have mirrored roots in the upper half plane in the polynomial h6 (−ω).
If the expressions for the roots could be derived, one could simply redefine polynomials
h6 (ω) and h6 (−ω) to h˜6 (ω) and h˜6 (−ω) such that all the roots of h˜6 (ω) would lie in the
upper half plane and all the roots of h˜6 (−ω) would lie in the lower half plane. However
for a 6th order polynomial of the form we have, one can not find the roots. So this could
perhaps only be applied in an algorithmic way, where one first selects a set of parameters
and then makes the redefinition of the polynomials once the roots are found.
B.4 Equilibrium Hamiltonian
Here we discuss the thermalization properties of the system. We will use the fact that
the two kinds of impurities are formally analogous to two oscillators. The bath dependent
part of the Hamiltonian (5.18) is
U˜
(
x1, x2,
{
b†k, bk
}
k 6=0
)
= i
2∑
j=1
k 6=0
~g
(j)
k
(
eikdjbk − e−ikdjb†k
)
xj +
∑
k 6=0
Ekb
†
kbk.
For the system to thermalize, there should be no memory effects induced on the oscillator
due to its coupling with the thermal bath. This means that the Hamiltonian will have
to be independent of the bath variables {b†k, bk}k 6=0 evolution, i.e. ∀k 6= 0 the following
should be fulfilled
∂U˜
(
x1, x2,
{
b†k, bk
}
k 6=0
)
∂bk
=
∂U˜
(
x1, x2,
{
b†k, bk
}
k 6=0
)
∂b†k
= 0.
This results in the following conditions
bk (t) =
i~
Ek
2∑
j=1
g
(j)
k e
−ikdjxj (t) , (B.6)
b†k (t) = −
i~
Ek
2∑
j=1
g
(j)
k e
ikdjxj (t) . (B.7)
Replacing these expressions, for the bath degrees of freedom operators, in the initial
Hamiltonian (5.18), it becomes:
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HLin =
2∑
j=1
[
p2j
2mj
+
1
2
mjΩ
2
j (xj + dj)
2
]
+W (d1, d2) (x1 + x2)
− 2~2
2∑
q,j=1
k 6=0
1
Ek
g
(q)
k g
(j)
k cos (dj − dq) xjxq.
This can be rewritten as
HLin =
2∑
j=1
[
p2j
2mj
+
1
2
mj
(
Ω2j − Ω˜2j
)
x2j
]
− 2Kx1x2 + Ŵ (d1, d2, x1, x2) , (B.8)
where Ω˜2j =
1
mj
2~2
∑
k 6=0
1
Ek
(
g
(j)
k
)2
, K=2~2
∑
k 6=0
1
Ek
g
(1)
k g
(2)
k cos (d1−d2) and Ŵ (d1,d2,x1,x2)
is the function of the remaining constant terms and terms linear in x1 and x2. At thermal
equilibrium, the terms in Ŵ (d1, d2, x1, x2) will not affect the equilibrium state. Then, one
can neglect them and consider the effective Hamiltonian
Heff =
2∑
j=1
[
p2j
2mj
+
1
2
mj
(
Ω2j − Ω˜2j
)
x2j
]
− 2Kx1x2. (B.9)
This is formally analogous to two effectively coupled harmonic oscillators. To decouple
them, we transform to the normal modes of the system, Q1, Q2. This is achieved by an
orthogonal transformation of the form(
Q1
Q2
)
=
(
cos (θ) − sin (θ)
sin (θ) cos (θ)
)(
x1
x2
)
,
and (
Π1
Π2
)
=
(
cos (θ) − sin (θ)
sin (θ) cos (θ) .
)(
p1
p2
)
With this, the effective Hamiltonian in terms of the normal modes is
Heff =
2∑
j=1
[
1
2
m
(
Ω2j − Ω˜2j
) (
cos2 (θ)Q21 + sin
2 (θ)Q22 + 2 cos (θ)Q1Q2
)]
− 2K (− cos (θ) sin (θ) (Q21+Q22)+cos2(θ) sin2 (θ)Q1Q2)+ Π212m + Π222m. (B.10)
Here we made the assumption of m1 = m2 = m. To diagonalize the Hamiltonian, the
condition on the rotation that should be performed reads as
tan (2θ) =
2K(
Ω21 − Ω˜21
)
−
(
Ω22 − Ω˜22
) .
221
B. Chapter 5
For this rotation the Hamiltonian is
Heff =
1
2
m
2∑
j,j′=1
j′ 6=j
[(
cos2 (θ)
(
Ω2j − Ω˜2j
)
+ sin2 (θ)
(
Ω2j′ − Ω˜2j′
)
+K sin (2θ)
)
Q2j
]
+
Π21 +Π
2
2
2m
.
(B.11)
Hence the system has decoupled into two harmonic oscillators with frequencies
ν21=cos
2 (θ)
(
Ω21 − Ω˜21
)
+sin2 (θ)
(
Ω22−Ω˜22
)
+K sin (2θ) ,
ν22=sin
2 (θ)
(
Ω22 − Ω˜22
)
+cos2 (θ)
(
Ω21 − Ω˜21
)
−K sin (2θ) ,
and with the following second order moments〈
Q2j
〉
=
~
2mνj
(2 〈nj〉+ 1) = ~
mνj
coth
( νj
2T
)
,〈
Π2j
〉
=
~mνj
2
(2 〈nj〉+ 1) = ~mνj coth
( νj
2T
)
,
where the average is a statistical average over the bath variables. Also we find 〈QjQq〉 =
〈ΠjΠq〉 = 0 for j 6= q. In the high temperature limit, coth (νj~/2kBT ) ∼ 2TkB~νj and
therefore 〈
Q2j
〉 ∼ 2TkB
mν2j
,〈
Π2j
〉 ∼ 2mTkB,
One can now express the coherences or off-diagonal correlation functions at thermal
equilibrium for the initial set of variables as:
〈x1x2〉 = sin (θ) cos (θ)
(〈
Q21
〉− 〈Q22〉) . (B.12)
In case that ν1 6= ν2, which happens when Ω1 6= Ω2 and/or g(1)k 6= g(2)k for some k, then the
coherence between x1 and x2 does not cancel out in the high temperature limit. Note how-
ever that this does not imply that entanglement survives at the high temperature limit,
as this correlation is not necessarily a quantum correlation. This behaviour of 〈x1x2〉 is
consistently verified in the numerical studies that we undertook using the original Hamil-
tonian. We note here that such behaviour, i.e. of asymptotic non–vanishing coherences
at the high-temperature limit were identified in (Boyanovsky and Jasnow, 2017) but for
the case of each particle attached to its own environment and both environments having
an ohmic spectral density. The reason for the resemblance of the two cases is that in our
case, one could argue that even though the two particles are coupled to a common bath
contrary to (Boyanovsky and Jasnow, 2017), the particles effectively see the bath at dif-
ferent temperatures when ν1 6= ν2, in particular each one sees the bath at a temperature
T
ν2j
. Hence our system in this case also reaches a non-equilibrium stationary state.
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From these considerations, an estimate of the critical temperature can also be ob-
tained. Notice that an important difference between the Hamiltonian in Eq. (B.11) and
the original linear Hamiltonian in Eq. (5.18) is that the former has a spectrum that is
bounded from below. In this case, and as the Hamiltonian is also self-adjoint, one can
apply the results of Ref. (Anders and Winter, 2008), where it is proven that the critical
temperature for such a symmetric system as the one we are considering is given by
(kBTcrit)
−1 =
1
~νmax
σ(r), (B.13)
where νmax = max[{νj}] with j ∈ 1, 2, r = νmax/νmin where νmin = min[{νj}] and σ(r) =
ts(t) with 1 ≤ t ≤ r such that s(t) = s( t
r
) with
s(x) :=
1
x
ln
∣∣∣∣1 + x1− x
∣∣∣∣ . (B.14)
For the general values of the parameters given in Sec. 5.2.2, the value of the critical
temperature obtained assuming this effective Hamiltonian, was of the order of nK in
agreement with our findings.
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C.1 Proof of CRB
Consider an unbiased estimator for which
∑
x p (x | λ) (λest. (x)− λ) = 0. By taking
derivative of this equality with respect to λ one finds that
0 = ∂λ
∑
x p (x | λ) (λest. (x)− λ)
= −1 +∑x (λest. (x)− λ) ∂λp (x | λ)
⇒ 1 =∑x (λest. (x)− λ) p (x | λ) ∂λ log p (x | λ)
=
∑
x
[
(λest. (x)− λ)
√
p (x | λ)
] [√
p (x | λ)∂λ log p (x | λ)
] (C.1)
Now using the Cauchy-Schwartz for the two terms inside the brackets one finds
δ2 (Πx, λ) ≥ 1∑
x p (x | λ) (∂λ log p (x | λ))2
(C.2)
where Πx are the related set of POVM elements. Remembering that the term in the
denominator of the right hand side is Fclassical (λ), the CRB for an unbiased estimator is
proved.
C.2 Proof of QCRB
The QCRB can be proved with the help of the CRB, together with the Born rule, and
the Cauchy-Schwartz inequality. We start by substituting p (x | λ) = Tr (ρ (λ) Πx) in the
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expression of the Fisher information
Fclassical (λ) =
∑
x
(∂λTr (ρ (λ) Πx))
2
Tr (ρ (λ) Πx)
(C.3)
Next, we change the order of the derivative and the trace, and make use of the definition
of the SLD
Fclassical (λ) =
∑
x
(Re [Tr (Lλρ (λ) Πx)])
2
Tr (ρ (λ) Πx)
≤
∑
x
|Tr (Lλρ (λ) Πx)|2
Tr (ρ (λ) Πx)
(C.4)
By writing down Lλρ (λ) Πx = Lλ
√
ρ (λ)
√
ρ (λ)
√
Πx
√
Πx and with the help of the cyclic
property of trace, a further use of Cauchy-Schwartz inequality gives
Fclassical (λ) ≤
∑
x
Tr(ρ(λ)Πx)Tr(Lλρ(λ)LλΠx)
Tr(ρ(λ)Πx)
= Tr (Lλρ (λ)Lλ
∑
xΠx) = F (λ)
(C.5)
where in the last line we use the completeness of a POVM set,
∑
xΠx = I, and the cyclic
property of the trace.
C.3 Alternative Proof of QCRB by using static
temperature susceptibility
The inherent errors from quantum measurements give rise to statistical uncertainty
on the temperature estimate. Quantum estimation theory allows us to place fundamental
limits on the error bars of the final temperature reading, and even to rank the various
temperature dependent properties of the probe according to their thermal sensitivity. For
instance, let us build our temperature estimate from a large set of outcomes of indepen-
dent measurements of some impurity observable O 1. We stress that these are either
measurements performed on independent impurity atoms, or measurements on the same
probe, but paced so that the BEC-impurity composite has time to reset to its stationary
state every time. By mere propagation of errors, the uncertainty of the temperature in-
ferred from such data set would read (To´th and Apellaniz, 2014, Braunstein and Caves,
1994) as in Eq. (7.17). In order to assess the performance of O , it is essential to know
which is the minimum possible uncertainty (δT )min defined from Eq. (7.17). To this
end, one needs to consider the symmetric logarithmic derivative (SLD) defined by the
Lyapunov equation in Eq. (7.4). Coming back to the definition of χT (O), we notice that
χT (O) =
1
2
〈OLT + LTO〉 − 〈O〉 〈LT 〉 while χT (O) = ∆2LT . Making use of the fact that
1Note that we are not only assuming to work with a large data set, but also that the estimator which
maps measurement outcomes to temperature estimates is unbiased (Braunstein and Caves, 1994).
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∆O∆LT ≥ χT (O) allows to turn Eq. (7.17) into
δT (O) ≥ 1√
N∆2LT
=
1√
NF (ρT )
(C.6)
where we have introduced the quantum Fisher information (QFI) F (ρT ) = ∆
2LT . The
equation is nothing but the quantum Cramer-Rao bound (Braunstein and Caves, 1994),
and sets the ultimate lower limit on the statistical error. Furthermore, by simply replacing
O by LT in Eq. (C.2), we can see that this bound is saturated by performing complete
projective measurements onto the eigenbasis of the SLD.
C.4 Proof of Eq. (7.10)
The first equality in Eq. (7.10) is proven as following. From the definition of the SLD
in Eq. (7.4), and having in mind that the expectation value of the SLD vanishes, it can
be shown that
∂T 〈O〉 = ∂TTr [OρT ] = Tr [O∂TρT ] = Tr
[
O
(
ρTLT + LTρT
2
)]
= Cov (O,LT ) (C.7)
where Cov (A,B) ≡ 1
2
〈AB +BA〉−〈A〉 〈B〉. We recall then the definition of χT
(
Ô
)
the
static temperature susceptibility in Eq. (7.16) where ∂T 〈O〉 ≡ χT (O). However, it can
also be shown that (Mehboudi et al., 2019b)
χT (O) =
1
T 2
Tr
[
O (H − 〈H〉) e−H/TZ−1] = 1
T 2
Cov (O,H − 〈H〉) (C.8)
where Z is the partition function, and hence it must be that
LT =
1
T 2
(H − 〈H〉) (C.9)
Having Eq. (7.8) in mind, the first equality of Eq. (7.10) is established. The second
equality in Eq. (7.10) is simply a result of the fact that the temperature susceptibility
of the Hamiltonian H is by definition the heat capacity of the probe CV ≡ ∂T 〈H〉 =
(∆H/T )2.
C.5 Two-Level VS Harmonic Oscillator QFI
To see in practice what implications the structure of the energy level of a Hamiltonian
might have on the thermometric precision of a given protocol, we will examine two distinct
cases, the two-level probe and a probe described as a harmonic oscillator. It can be shown
analytically (Mehboudi et al., 2019b), that the first case corresponds to the optimal energy
spectrum, i.e. the one that results to the most precise measurement of a given temperature
T . In fact this spectrum for a finite dimensional N level spectrum, will correspond to an
effectively two-level system, where the second level is N−1 fold degenerate. Furthermore,
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it can be shown that taking the limit N →∞ yields a best-case relative error (∆T/T )2 ∼
4/ logN (P lodzien´ et al., 2018). From the study of the QFI for this spectrum, given by
FN−level (T ) =
ǫ2e−
ǫ
T
T 4
N − 1(
N − 1 + e− ǫT )2 (C.10)
it is found that QFI drops rapidly in the low temperature limit, regardless of N , since
at low-enough temperatures (T/ǫ≪ 1), where is the fixed energy gap of the effectively
two-level system, a probe with finite gap collapses into its ground state. Small variations
of T would then be insufficient to pump population to the excited-state manifold and the
probe would thus become insensitive to temperature changes.
The highly degenerate optimal spectra described above can be hard to craft in prac-
tice. Alternatively, one could try to realize more practical thermometers with a far less
exotic energy spectrum. In particular, for this reason, we also consider the thermal re-
sponsiveness of a quantum harmonic oscillator with frequency Ω. At thermal equilibrium,
its average energy is given by 〈Hho〉 =
(
1− e−ΩT
)−1
e−
Ω
T Ω. Deriving with respect to T
leads to the energy variance, ∆Hho =
(
1− e−Ω/T )−1 e− Ω2T Ω . Therefore, the corresponding
QFI can be written as
Fho (T ) =
1
T 4
Ω2e−Ω/T
(1− e−Ω/T )2 (C.11)
One can show then that the harmonic thermometer performs efficiently in a wider tem-
perature range than any finite-dimensional probe as the one considered above. However,
although harmonic oscillators are superior to two level thermometers at any tempera-
ture, the two types of probe converge towards the same sensitivity as T → 0. This
is to be expected, since, at low-enough temperatures, a thermal oscillator can be re-
liably truncated to its first two energy levels. More rigorously, one can prove that
Fho (T ) ∼ F2−level (T ) (Ω2/T 4) e−Ω/T . In fact, this holds also for any N -dimensional probe
with equispaced spectrum (Campbell et al., 2018). Many other type of probes and hence
spectra can also be considered, for example a probe consisting of a mixture of two in-
teracting species of fermions confined in a 1D harmonic potential, as in (P lodzien´ et al.,
2018).
C.6 Proof of Gaussian QFI
First we obtain an expression for the Gaussian SLD and remembering that QFI is just
the variance of SLD, we obtain from that the QFI. Then, from Eq. (C.9), we know that
the form of SLD should be the following
LT = Cx (x
2 − 〈x2〉) + Cp (p2 − 〈p2〉) + d (xp+ px− 〈xp+ px〉)
= Cx (x
2 − 〈x2〉) + Cp (p2 − 〈p2〉) + d (xp+ px)
(C.12)
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since by using [x, p] = i~ we can prove that 〈xp〉 = −〈px〉. From this we also conclude
that 〈xp〉 = i~/2. Furthermore, we recall the relation between the static temperature
susceptibility of an observable O with the covariance of this observable with the SLD
given in Eq. (C.7), and we apply it to the observables x2 and p2. This gives
∂T 〈x2〉 = Cov (x2, LT ) = 12 〈x2LT + LTx2〉
= 1
2
(
Cx 〈x4〉 − Cx 〈x2〉2 + Cp 〈x2p2〉 − Cp 〈x2〉 〈p2〉+ d 〈x3p〉+ d 〈x2px〉
Cx 〈x4〉 − Cx 〈x2〉2 + Cp 〈p2x2〉 − Cp 〈p2〉 〈x2〉+ d 〈xpx2〉+ d 〈px3〉
)
= 1
2
(
4Cx 〈x2〉2 + 2Cp
(〈xp〉2 + 〈px〉2))
= 2Cx 〈x2〉2 − ~2Cp/2
(C.13)
In the third step the Isserli’s theorem was used. A similar expression for p2 can be obtained
∂T
〈
p2
〉
= 2Cp
〈
p2
〉2 − ~2Cx/2 (C.14)
Solving the two Eqs. (C.13)&(C.14) for Cx and Cp we obtain Eq. (7.13) and the analogous
expression for p. Finally, we can also consider 0 = ∂T 〈xp〉 = Cov (x2, LT ) which will give
us that d = 0. This way we obtain the expression for LT in Eq. (7.12).
For the expression of F (ρT ) we need to find the variance of SLD. This gives
F (ρT ) = ∆L
2
T =
〈
[Cx (x
2 − 〈x2〉) + Cp (p2 − 〈p2〉)]2
〉
= C2x
〈
(x2 − 〈x2〉)2
〉
+ C2p
〈
(p2 − 〈p2〉)2
〉
+CxCp {(x2 − 〈x2〉) (p2 − 〈p2〉) + (p2 − 〈p2〉) (x2 − 〈x2〉)}
= C2x
(
〈x4〉+ 〈x2〉2 − 2 〈x2〉2
)
+ C2p
(
〈p4〉+ 〈p2〉2 − 2 〈p2〉2
)
+CxCp {〈x2p2〉+ 〈p2x2〉 − 2 〈x2〉 〈p2〉}
(C.15)
where after applying Isserli’s theorem again, we obtain the expression for QFI in Eq.
(7.12).
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D.1 The uncertainty relation
Here, we present how the covariance matrix of our system is obtained, (both for the
static and driven cases) which we used in order to verify that our system fulfills the
uncertainty principle. This allows us to guarantee that the system under study, for the
parameters considered and according with the assumptions that we have imposed, is a
physical system. To do so, one needs to obtain the covariance matrix of the system,
C (0) =
(
CXX (0) CXP (0)
CPX (0) CPP (0)
)
, (D.1)
where P = (p1 (t) , p2 (t))
T and
CAB (t− t′) = 1
2
〈
A (t)BT (t′) +B (t)AT (t′)
〉
ρB
. (D.2)
We emphasize that the state of the system-bath is assumed to be a product state as in
(8.35). Hence the average is taken over the thermal state of the bath, while the state
of the system is assumed to have reached its unique equilibrium state by considering the
long-time, steady state limit t→∞ which is equivalent to consider that ω ≪ ΛL,ΛR. The
4× 4 matrix in (D.1) is constructed from the vector Y (t) = (x1 (t) , x2 (t) , p1 (t) , p2 (t))T
as the product 1
2
〈{
YT (t)Y (t′) ,
(
YT (t)Y (t′)
)T}〉
ρB
.
The uncertainty relation will then be expressed as a condition on the symplectic trans-
form of the covariance matrix C˜ (0), where the latter is obtained as C˜ (0) = iW · C (0)
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with W the symplectic matrix W =

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
. The uncertainty relation then
simply reads as
ν− ≥ 1
2
, (D.3)
where ν− is the minimum standard eigenvalue of C˜ (0) (~ is assumed to be equal to 1 in
this case).
Static covariance matrix. The elements of the covariance matrix in the static case,
in terms of the phonons propagator functions, can be expressed as
Cxjxq (0) =
~
2π
∫ ∞
−∞
dω Zjq (ω) , (D.4)
Cxjxq (0) =
~
2π
∫ ∞
−∞
dω imωZjq (ω) , (D.5)
Cxjxq (0) =
~
2π
∫ ∞
−∞
dωm2ω2Zjq (ω) , (D.6)
where
Zjq (ω) =
2∑
k,s=1
(G (ω))js
(
Im[L (ω)] · coth
[
~ω
2kBT
])
sk
(G (−ω))kq , (D.7)
with T =
(
TL 0
0 TR
)
being the temperatures of each bath.
Driven case. In the driven case, since the solution of the equations of motion is periodic,
so are the elements of the covariance matrix as well. In particular, in terms of the Fourier
components of the expansion of the periodic phonon Green function, the covariance matrix
elements read as
Cxjxq (0) =
~
2π
∫∞
−∞ dω
∑
k,l Z˜jq,kl (ω) , (D.8)
Cxjxq (0) =
~
2π
∫∞
−∞ dω
∑
k,l im (ω − lΩd) Z˜jq,kl (ω) , (D.9)
Cxjxq (0) =
~
2π
∫∞
−∞ dω
∑
k,lm
2 (ω − kΩd) (ω − lΩd) Z˜jq,kl (ω) , (D.10)
where
Z˜jq,kl (ω) =
2∑
n,s=1
(Ak (ω))js
(
Im[L (ω)] · coth
[
~ω
2kBT
])
sn
(AL (−ω))nq ei(k−l)ωdt. (D.11)
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D.2 Proof of Landauer formula
Current The steady state current will be the same if we obtain it on any cross-section
of the system. It is simplest to evaluate the current expression at the system reservoir
interface. Let us consider the interface with the left reservoir. The steady state current
can be shown (Dhar, 2008) to be just the expectation value of the rate at which the
Langevin forces (which come from the bath) do work on the particles of the system
〈JL〉ρB =
〈
x˙L (t)
[
BL (t) +
∫ ∞
−∞
λL (t− s) xL (s) ds
]〉
ρB
(D.12)
where we set m = 1, which in matrix form reads as
〈JL〉ρB =
〈
X˙T (t)B (t) IL
〉
ρB
+
∫ ∞
−∞
ds
〈
X˙T (t)L (t− s) ILX (s)
〉
ρB
= −i
∫ ∞
−∞
dω
∫ ∞
−∞
dω′e−i(ω+ω
′)tω
〈
XT (ω)B (ω′) IL +XT (ω)L (ω′) ILX (ω′)
〉
ρB
= −i
∫ ∞
−∞
dω
∫ ∞
−∞
dω′e−i(ω+ω
′)tω
〈
Tr
[
B (ω′) ILXT (ω)
]
+ Tr
[
L (ω′) ILX (ω′)XT (ω)
]〉
ρB
(D.13)
where IL =
(
1 0
0 0
)
, IR =
(
0 0
0 1
)
Using the solution of the QGLE in Eq. (3.48) written in vector form, we then get
〈JL〉ρB =− i
∫ ∞
−∞
dω
∫ ∞
−∞
dω′e−i(ω+ω
′)tω
(
Tr
[
B (ω′) ILBT (ω′)G (ω)
]
+Tr
[
L (ω′) ILG (ω′)B (ω′)BT (ω)G (ω)
])
(D.14)
where we have used the fact that G (ω) is a symmetric matrix. If we expand the above,
and use the properties of the noise correlations (including the fact that the noise from
the left and right baths are uncorrelated) , we notice that all terms depend either on the
left, or on the right bath temperature, and no term depends on both temperatures. Let
us collect those terms in 〈JL〉ρB which depend only on the temperature TR of the right
reservoir, and not on that of the left. These give〈
JRL
〉
ρB
=−i
∫ ∞
−∞
dω
∫ ∞
−∞
dω′e−i(ω+ω
′)tω
(
Tr
[
L (ω′) ILG (ω′)
〈
B (ω′) IRBT (ω) IR
〉
ρB
G (ω)
])
(D.15)
Using the noise correlations in Eq. (3.28) or Eq. (8.36) we then get
〈
JRL
〉
ρB
= − i
π
∫ ∞
−∞
dω~ωTr [L (−ω) ILG (−ω) Im [L (ω) IR]G (ω)] f (ω, TR) (D.16)
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where we used the properties 1+f (−ω, Tj) = −f (ω, Tj) and Im [L (−ω) IR] = −Im [L (ω) IR].
Taking the complex conjugate of the above expression, using Tr [A]∗ = Tr
[
A†
]
, G† (ω) =
−G (ω) , and the cyclic property of trace, we get〈(
JRL
)∗〉
ρB
=
i
π
∫ ∞
−∞
dω~ωTr [(L (−ω) IL)∗G (−ω) Im [L (ω) IR]G (ω)] f (ω, TR) (D.17)
The physical current is real, so we take
〈
JR,physL
〉
ρB
=
(〈
JRL
〉
ρB
+
〈(
JRL
)∗〉
ρB
)
/2 we get
〈
JR,physL
〉
ρB
= − 1
π
∫ ∞
−∞
dω~ωTr
[
Im [L (ω) IL]G
† (ω) Im [L (ω) IR]G (ω)
]
f (ω, TR)
(D.18)
From symmetry, and the requirement that 〈JL〉ρB = 0 when TL = TR, it is clear that
the contribution of the left reservoir to the current must have a similar form (this can be
verified directly also) and hence we can now write the net current as in Eq. (8.57).
D.3 Proof of driven heat current
D.3.1 Heat current from the steady state covariance matrix
Suppose that the elements of the steady state covariance matrix as defined in Eq.
(3.49) are given. We then want to know how the current 〈JL〉ρB can be calculated from this.
We first write the interaction Hamiltonian in the more compact form H˜int.,L = QLYLwith
QL a rectangular matrix of dimension 1×N formed by the coupling constants gq,L of the
N left bath particles with the left impurity and YL a rectangular matrix of dimension
N × 1 with the bath operators bq,L + b†q,L . Hence by using the definition of local heat
currents JL = i/~
〈[
H˜int.,L, H
′
L
]〉
ρ
, one can verify that
JL =
1
2
(〈
PTQLYL
〉
ρ
+
〈
QTLY
T
LP
〉
ρ
)
(D.19)
Recall our assumption that each oscillator is at most coupled to one reservoir. We denote
by Πa the projector onto the space of the oscillator that is coupled to the bath a. Thus,
using the Heisenberg equation of motion for the momentum of the left central particle, it
follows that
JL =
1
2
Tr
[
ΠL
d
dt
CPP
]
+ Tr [ΠLV (t)CXP] (D.20)
where we have used the property of the bilinear product
〈
ΨT1WΨ2
〉
= tr
[
W T
〈
Ψ1Ψ
T
2
〉]
where Ψ1 and Ψ2 are vector operators and W a scalar matrix.
D.3.2 Driven heat current
Let us define the integrodifferential super-operator Lt [·] = d2dt2 [·] +V (t) [·] + L (t) [·]
associated to the homogeneous quantum Langevin equation. The equation of motion of
the Green’s function is given by Lt
[
G˜ (t, t′)
]
= Iδ (t− t′). If the potential is τ❂periodic,
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that is V(t + τ) = V(t), then Lt
[
G˜ (t+ τ, t′ + τ)
]
= Iδ (t− t′) and therefore G˜ (t, t′) =
G˜ (t+ τ, t′ + τ) in the steady state by uniqueness of the solution. Now, we define the peri-
odic function P (t, ω) = eiωt
∫
R
dt′e−iωt
′
G˜ (t, t′). It is easy to see that P (t+τ, ω) = P (t, ω).
Since Lt is a linear superoperator, we have eiωt
∫
R
dt′e−iωt
′Lt
[
G˜ (t, t′)
]
= Lt [e−iωtP (t, ω)]
and using P (t, ω) =
∑
kAk (ω) e
ikΩdt, we have
∑
k Lt
[
e−i(ω−kΩd)tAk (ω)
]
= Ie−iωt. It
follows∑
k
[
− (ω − kΩd)2 eikΩdt +
∑
j
Vje
i(j+k)Ωdt + L (ω − kΩd) eikΩdt
]
Ak (ω) = I (D.21)
and projecting on kth element of the Fourier expansion, one arrives at
G−1 (ω − kΩd)Ak (ω) +
∑
j 6=0
VjAk−j (ω) = δk,0I (D.22)
We can use now the amplitudes {Ak (ω)} to compute the steady state solution for
X (t) =
∫
R
dt′G˜ (t, t′)B (t′) =
∑
k
∫
R
dω
2π
e−i(ω−kΩd)tAk (ω)B (ω)
X˙ (t) = d
dt
∫
R
dt′G˜ (t, t′)B (t′) = −i∑k ∫R dω2π (ω − kΩd) e−i(ω−kΩd)tAk (ω)B (ω) (D.23)
The covariance matrix can be computed also usingAk (ω) and it turns out to be τ -periodic.
Let us take for instance
CXP =
∑
jk
i ∑
α∈{L,R}
∫
R
dω~ (ω − kΩd)Aj (ω) Im [L (ω) Iα]A†k (ω)
(
nα (ω) +
1
2
) ei(j−k)Ωdt
(D.24)
We now take the average over a period of the heat currents. Notice that since CPP is τ -
periodic, the average of its derivative over a period vanishes. Then, JL = Tr
[
ΠLV (t)CXP
]
which reads as
JL=−
∑
β
∫
R
dω
∑
k
~ (ω−kΩd) Im
{
Tr
[
ΠL
∑
j
VjAk−j (ω) Im [L (ω) Iβ]A
†
k (ω)
]}(
nβ (ω)+
1
2
)
= −
∑
β
∫
R
dωTLβ
(
nβ (ω) +
1
2
)
(D.25)
From Eq. (D.22) follows
∑
jVjAk−j (ω) = δk,0I+(ω − kΩd)2Ak (ω)+L (ω − kΩd)Ak (ω)
which can be used to compute
Tαβ (ω) =
∑
k
~ (ω − kΩd) πTr
[
Im [L (ω − kΩd) Iα]Ak (ω) Im [L (ω) Iβ]A†k (ω)
]
for β 6= α. We define then T̂α =
∑
β Tαβ (ω) and one can hence shown that
JL = −
∫
R
dωT̂L
(
nL (ω) +
1
2
)
+
∫
R
dωTβL (ω)
(
nL (ω) +
1
2
)
− TLβ (ω)
(
nβ (ω) +
1
2
)
(D.26)
where we used
∑
β
∑
jk ~ωIm
{
Tr
[
ΠβVk−jAj (ω) Im [L (ω) Iα]A
†
k (ω)
]}
= 0 for β 6= α.
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